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Dedicated to Alessandro Figa-Talamanca on
the occasion of his retirement



Preface

This book collects some of the scientific contributions of the participants in the
Conference in Harmonic Analysis held at the Istituto Nazionale di Alta Matematica
from May 30th to June 4th, 2011. It illustrates the wide range of research subjects
developed by the Italian research group in harmonic analysis, originally started by
Alessandro Figa-Talamanca, to whom the Conference was dedicated on the occasion
of his retirement.

In 1978, the mathematicians in this newly formed research group started a cycle
of conferences to present and share their research progress. These conferences were
held in different places almost every year until this Conference, the thirty-first of the
series, and the first whose Proceedings are published.

This book outlines some of the impressive ramifications of the mathematical de-
velopments that began when Figa-Talamanca brought the study of harmonic anal-
ysis to Italy; the research group that he nurtured has now expanded to cover many
areas, and therefore this book is addressed not only to experts in harmonic analysis,
summability of Fourier series and singular integrals, but also to experts in potential
theory, symmetric spaces, analysis and partial differential equations on Riemannian
manifolds, analysis on graphs, trees, buildings and discrete groups, Lie groups and
Lie algebras, and even far-reaching applications such as cellular automata and signal
processing and connections with mathematical logic.

In the last decades, Alessandro Figa-Talamanca has worked on harmonic analysis
on trees, and his influence on ongoing research is also underlined by the fact that
several contributions to the present volume, even those dealing with completely
different subjects, are related to trees or similar discrete structures.

Rome, Italy Massimo Picardello
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Abstract We solve explicitly the shifted wave equation on Damek-Ricci spaces,
using the inverse dual Abel transform and Asgeirsson’s theorem. As an application,
we investigate Huygens’ principle. A similar analysis is carried out in the discrete
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1 Introduction

In the book [17] Helgason uses Asgeirsson’s mean value theorem (see Theorem
I1.5.28) to solve the wave equation
Ofu(x, 1) = Agu(x, 1), "
u(x,0)= f(x), Oli=ou(x,t)=gx),

on Euclidean spaces R (see [17, Exercise ILF.1, p. 342] and its solution at pp. 574—
575) and the shifted wave equation

{a,zu(x, ) ={Ax +(d — 1)2/4u(x, 1), .

u(x,O):f(x), 3[|t:0”(xvt)=g(x),

on real hyperbolic spaces H?(R) (see [17, Exercise ILF.2, p. 343] and its solution
at pp. 575-577). In this work we extend this approach both to Damek—Ricci spaces
and to homogeneous trees. Along the way we clarify the role of the inverse dual
Abel transform in solving the shifted wave equation.

Recall that Damek—Ricci spaces are Riemannian manifolds, which contain all hy-
perbolic spaces H 4(R), HY(C), HY(H), H*(0) as a small subclass and share nev-
ertheless several features with these spaces. Before [17] the shifted wave equation
(2) on H%(R) was solved explicitly in [24, Section 7]. Other hyperbolic spaces were
dealt with in [10, 19, 20] and Damek—Ricci spaces in [25]. All these approaches are
awkward in our opinion. On one hand, [10, 24] and [19, 20] rely on the method of
descent, i.e., on shift operators, which reduce the problem to checking formulae in
low dimensions. Moreover [10] involves classical compact dual symmetric spaces
and doesn’t cover the exceptional case. On the other hand, [25] involves compli-
cated computations and follows two different methods: Helgason’s approach for
hyperbolic spaces and heat kernel expressions [1] for general Damek—Ricci spaces.
In comparison we believe that our presentation is simpler and more conceptual.

Several other works deal with the shifted wave equation (2) without using explicit
solutions. Let us mention [7] (see also [18, Section V.5]) for Huygens’ principle
and the energy equipartition on Riemannian symmetric spaces of the noncompact
type. This work was extended to Damek—Ricci spaces in [4], to Chébli-Trimeche
hypergroups in [14] and to the trigonometric Dunkl setting in [5, 6]. The non-linear
shifted wave equation was studied in [2, 3, 28], first on real hyperbolic spaces and
next on Damek—Ricci spaces. These works involve sharp dispersive and Strichartz
estimates for the linear equation. Related L? — L? estimates were obtained in [21]
on hyperbolic spaces.

Our paper is organized as follows. In Sect. 2, we review Damek—Ricci spaces
and spherical analysis thereon. We give in particular explicit expressions for the
Abel transform, its dual and the inverse transforms. In Sect. 3 we extend Asgeirs-
son’s mean value theorem to Damek—Ricci spaces, apply it to solutions to the shifted
wave equation and deduce explicit expressions, using the inverse dual Abel trans-
form. As an application, we investigate Huygens’ principle. Section 4 deals with the
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shifted wave equation on homogeneous trees, which are discrete analogs of hyper-
bolic spaces.

Most of this work was done several years ago. The results on Damek—Ricci
spaces were cited in [26] and we take this opportunity to thank Francois Rouviere
for mentioning them and for encouraging us to publish details. We are also grateful
to Nalini Anantharaman for pointing out to us the connection between our discrete
wave equation (16) on trees and recent works [8, 9] of Brooks and Lindenstrauss.

2 Spherical Analysis on Damek-Ricci Spaces

We shall be content with a brief review about Damek—Ricci spaces and we refer to
the lecture notes [26] for more information.

Damek—Ricci spaces are solvable Lie groups S = N X A, which are extensions
of Heisenberg type groups N by A = R and which are equipped with a left-invariant
Riemannian structure. At the Lie algebra level,

3
—~ =

s=R"® R o R ,
—_— =

n a

with Lie bracket

/
[(X.Y.2). (X" Y.2)]= (%X/ - %X, ¥ =Y +[X, X, o)

and inner product

(XY, 2, (XY 2)) = (X X g+ (V. Y g 422

At the Lie group level,
z
—~ =
S=R"x R* x R,
%/_—1
N A

with multiplication
XY, 2)- (XY, ) = (X +e2X ¥ + &7 + Let2[x, X 2+ 7).
( 9 9 ) ( b 9 b 2 9 b

So far N could be any simply connected nilpotent Lie group of step < 2. Heisenberg
type groups are characterized by conditions involving the Lie bracket and the inner
product on n, that we shall not need explicitly. In particular Z is the center of N and
m is even. One denotes by

n=m+k+1
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the (manifold) dimension of S and by
m
=—+k
Qo >+

the homogeneous dimension of N.

Via the Iwasawa decomposition, all hyperbolic spaces H 4(R), HY(C), H (H),
H?(0) can be realized as Damek—Ricci spaces, real hyperbolic spaces correspond-
ing to the degenerate case where N is abelian. But most Damek—Ricci spaces are
not symmetric, although harmonic, and thus provide numerous counterexamples to
the Lichnerowicz conjecture [13]. Despite the lack of symmetry, radial analysis on
S is similar to the hyperbolic space case and fits into Jacobi function theory [22].

In polar coordinates, the Riemannian volume on S may be written as §(r) dr do,
where

const

—1 m
5(r) = 2'"“71"/21“(%) (sinh %) (sinhr)¥

w2 (1 -1 A\ K o n—1
=2"7g"“r|{ = cosh — sinh —
2 2 2

const

is the common surface measure of all spheres of radius r in S and do denotes
the normalized surface measure on the unit sphere in s. We shall not need the full
expression of the Laplace—Beltrami operator A on § but only its radial part

da=(2 2+ "ot + K ann 2] 2
rRea=1% R R T

on radial functions and its horocyclic part
9\? i)
Af =\ ) f-0Q0—f 3)
0z 0z

on N-invariant functions, i.e., on functions f = f(X, Y, z) depending only on z. The
Laplacian A commutes both with left translations and with the averaging projector

1
By =
f (r)—(s(r) S(w)de(X),

hence with all spherical means

1
Yy = — d )
fi(r) 50) /SW) vy f()
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Thus
(Af)E = (rad A) fF. 4)

Finally A has a spectral gap. More precisely, its Lz-spectrum is equal to the half-line
(—o0, —Q?/4].

Radial Fourier analysis on § may be summarized by the following commutative
diagram in the Schwartz space setting [1]:

y(R)even
H ]~ AN F

F(S)F % S R)even

Here
AL = /S dx 93(0) £ ()

denotes the spherical Fourier transform on S,

o f(z) =e (@122 dX/ dY f(X,Y,2)
Rm Rk

the Abel transform,
F100= [ dze o
R

the classical Fourier transform on R and .¥(S)F the space of smooth radial functions

f(x) = f(|x]) on S such that
g\ N
<5> S

for every M, N e N. Recall that the Abel transform and its inverse can be expressed
explicitly in terms of Weyl fractional transforms, which are defined by

sup(1 + r)Me(Q/z)’
r=0

< 400

1 +00
W‘[ P d h h _ h n+M—1
w () F(M+M)/r (coshts) (coshts —coshtr)

d M
x (_d(cosh rs)) F)

for T > 0 and for u € C, M € N such that Re u > —M. Specifically,

12 _ 1 12
of = Cle//Z o %1/2 and & 1 — C—IW_lk/z o W7;/29
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where ¢ = 20m+0/27m+0/2 More precisely,

. 1 d k)2 d m/2
“ f(r)=E<_d(coshr)> <_d(coshr/2)) F)

if n is odd, i.e., k is even, and

1 oo ds
e = / _—
F ci/m J; J/coshs — coshr

d d (k=1)/2 d m/2
(i) Camonn)  Caown) 70
s d(coshs) d(coshs/2)

if n is even, i.e., k is odd. Similarly, the dual Abel transform

*f(r)=(f)*r), where f(X,7,z)=eQ??f(z), (5)

and its inverse can be expressed explicitly in terms of Riemann-Liouville fractional
transforms %, which are defined by

n+M—1

BLf(r) =

d(coshts) (coshtr — coshts)

M
s

for t > 0 and for u € C, M € N such that Reu > —M.

l r
F(M+M)/()

X _—
<d(cosh Ts)

Theorem 2.1 The dual Abel transform (5) is a topological isomorphism between
C®(R)eyen and C®(8S)* = C®(R)eyen. Explicitly,

7170 = G ) cinney' () ] (snnz) oo

and

_ 1 d R N
(;z/*) 1f(r):55(%’16/20%11_,(/2){<smh5) (sinh -)¥ lf}(r)

where ¢ =2”/2’1/271’]/2I"(%) =21/2=n/2(p — 1)!1"(%)’1. More precisely,

L 14 d m/2 d k/2—1
(") ﬂr)‘EE(d(coshr/Z)) (d(coshr))
r m
x {(sinh E) (sinhr)F~! f(r)}
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ifnisodd,i.e. k is even, and

o | d d m/2 d k=1)/2
() )= czﬁ5<d(coshr/2)> (d(coshr))

r ds s\"
X —— [ sinh— sinh $)* £ (s
./o coshr —coshs( 2) ( RS

if n is even, i.e., k is odd.

Proof Everything follows from the duality formulae
/Rdr o f(r)glr) = /de fx) A g(x),

+00 +00
/ d(coshtr) ) f(r)g(r) =/ d(coshtr) f(r%,g(r),
0 0
and from the properties of the Riemann-Liouville transforms, in particular
%‘1[/2 : reCOO(R)even i> it COO(R)even
for every integer £ > —1. U

Remark 2.2 In the degenerate case m = 0, we recover the classical expressions for
real hyperbolic spaces H" (R) :

(27,)("—1)/2

+oo
o f(r) = =y / d(coshs) (coshs — coshr)"=3/2 £ (s),
T r

o* f(r) = c3(sinhr) "2 / ds (coshr — coshs)" /2 £ (s),
0

20-D2py (n—=2)!
VAT (3 T 20=dRr ity

where ¢3 =

A7V ()= @Qr)~=D/2 (—Lyn_mf(r)
d(coshr) ’

o*)7! — o(n=1)/2 (%)! d d =32 -
0= (n — D!dr \d(coshr) {(sinhr)" 2 f (1)}

if n is odd and

1

_1 _
g f(r) = 2—1)/2 /2

+00 ds d d n/2—1
[ st ) )
r coshs — coshr ds d(coshys)
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- B | d d n/2—1
(% ) fr)= 2<n—1)/2(g — 1)!d_r(d(coshr))

coshr — coshs

X /‘r L(sinhs)"_lf(s)
0

if n is even.

3 Asgeirsson’s Mean Value Theorem and the Shifted Wave
Equation on Damek-Ricci Spaces

Theorem 3.1 Assume that U € C*°(S x S) satisfies
AUx,y)=A,U(x,y). (6)

Then

/ dx’/ dy'U(x',y") :/ dx’/ dy'U(x',y") (7
S(x,r) S(y,s) S(x,s) S(y,r)

foreveryx,y e Sandr,s > 0.

Proof The proof is similar to the real hyperbolic space case [17, Sect. I1.5.6] once
one has introduced the double spherical means

1 1
Ut =~ |  a'— | a/'UK.Y
’ 8r) Jswy  86) Jsqy.e ( )
and transformed (6) into
(rad A), UL5 (r, 5) = (rad A),UEE (r, ). O

Asgeirsson’s Theorem is the following limit case of Theorem 3.1, which is ob-
tained by dividing (7) by §(s) and by letting s — 0.

Corollary 3.2 Under the same assumptions,
/ dx’U(x’,y):/ dy' U(x,y').
S(x,r) S(y,r)
Given a solution u € C*°(S x R) to the shifted wave equation
u(x, 1) = (As + Q*/4)ulx, 1) (8)
on § with initial data u(x,0) = f(x) and 0;|;—o u(x, t) =0, set

Ux,y)=e@y(x, 1), 9)
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where ¢ is the z coordinate of y. Then (9) satisfies (6), according to (3). By applying
Corollary 3.2 to (9) with y = e and r = ||, we deduce that the dual Abel transform

of t — u(x, t), as defined in (5), is equal to the spherical mean ff (]¢]) of the initial
datum f. Hence

u(e, 1) = (%) (f5) o).

By integrating with respect to time, we obtain the solutions

t
u(x,t):/o ds (7*) "' (g5) (s)

to (8) with initial data u(x, 0) = 0 and 0;|;=o u(x,t) = g(x). In conclusion, general
solutions to the shifted wave equation

{afu(x, 1) = (Ay + Q%/Du(x, 1)
u(x,0)= f(x), Oli=oulx,t)=g(x)

(10)

on § are given by

t
w\—1 *\—1
w0 = () ()0 + [ ds (@) Do
By using Theorem 2.1, we deduce the following explicit expressions.

Theorem 3.3
(1) When n is odd, the solution to (10) is given by

3 5 m/2 5 K21
M(X’Z)ZC“E(B(CTIU/Z)) <m) {sinht /S(x,z|)dy f(y)}

P m/2 P k2-1(
d )
+ C4<8(cosht/2)) (8(Cosht)> { sinh 7 /;(x,zl) yg(”}

with cq = 273m/2=k/2=1 g —=(n=1)/2

(ii) When n is even, the solution to (10) is given by

9 9 m/2 9 (k—1)/2
u(x,t)=cs—
d|t| \ 9(cosht/2) d(cosht)

/ F ()
X dy
Bty +/coshf —coshd(y, x)

. o\ 8 %2
tes Slgn(t)(a(cosht/2)> <a(COSht)>

y f y g8(y)
B(oi)  +/cosht —coshd(y, x)’

with ¢5 = 273m/2=k/2=1 7 =n/2
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Remark 3.4 These formulae extend to the degenerate case m = 0, which corre-
sponds to real hyperbolic spaces H" (R):

(i) n odd:

3 3 =372
t,x)=ce— | ———— - d
u(t, x) =cs dt (8(cosht)> {smht /S(“,) yf(y)}

9 (n=3)/2 1
- d i
+C6(3(COShI)> {sinht /S(x,lt) yg(y)}

with cg = 2~ (D27 —(=1)/2
(ii) n even:

9 2\ )
u(t,x) =cy—| — dy
d|r| \ d(coshr) B(oli)  +/coshf —coshd(y, x)

o\ g(»)
+ c7sign(t)| ———— d ,
7sign( )<8(cosht)) /I‘i’(x,lt) Y J/cosht — coshd(y, x)

with ¢7 =271+ D/2g=n/2,

As an application, let us investigate the propagation of solutions u to the shifted
wave equation (10) with initial data f, g supported in a ball B(xg, R). The following
two statements are immediate consequences of Theorem 3.3. Firstly, waves propa-
gate at unit speed.

Corollary 3.5 Under the above assumptions,
suppu C {(x, t)e S|dx,xo) <|t|+ R}.

Secondly, Huygens’ principle holds in odd dimension, as in the Euclidean setting.
This phenomenon was already observed in [25].

Corollary 3.6 Assume that n is odd. Then, under the above assumptions,
suppu C {(x, t)eS||t|— R <d(x, xo) < |t + R}.

In even dimension, u(x, t) may not vanish when d(x, xo) < |t| — R, but it tends
asymptotically to 0. This phenomenon was observed in several settings, for instance
on Euclidean spaces in [27], on Riemannian symmetric spaces of the noncompact
type [7], on Damek—Ricci spaces [4], for Chébli-Trimeche hypergroups [14], ....
Our next result differs from [4, 7, 14] in two ways. On one hand, we use explicit
expressions instead of the Fourier transform. On the other hand, we aim at energy
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estimates as in [27], which are arguably more appropriate than pointwise estimates.
Recall indeed that the total energy

E@)=H(t) + P(t) (11)
is time independent, where

(1) = l/dx|atu(x,t)!2
2 /s

is the kinetic energy and
1 -
P(t) = 3 / dx (—Ax — Q2/4)u(x, Hu(x, 1)
S

1
= /de {[Veutx, 0] = 0 /4{utx, 0|’}

the potential energy. By the way, let us mention that the equipartition of (11) into
kinetic and potential energies was investigated in [7] and in the subsequent works
[4, 5, 14] (see also [18, Sect. V.5.5] and the references cited therein).

Lemma 3.7 Let u be a solution to (10) with smooth initial data f, g supported in
a ball B(xg, R). Then

u(x,t), oju(x,t), Veu(x,t) are O(e_(Q/z)m)
forevery x € S and t € R such that d(x, xo) < |f| — R — 1.

Proof Assume ¢t > 0 and consider the second part

3 my2 3 k—1)/2
v(x’t)z(a(cosht/2)> <8(cosht))

/ 8()
X dy
B(x.)  ~/coshr —coshd(y, x)

12)

of the solution u(x, ¢) in part (ii) of Theorem 3.3. The case ¢t < 0 and the first part
are handled similarly. As B(xg, R) C B(x, t), we have

f y gy _ f y g(y)
B(x.t)  ~/cosht —coshd(y,x) JBug,R) =~ +/cosht —coshd(y, x)

and thus it remains to apply the differential operator

5 m/2 5 (k—=1)/2
D= (a(cosht/2)> (8(cosht))
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to {cosht — coshd(y, x)}_l/z. Firstly

5\ k-2 ~ _
<m> {cosh — coshd(y, x)} vz _ const{cosh? — coshd(y, x)} k/2
cos

and secondly

3 m/2 _
S {cosht — coshd(y, x)} k/2
d(cosht/2)

= Z aj(cosht/Z)m/zfzj{cosht — coshd(y, x)}*k/Z*m/ZJrj’

0<j<y
for some constants a j- As

t+d(ya-x) . t_d(yvx) t
sinh > e,

cosht — coshd(y, x) =2sinh

we conclude that D, {cosht — coshd(y, x)} /2 and hence v(x, t) are O(e_%’). The
derivatives d;v(x,t) and V,v(x,t) are estimated similarly. As far as V,v(x, 1) is
concerned, we use in addition that

sinhd(y,x) =0(e') and |V d(y, )| <1.

This concludes the proof of Lemma 3.7. 0

Theorem 3.8 Let u be a solution to (10) with initial data f,g € C°(S) and let
R = R(t) be a positive function such that

R(t 00
{ 0=+ ast — +oo.

R(r) =o(|z])
Then
2 2 2
/ dx{luCx, )"+ [Veule, )" + |du(x, )|}
d(x,e)<|t|—R(1)

tend to 0 as t — F00. In other words, the energy of u concentrates asymptotically
inside the spherical shell

{xeSli—R® <dx,e) <lrl+ RO}
Proof By combining Lemma 3.7 with the volume estimate

vol B(e, |t| — R(1)) < eQUI=RO} a5 ¢ 5 400,
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we deduce that the three integrals

/ dx |u(x,t)}2,

d(x,e)<|t|—R(t)

/ dx ‘qu(x,t)
d(x,e)<|t|—R(t)

f dx |dux, )]
d(x,e)<|t|—R(t)

are O(e~2R®) and hence tend to 0 as t — +o0. O

2
)

4 The Shifted Wave Equation on Homogeneous Trees

This section is devoted to a discrete setting, which is similar to the continuous setting
considered so far. A homogeneous tree T =T, of degree g + 1 > 2 is a connected
graph with no loops and with the same number g 4 1 of edges at each vertex. We
shall be content with a brief review and we refer to the expository paper [12] for
more information (see also the monographs [15, 16]).

For the counting measure, the volume of any sphere S(x, n) in T is given by

ifn=0,
§n) = o .
(g + g if n e N*.

Once we have chosen an origin 0 € T and a geodesic w : Z — T through 0, let us
denote by |x| € N the distance of a vertex x € T to the origin and by A(x) € Z its
horocyclic height (see Fig. 1).

The combinatorial Laplacian is defined on Z by

fn+ D+ fn—-1)

L2 f(n)=fn) - 5

Fig. 1 Upper half space h
picture of T3
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and similarly on T by

1
iﬂf(x)=f(x)—m > fw. (13)

yeS(x,1)

The L2-spectrum of .ZT is equal to the interval [1 — y, 1 + ], where

2
Y= 72+ q-172 €O, D).
‘We have
fO) — f(1) ifn=0,
7 = 14
s {f(n)—q%f(n—l)—f?f(nﬂ) itnen Y
on radial functions and
T _ 4 1y 1
L fh)= f(h) —q+1f(h 1) qulf(thl)
=yd"* L F} + (1= y) f(h) (15)

on horocyclic functions.
Again, radial Fourier analysis on T may be summarized by the following com-
mutative diagram

C®(R/tZ)even
H )~ AN F

S (T)* & (L)even

]

Here

HCf(h) = Z(px(x)f(x) forevery A e R

xeT

denotes the spherical Fourier transform on T,

.;sz(h):qh/2 Z f(|x|) forevery h € Z

xeT
h(x)=h

the Abel transform and

Ff) = Zqi’\hf(h) for every A € R
heZ
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a variant of the classical Fourier transform on Z. Moreover T = 2%, . (Z)even

logg’
denotes the space of even functions on Z such that

sup nk|f(n)} < +oo foreveryk e N,

neN*

and .7 (T)* the space of radial functions on T such that

sup nkq"/2|f(n)| < +oo forevery k € N.
neN*

Consider finally the dual Abel transform

a* f(n) = ﬁ q" @2 f(h(x)) forevery n e N.
xeT

|x|=n

The following expressions are obtained by elementary computations.

Lemma 4.1

(1) The Abel transform is given by

+00
o 00 =g " (1) + L= 3 g M £ (] +20

k=1
+oo
:ZCI‘hl/Hk{fﬂm +2k) — f(Ihl +2k+2)} foreveryheZ
k=0

and the dual Abel transform by

. gy a—1 _pp
)= VA E + Yo fER

—|n|<k<|n|
k has same parity as n
ifn € Z*, resp. &* f(0) = f(0).
(ii) The inverse Abel transform is given by

+00

A=Y g P f(n+2k) — fn+ 2k +2)}
k=0

+00
=q¢"?fn)—(g—1) Zq_”/z_kf(n +2k) foreveryneN
k=1
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and the inverse dual Abel transform by

_ 1 1
(@) F = 34" ) + 547" F ()

1 (h—1)/2

+5 D g =2k +2) — f(h —2k)}

k=1
1/2 4 ,—1/2 _g-!
q'“+q - q9—49 _h
= fq(h D2 f(h) — — 4 Z q" f k)
O<kodd<h
if h € N is odd, respectively
(") £(©) = £(0)
and
_ 1 1
(%) ) = 34" ) + 3072 £ (0)

L

+5 3 "R 2k +2) — f(h - 2k))

k=1
12 4 g=1/2 12 _ —1/2
_4 2€1 gD f iy — q 2€1 g~ =172 £(0)
-1

q9—49 _

i — he Z q" £k

O<keven<h

if h € N* is even.
We are interested in the following shifted wave equation on T:

yfnzu(x,n) = (.,%CT — 14+ pux,n),

(16)
ux,0)=f), A{ulx, ) —ulx,—1}/2=_gx).

As was pointed out to us by Nalini Anantharaman, this equation occurs in the recent
works [8, 9]. The unshifted wave equation with discrete time was studied in [11]
and the shifted wave equation with continuous time in [23].

We will solve (16) by applying the following discrete version of Asgeirsson’s
mean value theorem and by using the explicit expression of the inverse dual Abel
transform.

Theorem 4.2 Let U be a function on T such that

DZCTU(x,y)zfyTU(x,y) foreveryx,y eT. 17
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Then

22 U= 2 X

x'eS(x,m) y'eS(y,n) x'eS(x,n) y'eS(y,m)

forevery x,y € T and m,n € N. In particular

Yo u.y)= Y. U@xy). (18)

x'eS(x,n) y'eS(y,n)
In order to prove Theorem 4.2, we need the following discrete analog of (4).

Lemma 4.3 Consider the spherical means

ff(n)=$ Z f(y) foreveryx eT,neN.

yeS(x,n)
Then
(LT f)sm) = (rad D), f ),
where rad £ denotes the radial part (14) of £7.

Proof We have

f@) = i) ifn=0,

LT ) (n) =
(L20)0= 120y — == flm+ D ifneN. O

Proof of Theorem 4.2 Fix x,y € T and consider the double spherical means
U“(m n) = L Z 1 Z U(x', )
8(m) 8(n) e
x'eS(x,m) y'eS(y,n)

that we shall denote by V (m, n) for simplicity. According to Lemma 4.3, our as-
sumption (17) may be rewritten as

(rad &), V(m,n) = (rad &), V(@mn,n). (19)
Let us prove the symmetry
V(im,n)=V(n,m) foreverym,neN (20)

by induction on £ = m + n. First of all, (20) is trivial if £ =0 and (20) with £ =1 is
equivalent to (19) with m = n = 0. Assume next that £ > 1 and that (20) holds for
m+n<{.Ononehand,letm >n>0withm+n=~+1andletl <k <m—n.
We deduce from (19) at the point (m — k, n + k — 1) that
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Vim—k+1,n4+k—1)—V(m—k,n+k)
=q{V(m—k,n+k—2)—V(m—k—1,n+k—1)}. 2D

By adding up (21) over k, we obtain
Vim,n) = V(m,m)=q{Vim—1n—1)—Vn—-1,m-1}, (22)

which vanishes by induction. On the other hand, we deduce from (19) at the points
(£,0) and (0, £) that

VE+1,0)=@+DHVE,1)—gV(¥,0),
VO,L4+ 1) =@+ 1DV(,£)—qV(QO,¢).

Hence V(£ +1,0) = V (0, £ 4+ 1) by using (22) and by induction. This concludes
the proof of Theorem 4.2. 0

Let us now solve explicitly the shifted wave equation (16) on T as we did in
Sect. 3 for the shifted wave equation (10) on Damek—Ricci spaces. Consider first a
solution u to (16) with initial data u(x,0) = f(x) and {u(x, 1) —u(x, —1)}/2=0.
On one hand, as (x,n) — u(x, —n) satisfies the same Cauchy problem, we have
u(x, —n) = u(x, n) by uniqueness. On the other hand, according to (15), the func-
tion

U(x,y) =¢""%u(x,h(y)) foreveryx,yeT

satisfies (17). Thus, by applying (18) to U with y = 0, we deduce that the dual
Abel transform of n +— u(x,n) is equal to the spherical mean ff (n) of the initial
datum f. Hence

u(x,n) = (.;zf*)_l(ff)(n) forevery x € T,n € N.

Consider next a solution u to (16) with initial data u(x,0) = 0 and {u(x, 1) —
u(x,—1)}/2 = g(x). Then u(x, n) is an odd function of n and

ux,n+1)—ux,n—1)
2

v(x,n)=

is a solution to (16) with initial data v(x, 0) = g(x) and {v(x, 1) —v(x, —1)}/2=0.
Hence

WCron) = 2> 0k odden VX, k) if n e N* is even,
’ 8 + 230k evencn V(x, k) if n € N*is odd,

with v(x,n) = (szf/*)_l(gﬁ)(n). Using part (ii) of Lemma 4.1, we deduce the fol-

lowing explicit expressions.
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Theorem 4.4 The solution to (16) is given by

1 -1
uGrm =347 3 fo ==Y r)

d(y,x)=[n| d(y,x)<|n|

|n|—d(y,x) even

+ sign(n)gq />~ 1"1/2 Z g(y) foreveryxeT,neZ".

d(y,x)<|n|
|n|—d(y,x) odd
In other words,
C
Sn
M) — M2 ——
u(x,n) = ff(x)-i-Slgn(n)MMFIg(x), (23)

where

My f)=q7"* Y f) (24)

d(y.x)<n

n—d(y,x) even

ifn>0and M_; =0.

Remark 4.5 Notice that the radial convolution operators C, and S, above corre-
spond, via the Fourier transform, to the multipliers

sing nA

cosgnA  and - ,
sing A

where cos, A = (¢'* + ¢ ~'*)/2 and sing A = (¢'* — g—*)/2i.

As we did in Sect. 3, let us next deduce propagation properties of solutions u to
the shifted wave equation (16) with initial data f, g supported in a ball B(xg, N).

Corollary 4.6 Under the above assumptions,
1. u(x,n)=0(q~"V?) for every x € T, n € Z;
2. suppu C {(x,n) € T x Z | d(x, x0) < |n|+ N}.

Obviously Huygens’ principle doesn’t hold for (16), strictly speaking. Let us
show that it holds asymptotically, as for even dimensional Damek—Ricci spaces. For
this purpose, define as follows the kinetic energy

%(n):%z

xeT

ux,n+1)—ulx,n—1) 2

2
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and the potential energy

1 u(x,n) —u(y,n) 2 (g —1)? 2
g(”)—@ x% ) - 84 XZE;T’“(X’”)‘
d(x.y)=2
= qgil Z(Z — Pu(x, n)u(x,n) (25)
xeT

for solutions u to (16). Here
~ 1
Lf@)=fx)———= > fO)
q(g+1) e

is the 2-step Laplacian on T and

_ (g—1?
=——¢€(0,1).
v q(q+1)€( %

Lemma 4.7

() The L?-spectrum Of.,iz is equal to the interval [y, (q +1)/q]. Thus the potential
energy (25) is nonnegative.
(i1) The total energy

&) = (n) + Zn)

is independent of n € Z.

Proof (i) Follows for instance from the relation

=" -

q

and from the fact that the L2—Spectmm of ZTis equal to the interval [1 —y, 1 + y].
(ii) Notice that the shifted wave equation

yfnzu(x, n) = (.,?jgr -1+ y)u(x, n)
amounts to

1
ux,n+1)+ulx,n—1)=— Z u(y,n).
\/67)‘65()5,1)

As

Yo Y wmuGm =@+ DY Jut.mP+ D uly.mutn),

x€T y,zeS(x,1) xeT y,z€T
d(y,2)=2
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we have on one hand

1 1
H (n) = %Z|u(x,n)|2+ §Z|u(x,n:|: 1)|2

xeT xeT
1 I 1 -
+ — Z ulx,mu(y,n) — —— Z Re{u(x,n)u(y,n + 1)}.
Sq x,yeT Zﬂ x,yeT
d(x,y)=2 d(x,y)=1
(26)
On the other hand,
3g—1 2 1 -
P(n) = 3 PIERD] ~ % > uxmu(y.n). (27)
q xeT q x,yeT
d(x,y)=2
By adding up (26) and (27), we obtain
En) = 1 D fux, m|’ + ! D |utxn+ n|?
2 2
xeT xeT
1 -
Z Re{u(x,n)u(y,n + 1)}
zﬂ x,yeT
d(x,y)=1
and we deduce from this expression that
Em)=EMmx1).
This concludes the proof of Lemma 4.7. U

Remark 4.8 Alternatively, part (ii) of Lemma 4.7 can be proved by expressing the
energies . (n), #(n), &(n) in terms of the initial data f, g and by using spectral
calculus. Specifically,

1 -
H ) =) (Cop1 = G’ f) ()

xeT

| .
+3 D Sup1 = Sa-1)g(0)g ()

xeT

' C C S, S g(x)
+7Re Y (Gt = Cu)) (St = Su) f (08 (6)

xeT
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and

Py =1 Y (1~ CC T

xeT

1 -
+ 721 - C)Sie)g ()

xeT

1 PR
+3 Re Y (1 = C2)CpSu f(x)g(x).

xeT

Here we have used the fact that

1t g ol my=La-
o (L= =5G-M)=2(1-C).

Hence

EM =Y U fOFE +)_ V, e()gk) +2Re Y W, f(x)g),

xeT xeT xeT

where

1 1
Ut = g (Cn1 — Co1)* + il C2)C2,

1 1
Vn+ = g(Sn-H - Sn—1)2 + Z(l - CZ)S}’%’

1 1
W= 3 (Crt1 = ComD) (St = Sp1) + (1= €Sy

By considering the corresponding multipliers, we obtain

1 1
Uf=70=C), V=2 W =0

and conclude that

1 — 1
Em =7 (1=CfOT@ +5 Y |s)] =60,

xeT xeT

Let us turn to the asymptotic equipartition of the total energy & = & (n).

Theorem 4.9 Let u be a solution to (16) with finitely supported initial data f and g.
Then the kinetic energy ¢ (n) and the potential energy & (n) tend both to & /2 as
n — too.
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Proof Let us show that the difference J# (n) — &?(n) tends to 0. By resuming the
computations in Remark 4.8, we obtain

H () — Pm)=Y Uy f)FE)+ YV, g(x)gx) +2Re YW, f(x)g(x),
xeT xeT xeT

with

1 1 1
Uy =5 Cat1 = Cn1)* — il C)Ca = —71=C)Ca,

1 , 1 , 1
Vn = g(Sn+l - Sn—l) - Z(l - CZ)Sn = §C2n7

1 1 1
Wy =g €1 = Co) St = Sn1) = 7 (1 = C)C Sy = = 2(1 = €2) Son.

As

q—1

—1
_ q—4q
1€ fllee < F5=q " flle and (1= Co)f [, < {— +2}||f||zl,

2

the expression

- 1 -
DU F@F@ =1 ) Canf T = D @)

xeT xeT

tends to 0. The expressions

1 —
DV gWg) =2 Cong)g(x)

xeT xeT
and
- — 1 —
D W F@@ ==7 S0 f )T = C)fC)
xeT xeT
are handled in the same way. This concludes the proof of Theorem 4.9. 0

Let us conclude with the asymptotic Huygens principle.

Theorem 4.10 Let u be a solution to (16) with finitely supported initial data and
let (Ny)nez be a sequence of positive integers such that

N, — 4+00
N, =o(|n])

as n — £o0o.
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Then the expressions

2 2
Z |u(x,n) , Z |u(x,n)—u(y,n) ,
xeT x,yeT
Ix| <l |—Np Ix1, Iy] < n] = N
d(x,y)=2
2
> Ju@n+ 1) —u@.n—1)
xeT
Ix| <l |—Np

tend to 0 as n — +00. In other words, the energy of u concentrates asymptotically
inside the spherical shell

{x €T [ Inl = Ny < IxI < |2l + Na}.

The proof is similar to the proof of Theorem 3.8.
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1 Introduction and Statement of the Results

It is a known fact that the logarithmic capacity of closed sets is essentially in-
variant under quasisymmetric maps of the unit circle. An orientation preserving
homeomorphism of the unit disc, identified with an increasing homeomorphism
¢ :[0,1] — [0, 1] via the map e2mit s 2mi(e(+) for some real a, is quasisym-
metric if

1 _eb+D—pW)

< < S
M o) -k —1) Q>

for some fixed M > 1. Sums are taken modulo integers. The reader should be aware
that quasisymmetric maps in [2] form a class more general than (QS): the maps
satisfying (QS) are those [5]

(i) having a quasi-conformal extension f mapping the unit disc onto itself;
(ii) such that f(0) =0.
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The logarithmic capacity of a closed subset of the unit circle, identified with a subset
E of the unit interval, is comparable with its Bessel (2, 1/2)-capacity Cap(E). Given
a positive Borel measure p on [0, 1], let

1 Ly 2
toﬁ(u):/ KM(x)zdx=/ (f %) dx
0 0o \Jo lx—yl

be its energy. Here, too, differences are taken modulo integers. Then,

2

Cap(E) = inf{ WE)

200 supp(u) < E}

Theorem 1.1 (Corollary of a Theorem of Beurling and Ahlfors [5]). There is a
constant C(M) depending on M only such that the inequalities

1 <Cap(¢)_1(E))
C(M) = Cap(E)

<CM)

hold for all closed subsets E of [0, 1].

An indirect proof goes as follows. Let f be a quasiconformal extension of ¢
such that f(0) = 0: f leaves essentially invariant the capacities of closed sets in the
closed unit disc [2].

We will show that Theorem 1.1 can be rephrased as the stable version of Ben-
jamini and Peres’ result about the equivalence of classical and (a notion of) discrete
capacity. See [1, Chapter 2] for an excellent exposition of potential theory at the
level of generality that we need in this note (and wider).

Let T be the usual rooted dyadic tree. We can represent T as a tree with labels
(n, k), whose vertices are the dyadic subintervals J&’k) = [(k — 1)/2",k/2"] of
[0,1] (with n > 0, 1 < k < 2"), and the edges are given by set inclusion: there is
an edge between the vertices (n, k) and (n + 1, k') if J&+1,k/) C J&’k). The root of
Tiso:(0,1). If «a = (n k), we call d(o) := the level of a. Consider a different
collection _# of closed intervals J, € [0, 1] (with & € T') such that

L4 /o =[0, 1]
o Zu, U o = Fq4, where oz, the children of o, are the labels of the two halves
of 72, the dyadic interval labeled by .

Clearly, # and ¢ 0 have the same combinatorial properties, a fact that will be used
below to simplify notation.

A half-infinite geodesic starting at the root is a sequence {¢, : n > 0} in T with
d(¢y) =nand J?Hl C Jg. Given¢ #£in dT,let ¢ A& € T be their closest common
ancestor, that is, the element of T of highest level 7 common to both ¢ and &. The
function p (¢, &) := 279G defines a distance on 97T .

A closed subset E of [0, 1] can be identified with a subset of 7’s boundary 0T
in the natural way, through the map A » : 9T — [0, 1] that maps the geodesic { =
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{¢u}n>0 € 0T to the point A/ )= ﬂn>0 J¢, - The map A/ is clearly continuous.
In the case of 7 = /0, it is a contraction: |A/o({) — Af0(§)| <p(,8).

Theorem 1.2 Assume that ¢ satisfies the quasi-symmetry condition

LMl oy
M\|J/3|\

(D

whenever Jo and Jg are intervals in ¢ such that d(e) = d(B), and Jo and Jg are
adjacent as intervals in [0, 1] (modulo 1). Then CapT(A}(E)) ~ Cap(E).

To request condition (1) when J, and Jg are adjacent in [0, 1] is more than
just requesting the same for « = y_ and § = y: the continuous topology of [0, 1]
plays a role here. The tree capacity Capy is the (linear) one naturally defined on the
(unweighted) dyadic tree T. Given h: T — [0,00) and ¢ ={¢, : n >0} in 9T, let

Th(g) = h(zn).
n=0

For F C 9T,

Capy (F) _1nf{||h||€2(T) h>0, Ih>1onF}.

Benjamini and Peres proved that Cap(E) =~ Capy (A}O(E )) [4]. The same result,
in a more general setting, is proved in [3], whence we take our notation.

2 Proof of the Theorems

We first show that Theorem 1.2 implies Theorem 1.1. Indeed, let ¢ be quasisym-
metric and J, = (p(Jo(?). Then ¢ satisfies the hypothesis of Theorem 1.2 and
A/ =go A/o. If E is a closed subset of [0, 1],

Cap(y ™" (E)) ~ Capr (475 (¢! (E))) = Capr (A7 (E)) ~ Cap(E)

which is Theorem 1.1.

We now prove Theorem 1.2. Let u > 0 be an atomless Borel measure on [0, 1]
(atoms make energy infinite), that we may identify with a measure u* on 97 by the
rule /L*(A},l (J)) := u(Jy) (indeed, this defines u* uniquely). Consider the Bessel

potential
du(y)
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Forx €[0, 1], 1let Po(x) ={o e T : x € J,} and let

Pix)= | J 18: d(@) =d(B) and dG (e, ) <3}

aePy(x)

and
Py(x) = U {B: d(@) =d(B) and 2 < dg(a, B) < 3}.
o€ Py(x)

Here, d¢ is a graph distance which takes into account the adjacency relations of the
Jo’sin [0, 1]:

min{|z — y|: z€ J), y e Jg} =[do(a. p) — 1]274®

if d(a) = d(B). In other words, moving from J, to Jg across adjacent intervals at the
same level, we have to make dg («, B) steps. We need the following basic properties
of Py(x):

(1) ZaePz(x) Xfoz ~ 1;
(i) min{|ly —x[: y € Jy, @ € P2(x)} ®max{|ly —x[: y € Jo, @ € P2(x)} = |Jql.

The proofs are easy and are left to the reader. Note that (i) is purely combinatoric,
while (ii) relies on the metric hypothesis (1): adjacent intervals have comparable
length. Using (i) and then (ii), we have

- dp(y)
Kp(x) ~ Z/ [

aePr(x)
%/ D el TP x (v € ) dp(y)
a€Py(x)
= Y e
aePr(x)

Replacing P> by P; makes the argument easier to understand. It is trivial that
D7 Wl Pl < Y0 1al T 20
aePs(x) aeP(x)
In the other direction, observe that, if « € P;(x), then
Jo = U Jg 2)
BeP(x), d(B) Zd(e)

and, for each « in P(x) and y € Jy, there are boundedly many B’s in P»(x) such
that d(8) > d(«) and y € Jg C J,. The second assertion is obvious. For the first
one, given o € Pi(x) \ P2(w), it is easy to see that J, can be decomposed as the
union of Jg’s as in (2).
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Then,
Yo el TP S Y Hal > up)
a€P(x) a€Py(x) BeP2(x),d(B) 2d(a)
= Y nlp) > ol 772
BePa(x) a€Py(x), d() =2d(B)
~ ) el Pudp).
BeP(x)

The energy becomes

1
&) =/ Ku(x)?dx
0

2

1 1
%/0 (/0 > |Ja|1/2x<yeJa)du<y)) dx

a€Py(x)

1 1
_ /0 du(y) /0 d(z) H(y. 2),

where

1
HoD= ¥ PR [ aepenw)ar o

Ju3y,Jg3z

The kernel H(y, z) is estimated from above and below by a purely combinatorial
quantity. Let d(yAz) = n € N be the greatest integer such that there are elements
Y1, y2 atlevel n with y € J,,, z € J, and J,,, N J,,, # @ (y1 and y, either coincide
or they label adjacent intervals in _#). After considering a handful of geometric
series (in which hypothesis (1) is crucial), it is easily verified that

H(y,z) ~d(yAz) + 1. “4)

As the quantity d(yAz) is purely combinatorial, it coincides for ¢ and ¢ 0, and
this remark by itself proves Theorem 1.1, without passing through Theorem 1.2.
However, we take a different route. It is proved in [4] (and, in greater generality,
in [3]) that

1 1
/ d,u(y)/ du(y) [d(yAz) + 1] ~ & ( *fu),
0 0 :
where &7 () is the energy associated with the tree capacity Capy:
Er(v) = / v () f (&) [dC A 8) +1]
aT aT

Equivalence of energies, & (u) ~ &7 (A*, 1), easily implies the equivalence of ca-
pacities in Theorem 1.2.
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The proofs of Theorems 1.1 and 1.2 presented here are of combinatorial nature: it
is then to be expected that they can be extended to a more general context. We think
that a general statement can be proved for quasisymmetric maps between Ahlfors
regular spaces, by means of some technical tools contained in [3]. We plan to return
to this issue in a forthcoming paper. It would also be interesting to see if there are
any relations between our approach to quasisymmetric maps in one dimension and
the interesting circle of ideas outlined in [6].

A downside of the approach we take here (which was first considered, we like
to stress, in [4]) is that we are able to deal with logarithmic capacity of subsets of
the unit circle only. Is there a result like Theorem 1.2, relating logarithmic and tree
capacities, that can applied to more general closed subsets of the complex plane?
And a last question: can one find estimates for the capacity of condensers, rather
than sets, showing that some features of classical potential theory in the complex
plane and of potential theory on trees are essentially equivalent?
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1 Introduction

The Koksma—Hlawka inequality gives an estimate of the error in a numerical inte-
gration

N
1
/ fo)ydx — =" )| < 2NV ().
[0’]]d N =
Here 9(z;) is the discrepancy of the finite set of points {z1,...,zn} in [0, )4,

defined by

1 N
UESDIPACH

P (zj) =sup
1 o

’

where I is an interval of the form [0, 1] x [0,#] x --- x [0,#47] with O < < 1,
and |I| = t11p.. .14 is its measure. The term ¥'(f) is the so-called Hardy—Krause
variation, and when f is smooth (say, %d) this variation takes the form

Y= 3 f(%) &

aef{0,1}9, |a|£0

The above sum is over all the non vanishing multiindices o = (¢q, ..., og) taking
only the values 0 and 1, |o¢| = a1 + -+ 4+ ag, (8/0x)% = (8/0x1)*! ... (3/dx4)%,
0% = {(x1,...,xq) €0, 174 :x; = 1lifaj = 0} is the |o|-dimensional face of
[0, 11¢ parallel to @jeq, ..., ageq ({eg, ..., eq} is the canonical basis of Rd) contain-
ing the vertex (1,..., 1), and dx is the |¢|-dimensional Lebesgue surface measure
(see [5, 2.5], [6, 1.4], [7, 2.2]). There is an extensive literature on this type of esti-
mates, where the contribution to the magnitude of the error given by the irregularity
of the point distribution {z1, ..., zx} is isolated from the contribution given by the
steepness of the variation of the function f. See e.g. [2-8]. In [1], one such result
has been proven, where the cube [0, 1]¢ is replaced by a generic bounded Borel sub-
set £2 of R?. More precisely, let {z1,...,zny} C[O, l)d be a distribution of N points
in the unit cube, and

dx.

P=|zj+m:j=1,...,N, mEZd}

its periodic extension to the whole Euclidean space R?. For any x = (x1, ..., xg) €
R and ¢ = (11, ..., t2) € (0, 1)9, let

Ity= | (10,015 -+ x [0, 4]+ x +m)

meZd

be the periodic extension of the interval with opposite vertices x and x + ¢. Call .#
the collection of all such possible periodic intervals I (x, ¢). Finally, let T¢ = R¢ /Z¢
be the torus. The main result in [1] is the following.



A Koksma-Hlawka Inequality for Simplices 35

Theorem 1.1 Let f be a smooth 74 -periodic function on R?, 2 a bounded Borel
subset ofRd, and P ={zj+m:j=1,...,N, me Zd} a periodic distribution of
points as described above. Then

‘/ f(x)dx—ﬁ > f@|<

7€22NN2

D582, P)I1a(f),

where D #(§2, ) is the discrepancy

2482, P) = sup
led

11N 82

with |A| and 14(A) respectively the Lebesgue measure and cardinality of the set A,
and Vra (f) is the total variation
a o
(—) fx)|dx
dax

where the sum is over all the multiindices o which take only the values 0 and 1, ||
is the number of 1’s, and (3/0x)* = (3/90x1)*! ...(3/dx4)%.

Yra(fy= ) 207

aef0,1}4

The finite sequence {zi,...,zy} may present repetitions, but in this case the
sum ) . »no f(z) must be replaced by Zj'\;l Y mezd f(zj+m)xe(zj+m), and
similarly §(1 N 2N 2) by Y2\ 3 pa xine @) +m).

When £2 is contained in [0, 1)" , the discrepancy 2 4(£2, &?) is dominated by
2¢sup||(BN 2)| — N~4(B N £2 N 2)|, where the sup is over all the intervals B
contained in the unit cube. This reflects the difference between the discrepancy in
a torus and the one in a cube, and it is due to the fact that an interval in T4 can be
split into at most 24 intervals in [0, l)d.

One of the main features of Theorem 1.1 is the simplicity of its statement, in
particular in consideration of the fact that the set £2 is completely arbitrary. On the
other hand, observe that the total variation ¥ a (f) takes into account not only the
behavior of f in 2, but also the behavior outside §2, which is irrelevant in the
estimate of

‘/ f(x)dx—— Z f@)].

zeJﬂQ

Furthermore, the discrepancy 2.4 (£2, &) is defined in terms of the family of peri-
odic intervals ., which a priori has no relation with £2.

The aim of this paper is to show how Theorem 1.1 can be improved in order
to overcome the two issues mentioned above: variation of f outside £2 and intro-
duction of arbitrary “directions” in the discrepancy. The improved theorem yields
results closer to the original Koksma—Hlawka theorem when §2 is an arbitrary par-
allelepiped (Theorem 2.2) or a simplex (Theorem 3.2) in R?, f is a smooth function
in R¥ not necessarily periodic, and & is a Z¢-periodic distribution of points.
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For the sake of completeness, we sketch here the proof of Theorem 1.1 [1]. In
what follows, we denote by f (n) = de f(x)e27i"x dx the Fourier transform and
by g* u(x) = de g(x —y)du(y) the convolution. These operators are defined also
on distributions.

Lemma 1.2 Let ¢ be a non vanishing complex sequence on 7¢, and assume that
both ¢ and 1/¢ have tempered growth in 7. Also let f be a smooth function on
T¢. Define

g)= Y ¢m)le¥m,

neZd

Df@) =Y ¢ fme .

nezd

Finally, let i be a finite measure on T . Then the following identity holds:
[, rednt = [ orwisatdx.
T4 T4

Lemma 1.3 Let the function g on R? be the superposition of the characteristic
functions of all the periodic intervals 1 (0, t) with t € (0, 1]d,

(o) = / Ko ().
(0,1]"

Then the function g has Fourier expansion

d
gx) = Z (H(Za(nk) + 27Tink)])e2”i”‘x,

nezd \k=1

where n = (ny,...,nq), 8(ng) =1ifny =0and §(ng) =0 if ny #0.
Lemma 1.4 If f is a smooth function on T¢, then

d
Dfx)=) (H(ZS(nk) — 2mnk))f(n)e2”i“

neZd \k=1

a o
_ _ylelsl8l B\ JvB
= }: (=Dl /[0,1],s<ax) fx+yP)dyP,

a.Be(0.1}4, a+p=(1,....1)

where (3/3x)% = (8/9x1)% ... (8/3x7)% and yP = 27:1 Bjyje; and {ej}‘j‘.;1 is
the canonical basis of R¢, and dyP = dy{g' .. .dyfd.

The proofs of the above lemmas are quite straightforward. For details, see [1].
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Proof of Theorem 1.1 Write 1 =dx — N~ Y .c 0z, Where & is the point mass
centered at z. Apply Lemma 1.2 to the periodization v of the measure you and
define g and ® f as in Lemmas 1.3 and 1.4 respectively. Then, by Holder inequality,

= ‘/T f(x)(ZZd X (x +n>) dp(x)

‘/ Jfx)du(x)
2

_ ‘/w FOOTTD| < I Fll1cnoy g * Vil ooy

The estimate for ||D f|| 1 (ay follows from Lemma 1.4,

a o
d—la] 2
/lei)f(x)ldx< > 2 fT <ax) f@

ae{0,1}4
The estimate for ||g * v|| ;oo (Tay follows from Lemma 1.3,

dx.

lgxv(x)| = ul;dg(x — y))m(y)d/x(y)‘

/]Rd f(o e X10,nx —y)dtxe(y) du(y)‘

<
(0,1}

< sup M(.Qﬂ(—l(—x,t)))
re(0,114

/Xl(x,z)(Y)XQ()’)dM(Y)‘df
Rd

< sup
led

1
|Iﬂ.{2|—ﬁtt(lﬁﬂﬂ<@)'.

2 Parallelepipeds

So far we have followed [1] almost verbatim. From now on we present some new
variants. The next proposition is a first intermediate step: it consists of a version
of Theorem 1.1 when £2 is an interval and #1a(f) is replaced by a suitable total
variation relative to £2.

Proposition 2.1 Let f be a smooth function on R, 2 a compact interval in [0, 1)%,
and P ={z;+m:j=1,...,N, me 74} a periodic distribution of points. Then

‘fﬂf(x)dx—% Y f@

€PN

<252, 2)V5(f),
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where V3 (f) is defined as

9\ P
75H= Y Zzldlﬁlé’(a_x) £

ae{0,1)4 B<a

dx.

The symbol Zje ong [(2) is defined as follows: if z belongs to a j-dimensional
face of the interval $2, then the term f (z) in the sum must be replaced by 274 f(z).
A multi-index B is less than or equal to another multi-index o if B; < «; for any
Jj=1,...,d. Finally, §2, is the union of all the |«|-dimensional faces of §2 parallel
to the directions ayey, ...,aqgeq ({ey, ..., eq} is the canonical basis).

Proof Since the problem is translation invariant, we may assume that §2 is contained
in (0, 1)¢. Let ¢ be a positive radial smooth function supported on the unit ball and
with integral 1, and let ¢, (x) = e~ p(x/¢). Then, for & small enough, the function
(f x0) * @, (here the convolution is intended in R9) is supported in (0, 14 and can
therefore be thought of as the image in the unit cube of a smooth periodic function.
Now,

'/Qf(x)dx—% Y @

€PN

< ‘/Q(f(X) — (fx2) * ¢e(x)) dx

+% D ()o@ — Y. f)
€PN €PN
1
+‘/Q(fx:z)*<pg(X)dx—ﬁ D (Fxe)*e:). (1)

€PN

It is well known that (fxo) * ¢. — fxo as € — 0 in the L' norm. Hence the
first term in the above sum goes to zero. As for the second term, observe that if
7 € ZNK2 belongs to a j-dimensional face of §2, then

i / x2(z — V)ge(y)dy =2/74.
e—0 JRrd

Similarly,
lim (f x2) * ge(z) — 2/ 74 f(z) = 0.
e—0

Therefore the second term in (1) goes to zero. Now we apply Theorem 1.1 to the
smooth function (f x) * ¢. and obtain

1
‘ [ Grrsemar-5 ¥ (e e

72€2NR2
< P52, PV ((fx2) *9:) < Dy (2, P)V1a(f x2)- (2)



A Koksma-Hlawka Inequality for Simplices 39

Here Y74 (f xg) is defined again as

Yra(fxa)= Y. 2"““'[

aef0,1}4 T

dx,

8 o
(-) (f x22)(x)
d |\ 0x

but now the integral fW [(0/0x)%(f x2)(x)|dx is intended as the total variation
of the finite measure (3/9x)“(f xs2). That this is a measure follows by applying

Leibniz rule,
3\ 3\* 3\’
<£> (fra)x= Y. <£> f(@(a) xe(x),

Bty=a

and observing that (d/9x)Y x> is the (signed) surface measure supported on
1)—y - Thus, the last inequality in (2) follows from the identity

3/0x; ((fxe) *@s) = (3/0x;(fx2)) * @s

,,,,,

and the inequality

/|((3/3x)a(f)(rz)) * e (x)| dx

< ( / |(8/8X)°‘(fm)(X)|dX) ( / |¢s<x>|dx>.

Finally, again by Leibniz rule,
8 o
(—) (f x2)(x)
d |\ 0x

taulfxar= Y 2 [
3 \? 3\
> (a) f(x)<a> x2(x)

dx

dx

ae{0,1}4 T
Bty=a

S gl /
ae{0,1}4 R?

9 \?
< 2d=lal f 9 .
Z Z o s f)|dx
ae{0,1}4 By=a 0. D~y
The desired estimate follows by settinge = (1,...,1) —a + 8. O

A homogeneity argument allows to simplify the total variation ¥{3(f) in the
above proposition. We shall present this argument in the more general context of
integration over generic parallelepipeds.

Let £2 be any non degenerate compact parallelepiped in R, let W be a d x d
non singular real matrix taking the unit cube [0, 1]¢ to a translated copy of §2, and
let wy,...,wyg € R4 be its columns. For any multi-index « € {0, 1}d, define

I, (™ 9 \™
(%) / (“—(a—wl) (ﬁ) s
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where 0/0w; = w;j - V are the directional derivatives, and define £2, as the union
of all the |«|-dimensional faces of §2 parallel to the directions ajwy, ..., ¢qwg.

Theorem 2.2 Let f be a smooth function on R?, 2 a compact parallelepiped, and
P ={z;j+m:j=1,...,N, me 7%} a periodic distribution of points. Then

1 *
’/ﬂqf(x)dx—ﬁ Z f@

€PN

SD82, 2)Va (),

where

2(2,P)=sup ||[W(I)NR| - in(vm) nen2)|,
Ies N

is the discrepancy of & in §2 with respect to (periodic) parallelepipeds parallel

to 2, and
a o
<£> f(y)‘dy

is the total variation of f in §2. As before, the symbol Zje 2ng [(2) means that
if z belongs to a j-dimensional face of the parallelepiped S2, then the term f(z) in
the sum must be replaced by 27~ f(z). The integration over 24 is intended with
respect to the |o|-dimensional Lebesgue surface measure.

2d—|ot\
1241 Jg,

Yolf)= Y,

ae{0,1}4

Observe that, since §2, is composed by exactly 2¢71%! faces, in the definition of
total variation the integral is over all possible faces and it is normalized by dividing
by the measure of these faces. Also observe that, while in Proposition 2.1 one inte-
grates over the faces 2, all the derivatives of the function f of order 8 < «, in this
theorem the integration is only for 8 = «.

Here we should emphasize that, via an affine transformation, we can reduce the
above problem to an error estimate in a numerical integration over the unit square
and then apply the original Koksma—Hlawka inequality. For simplicity, let us assume
that £2 = W ([0, 1]%): then this procedure gives the estimate

|$2]

7€ ZNW([0,1)?)

1£2|
n(2,8)

1
<2 g,

a€{0,1}4, |ar|50

<sup||[W(D)| -
1

g(WHn g@)'

a o
. (@) fx)

where [ is an interval of the form [0, #{] x [0,#] x --- x [0,#7] with 0 <t < 1,
n(Z, §2) is the number of points of & contained in W ([0, 1)"), and 2% is the

dx, 3)
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|a|-dimensional face of §2 parallel to the directions ojwy, ..., ¢gwy containing the
vertex W(1,...,1). The disadvantage of (3) with respect to Theorem 2.2 is in the
weight used in the Riemann sums. In Theorem 2.2 this weight is the inverse of N,
which is the exact number of points of & per unit cube. In (3) the weight is the
inverse of n(<, £2)/|52|, an extrapolation of the number of points per unit cube
based on the number of points of & contained in £2. As we will see later, in our
application to simplices we will need a weight that is independent of the choice of
the parallelepiped £2.

Proof Without loss of generality, assume that £2 = W([0, 119). For any integer
m > 2, define the matrix V = mW. Observe that Q:=V" l(.Q) = [0 m_l] . Also,
define the function f(x) = f(Vx). Thus, the restriction to g of f is an “affine
image” of the restriction to §2 of the function f. Finally let &7 be the periodic dis-
tribution of points obtained by a periodic extension of the set (V™ L@)ynio, 1.
Call n(@) the cardinality of the set (V~1(£2)) N[0, 1). Then

*

‘fgf(x)dx—% Z f@

€EQNP

*

1
~|Lrvonaavia -5 ¥ sve)

2e2NV-1(P)

N 1 .
:|detV|‘/§f(y)dy—m Z~f(Z)
7€2NP

In the last two lines above, the * symbol in the summation signs refers to the faces
of the cube 2. Observe that we cannot immediately apply Proposition 2.1 to the last
line in the above identities, since N|det V| may be different from n(<?). Anyhow,
Proposition 2.1 gives

‘/ f(x)dx—— Z f@

zeQﬂJ

1 -
d -
<| etWV fdy (32)2 ZNf(z)

1 =
+'detv"<n(ﬂ> N|detV|> 2 S

<|detV|2.4 (82, ﬁ)"f/é(f)

1 L
+|detV|‘< %) N|detv|) > @)
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It turns out that the last term is negligible. Indeed,

n(?)=1((v_1(2) N0, % ZZXW (V'@ +h)

j=lkezd

=

Z > xvonn @+ k) =1(2nv ([0, )?))

J=lkezd

= mdN|.Q| + error term.

The error term is controlled by N times the number of unit cubes intersecting the
boundary of m 2, thus

error term = ﬁ(de*] )-

It follows that

|det V|

1
<n(@) NldetVI) Z J@

e2nF

Y f@

ZEPNR

4| det W|
g S
Nmd|detW|+ O(Nmi—1) N

Z 1@

7€ 22NN

ﬁ(m 1

The right hand side tends to 0 as m — +o00. Thus we have

*

‘/Qf(x)dx—% Z f@

€PN

< lim_ [detVIZ4(2, PYVE().
m——40o0

Consider first the discrepancy factor:

|det V|2 (2, P)

~ 1 ~ ~
=|detV|sup |[[IN]|— —=(INLNP)
Icy n(?)
|det V|
= Vi)ns2 V)N nA).
,SEPM (nne|- N|detV|+ﬁ(de—1)ﬁ( £ )

Note that, in genegl, V( 55) does not coincide with &2, but the above identity holds
because V(2 N &) = 2 N . Thus, proceeding as before,
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|det V|24 (2, P) < sup [Vihng|- i:1(V(1) nen2)
Icy N
+ ﬁ(m_l) sup ijj(V(I) nenN @)
Icy N
Since

1
sup —#(V(IH)NNP)<ClR,
ICJN

then

. ~ ~ . 1
mng|detV|@j(Q, P) =m£13r100 sup ‘}V(I) ne|- Nﬁ(V(I) nn 32)'

= sup ‘]W([)ﬂ.{2| - —ﬁ(W(I)ﬂ.Qﬂ;@)‘

The last identity follows from the fact that, for every positive integer m, the collec-
tion of sets V(1) N £2 coincides with the collection of sets W (I) N £2. Finally, let us

study the variation
9\"
<8_) (foV)(x)
X
(a>ﬂ( (VI ))'d
o |\ax fo y))|dy
9 \?8
(L) sl
v
9 \?
(2 o]
w

Finally, when m — +00, all the terms in the innermost sum vanish, with the excep-

tion of the term with 8 = «. Thus,
8 o
<a_) S (y)' dy.
w O

dx

VE)

DI \m/

aef(0,1}4 p<a

-1 12l
2. 2.2 1§24

ael0, 1} B<a

3 Zza|ﬂ|2d'“'m'°’/
|2/ 2

ae{0,1)4 p<a

d—lal, |BI-la]
Zzwaumzlm “/
[£24 | 2

ae{0,1}4 p<a

zdflol\

Jm 7= ¥

ae{o,l}d| al o

3 Simplices

Our last variant of the Koksma—Hlawka inequality refers to simplices. Let now S be
a closed simplex in RY, and let Vo, ..., Vg be its vertices. For any k =0, ..., d, let
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wll‘, e, ws, be the vectors joining the vertex V; with the other vertices, in whatever
order. Call W, the matrix with columns wll‘, cee, ws. Let £2; be the parallelepiped
determined by the vertex Vj and the vectors w]f, e, w(lf_,. Finally, for every multi-
index o € {0, 1}9, let Sffl be the (unique) |«|-dimensional face of S parallel to the
directions alw’f, ...,adws. In order to deduce a Koksma—Hlawka inequality for
simplices from the Koksma—Hlawka inequality for parallelepipeds, it suffices to de-
compose the characteristic function of the simplex S into a weighted sum of char-
acteristic functions of the parallelepipeds £2y.

Lemma 3.1 There exists a constant Cq, depending only on the dimension d, such
that for every simplex S there exist smooth functions ¢y, ..., ¢q satisfying the fol-
lowing conditions:

(i) Foreveryk =0,...,d,we have ¢r (Vi) = 1, and the support of ¢ is contained
in the open half space determined by the facet of S opposite to Vy.
(i1) Zi:o ¢r(x) =1 foreveryx € S.
(iii) Forallk =0, ...,d, and for all multiindices « € {0, 1}d,

8 o
(W) o (x)

Proof When S is the standard simplex, the lemma follows from a simple partition of
unit argument. An affine transformation takes the general simplex onto the standard
simplex, without changing the norms in point (iii). U

< Cy.

sup
xes

Theorem 3.2 Let f be a smooth function on R?, let S be a compact simplex, and
let Z={zj+m:j=1,...,N, me 71} be a periodic distribution of points. Then

‘/Sf(x)dx—% Z f@)

7€PNS

SIS, P)Vs(f),

where

DS, @)= max D(2, P)
k=0,....d

can be defined as the discrepancy of &2 with respect to the d + 1 parallelepipeds
associated with the simplex S, and
9 \#
(m) Fx)

d
nn=ay ¥ Yoo
k=0 aef0,1)d p<a ISal Jst

is the total variation of f in the simplex S. As before, the symbol Zje one f@)
means that if z belongs to a j-dimensional face of the simplex S, then the term f (z)
in the sum must be replaced by 27~ f (7). The integration over ng is intended with
respect to the |a|-dimensional Lebesgue surface measure. Finally, a multi-index 8
is less than or equal to another multi-index o if B; < «j forany j=1,....,d.

dx




A Koksma-Hlawka Inequality for Simplices 45

Proof By a partition of unit as in the previous lemma, we can write

Vf(x)dx—— Z £

z€2NS

( / f(x)qbk(x)dx—— Z f(z)qsk(z))’

zefﬂS

/ f(X)¢k(x)dx—— Z f@O$ ().

Ze,@ﬂ(zk

d
<2
k=

By Theorem 2.2, each term of the above sum is bounded by

sup || Wi (1) N 2| — —ﬁ(Wk(I) NN @)‘
les
e (—a ) f000)|d
(f ) (x)| dx
aef0,1) 121 Jay|\owt

where .{25 is the union of all the |«|-dimensional faces of §2; parallel to the direc-
tions alw’f, ...,adws. In the above sum, the term corresponding to « = (0, ..., 0)
is just | f(Vk)|. When || # 0, by the definition of the functions ¢, the above inte-
grals over the faces of the parallelepipeds can be replaced by the integrals over the
faces of the simplex,

Zd_lal 3 8 o d
2] 9( ) ot )‘ e ||S’<| sk< k) (790 00)| dx.
Finally,
a \“ 9
<W> (fo0= 3, ( ) @ >( ) P (x).
B+y=a

Hence, by the previous lemma,

a o
— d
> 2 o) ol
ae{0, o

<|rool+ca Yo ) |a||sk|

€014 B
\a\#o

yd—la|
|2k

dx.

9 B
(W) fx)

As an example, let us write explicitly the total variation ¥g5(f) in the 2-
dimensional case. Let S be a triangle with vertices Vi, V; and V3. Call /; the length
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of the edge S opposite to Vi, and wy the vector joining the two vertices opposite

to Vi. Then the variation is
Vs(f) = Co| F(VD]+ Co| F (VD] + Ca| f(V3)]
2 f
vap [ (!f(x)} + )| ) dx
I Si
2 af
+C— | ([f|+ 3wy O] ) 4
L Js,
af
+ Cz— |f(x)’ - —( )| ) dx
f
+C2E [ f]+23 gy | 12 —( )| +2 —( )
2 f 2 f 2 f
+l——— )|+ ()| + (x)|)dx
dwpdw3 Jwidws dwidwr
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A Dual Interpretation of the Gromov-Thurston
Proof of Mostow Rigidity and Volume Rigidity
for Representations of Hyperbolic Lattices

Michelle Bucher, Marc Burger, and Alessandra Iozzi

Abstract We use bounded cohomology to define a notion of volume of an SO(n, 1)-
valued representation of a lattice I" < SO(n, 1) and, using this tool, we give a
complete proof of the volume rigidity theorem of Francaviglia and Klaff (Geom.
Dedicata 117, 111-124 (2006)) in this setting. Our approach gives in particular a
proof of Thurston’s version of Gromov’s proof of Mostow Rigidity (also in the non-
cocompact case), which is dual to the Gromov—Thurston proof using the simplicial
volume invariant.

Keywords Rigidity - Real hyperbolic manifold - Bounded cohomology - Maximal
representations
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1 Introduction

Strong rigidity of lattices was proved in 1965 by Mostow [28] who, while searching
for a geometric explanation of the deformation rigidity results obtained by Selberg
[32], Calabi—Vesentini [14, 15] and Weil [35, 36], showed the remarkable fact that,
under some conditions, topological data of a manifold determine its metric. Namely,
he proved that if M; = I;\H", i = 1, 2 are compact quotients of real hyperbolic n-
space and n > 3, then any homotopy equivalence ¢ : M1 — M3 is, up to homotopy,
induced by an isometry. Shortly thereafter, this was extended to the finite volume
case by G. Prasad [29].
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The methods introduced by Mostow emphasized the role of the quasi-isometries
of M; = H", their quasi-conformal extension to dH", ergodicity phenomena of the
I';-action on dH", as well as almost everywhere differentiability results a la Egorov.

In the 1970’s, a new approach for rigidity in the real hyperbolic case was devel-
oped by Gromov. In this context he introduced £'-homology and the simplicial vol-
ume: techniques like smearing and straightening became important. This approach
was then further developed by Thurston [33, Chap. 6] and one of its consequences
is an extension to hyperbolic manifolds of Kneser’s theorem for surfaces [25]. To
wit, the computation of the simplicial volume ||M| = Vol(M)/v, implies, for a
continuous map f : M| — M> between compact real hyperbolic manifolds, that

Vol(My)

deg f < —72)
e/ < Vo1

If dim M; > 3, Thurston proved that equality holds if and only if f is homo-
topic to an isometric covering while the topological assertion in the case in which
dim M; = 2 is Kneser’s theorem [25].

The next step, in the spirit of Goldman’s theorem [20]—what now goes under
the theory of maximal representations—is to associate an invariant Vol(p) to an
arbitrary representation

p w1 (M) — Isom(H")

of the fundamental group of M, satisfying a Milnor—Wood type inequality
Vol(p) < Vol(i).

The equality should be characterized as given by the “unique” lattice embedding i
of (M), of course provided dim M > 3. This was carried out in dim M = 3 by
Dunfield [17], following Toledo’s modification of the Gromov-Thurston approach
to rigidity [34].

If M is only of finite volume, a technical difficulty is the definition of the volume
Vol(p) of a representation. Dunfield introduced for this purpose the notion of pseu-
dodeveloping map and Francaviglia proved that the definition is independent of the
choice of the pseudodeveloping map [18]. Then Francaviglia and Klaff [19] proved
a “volume rigidity theorem” for representations

o (M) — Isom(Hk),

where now k is not necessarily equal to dim M. In their paper, the authors actually
succeed in applying the technology developed by Besson—Courtois—Gallot in their
seminal work on entropy rigidity [2]. An extension to representations of wj(M)
into Isom(H") for an arbitrary compact manifold M has been given by Besson—
Courtois—Gallot [3].

Finally, Bader, Furman and Sauer proved a generalization of Mostow Rigidity
for cocycles in the case of real hyperbolic lattices with some integrability condition,
using, among others, bounded cohomology techniques, [1].
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The aim of this paper is to give a complete proof of volume rigidity from the
point of view of bounded cohomology, implementing a strategy first described in
[24] and used in the work on maximal representations of surface groups [12, 13], as
well as in the proof of Mostow Rigidity in dimension 3 in [11].

Our main contribution consists on the one hand in identifying the top dimensional
bounded equivariant cohomology of the full group of isometries Isom(H"), and on
the other in giving a new definition of the volume of a representation of m{(M),
when M is not compact; this definition, that uses bounded relative cohomology,
generalizes the one introduced in [13] for surfaces.

In an attempt to be pedagogical, throughout the paper we try to describe, in vary-
ing details, the proof of all results.

Let Vol, (xg, ..., x,) denote the signed volume of the convex hull of the points
X0, ..., X, € H*. Then Vol, is a GT := Isom™ (H")-invariant cocycle on H" and
hence defines a top dimensional cohomology class w, € H"(G*,R). Leti : I’ —
G be an embedding of I" as a lattice in the group of orientation preserving isome-
tries of H" and let p : I" — G™ be an arbitrary representation of I". Suppose first
that I” is torsion free. Recall that the cohomology of I" is canonically isomorphic to
the cohomology of the n-dimensional quotient manifold M := i (I")\H".

If M is compact, by Poincaré duality the cohomology groups H"(I,R) =
H"(M,R) in top dimension are canonically isomorphic to R, with the isomorphism
given by the evaluation on the fundamental class [M]. We define the volume Vol(p)
of p by

Vol(p) = (p*(wn), [M]),

where p* : H"(G*,R) — H"(I", R) denotes the pull-back via p. In particular the
absolute value of the volume of the lattice embedding i is equal to the volume of the
hyperbolic manifold M, Vol(M) = (i*(w,), [M]).

If M is not compact, the above definition fails since H" (I", R) = H"(M,R) =0.
Thus we propose the following approach: since Vol,, is in fact a bounded cocycle, it
defines a bounded class w? € H}} .(G*,R) in the bounded cohomology of G* with
trivial R-coefficients. Thus associated to a homomorphism p : I' — Gt we obtain
,o*(a)ﬁ ) € H;!(I'", R); since M = H" is contractible, it follows easily that H}}(I", R)
is canonically isomorphic to the bounded singular cohomology H;'(M,R) of the
manifold M (this is true in much greater generality [5, 21], but it will not be used
here). To proceed further, let N C M be a compact core of M, that is the complement
in M of a disjoint union of finitely many horocyclic neighborhoods E;,i =1, ..., k,
of cusps. Those have amenable fundamental groups and thus the map (N, 9N) —
(M, ©) induces an isomorphism in cohomology, H; (N, dN,R) = H; (M, R), by
means of which we can consider p*(wZ) as a bounded relative class. Finally, the
image of p*(wf) via the comparison map ¢ : Hj)(N,dN,R) — H"(N,dN,R)is an
ordinary relative class whose evaluation on the relative fundamental class [N, 9N ]
gives the definition of the volume of p,

Vol(p) :=((co p*)(a)Z) [N,dN]),
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which turns out to be independent of the choice of the compact core N. When M
is compact, we recover of course the invariant previously defined. We complete the
definition in the case in which I" has torsion by setting

Vol(p|4)

Vol(p) := T A]

where A < I' is a torsion free subgroup of finite index.

Theorem 1.1 Let n > 3. Let i : I < Isom™ (H") be a lattice embedding and let
o : ' — Isom™ (H") be any representation. Then

| Vol(p)| < | Vol(i)| = Vol(M), (1)
with equality if and only if p is conjugated to i by an isometry.

An analogous theorem, in the more general case of a representation p : ' —
Isom™* (H™) with m > n, has been proven by Francaviglia and Klaff [19] with a
different definition of volume.

Taking in particular p to be another lattice embedding of I", we recover Mostow—
Prasad Rigidity theorem for hyperbolic lattices:

Corollary 1.2 [28, 29] Let Iy, I, be two isomorphic lattices in Isom™ (H"). Then
there exists an isometry g € Isom(H") conjugating I'1 to I.

As a consequence of Theorem 1.1, we also reprove Thurston’s strict version of
Gromov’s degree inequality for hyperbolic manifolds. Note that this strict version
generalizes Mostow Rigidity [33, Theorem 6.4]:

Corollary 1.3 [33, Theorem 6.4] Let f : M| — M3 be a continuous proper map
between two n-dimensional complete finite volume hyperbolic manifolds M and
My withn > 3. Then

Vol(M>)

deg(f) < W,

with equality if and only if f is homotopic to a local isometry.

Our proof of Theorem 1.1 follows closely the steps in the proof of Mostow Rigid-
ity. In particular, the following result is the dual to the use of measure homology
and smearing in [33]. We denote by ¢ : G — {—1, 1} the homomorphism defined by
€(g) = 1 if g is orientation preserving and (g) = —1 if g is orientation reversing.

Theorem 1.4 Let M = I'\H" be a finite volume real hyperbolic manifold. Let p :
I' — Isom(H") be a representation with non-elementary image and let ¢ : 9H" —
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oH" be the corresponding equivariant measurable map. Then for every (n+ 1)-tuple
of points &, ..., &, € 0OH",

Vol(p)
Vol(M)

Vol,, (o, - .., &n),
2

/ (&™) Vol (¢(g80), - ... 9(881)) dp($) =
I'\ Isom(H")

where [ is the invariant probability measure on I"\ Isom(H").

This allows us to deduce strong rigidity properties of the boundary map ¢ from
the cohomological information about the boundary that, in turn, are sufficient to
show the existence of an element g € Isom™ (H") conjugating p and i.

To establish the theorem, we first prove the almost everywhere validity of the
formula in Theorem 1.4. Ideally, we would need to know that H; C(G*, R) is 1-
dimensional and has no coboundaries in degree n in the appropriate cocomplex.
However in general we do not know how to compute Hg’, C(G+, R), except when

Gt = Isomt (H?) or Isom™*(H?) and hence there is no direct way to prove the
formula in (2). To circumvent this problem, we borrow from [7] (see also [9]) the
essential observation that Vol, is in fact a cocycle equivariant with respect to the
full group of isometries G = Isom(H"), that is,

Vol,, (gx1, ..., 8xn) =€(g) Vol (x1, ..., xn).

This leads to consider R as a non-trivial coefficient module R, for G and in this
context we prove that the comparison map

H}' (G.R;) ——= H!(G.R,)

is an isomorphism. By a slight abuse of notation, we denote again by a)ﬁ €
Hl:l,c(G’ R;) and by w, € H (G, R;) the generator defined by Vol,,.

Using this identification and standard tools from the homological algebra ap-
proach to bounded cohomology, we obtain the almost everywhere validity of the
formula in Theorem 1.4. Additional arguments involving Lusin’s theorem are re-
quired to establish the formula pointwise. This is essential because one step of the
proof (see the beginning of Sect. 4) consists in showing that, if there is the equal-
ity in (1), the map ¢ maps the vertices of almost every positively oriented maximal
ideal simplex to vertices of positively (or negatively—one or the other, not both)
oriented maximal ideal simplices. Since such vertices form a set of measure zero in
the boundary, an almost everywhere statement would not be sufficient.

2 The Continuous Bounded Cohomology of G = Isom(H")

Denote by G = Isom(HH") the full isometry group of hyperbolic n-space, and by
G+ = Isom™(H") its subgroup of index 2 consisting of orientation preserving
isometries. As remarked in the introduction there are two natural G-module struc-
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tures on R: the trivial one, which we denote by R, and the one given by multiplica-
tion with the homomorphism ¢ : G — G/G* = {+1, —1}, which we denote by R;.

Recall that if ¢ € N, the continuous cohomology groups H¢ (G, R), respectively
H{(G,R;)—or in short H*(G, Ry)) for both—of G with coefficient in R, is by
definition given as the cohomology of the cocomplex

Ce(GT, R(S))G ={f:G*"" - R, | f is continuous and
e(8) - f(80.---.8¢) = (880, --..884)}

endowed with its usual homogeneous coboundary operator

8:Co(GT Re))? = Co(GI72, Re))”

defined by
q+1
8 (80, 8grD) =Y (1) £(80 .1 8j—1: 8j41s- s 8g1)-
j=0

This operator clearly restricts to the bounded cochains
q+1 G _ g+1 G
Cc,h(G ) R(s)) = {f €Ce (G s R(s)) |

1/le="sup | /(0. 80)| <+0o0]

805---:8g€G

and the continuous bounded cohomology Hgb(G, R(;)) of G with coefficients in
R(;) is the cohomology of this cocomplex. The inclusion

Cab(GqH’R(e)) C Ce(G* R(a))
induces a comparison map
H{ (G, R()) — HI(G,Rg)).

We call cochains in Ce () (G4*!, R)¢ invariant and cochains in C. ) (G9*!,
R,)C equivariant and apply this terminology to the cohomology classes as well.
The sup norm on the complex of cochains induces a seminorm in cohomology

181 =inf{[l flloc | £ € Ce.rr (GTH . R)) . 111 = B},

for B € H (b)(G’ R¢)).

The same definition gives the continuous (bounded) cohomology of any topologi-
cal group acting either trivially on R or via a homomorphism into the multiplicative
group {+1, —1}. A continuous representation p : H — G naturally induces pull-
backs

H? 4, (G.R) — H? ;) (H.R) and H? (G, Re) — HZ , (H,Ry),
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where R, is the H-module R with the H-action given by the composition of p :
H — G with e : G — {41, —1}. Note that [|[p*(8)|| < IB]l

Since the restriction to G of the G-action on Ry, is trivial, there is a restriction
map in cohomology

HZ 4, (G, Ree)) — HZ ;) (G".R). 3)

In fact, both the continuous and the continuous bounded cohomology groups can be
computed isometrically on the hyperbolic n-space H", as this space is isomorphic
to the quotient of G or Gt by a maximal compact subgroup. More precisely, set

Cc,(b)((IHI")q+1 , R(g))G ={f: (H—]I")qul — R| f is continuous (and bounded) and
e(g) - f(x0,....xg) = f(gx0,....8%g)}

and endow it with its homogeneous coboundary operator. Then the cohomology
of this cocomplex is isometrically isomorphic to the corresponding cohomology
groups ([22, Chap. III, Prop. 2.3] and [27, Cor. 7.4.10] respectively).

It is now easy to describe the left inverses to the restriction map (3) induced by
the inclusion. Indeed, at the cochain level, they are given by maps

P Cen (BN RS — Coon () R)
and
B Cen () R)T — o () R)C

defined for xo, ..., x, € H" and f € C,. () ((H")4+! R)C" by
1
p(f)(x()’ ""xq) = E(f(x()’ "'5x(1) +f(Tx07 cer qu))’

1
p(f)(x0,...,xg) = E(f(xo,...,xq)—f(rxo,...,rxq)),

where T € G ~ G is any orientation reversing isometry. In fact, it easily follows
from the GT-invariance of f that p(f) is invariant, p(f) is equivariant, and both
p(f) and p(f) are independent of T in G ~. G*. The following proposition is im-
mediate:

Proposition 2.1 The cochain map (p, p) induces an isometric isomorphism

H? ) (G R) = H? (,) (G,R) ® H_ 1, (G.R).

The continuous cohomology group H?*(G ™1, R) is well understood since it can,
via the van Est isomorphism [22, Corollary 7.2], be identified with the de Rham
cohomology of the compact dual to H", which is the n-sphere S”. Thus it is gen-
erated by two cohomology classes: the constant class in degree 0, and the volume
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form in degree n. Recall that the volume form w,, can be represented by the cocycle
Vol,, € C.., (H")"*1, R,)Y (respectively Vol, € L®((dH")"*!, R,)) given by

Vol, (xg, ..., x,) = signed volume of the convex hull of xo, ..., xj,

for xo, ..., x, € H", respectively dH". Since the constant class in degree O is invari-
ant, and the volume form is equivariant, using Proposition 2.1 we summarize this as
follows:

H)(GT,R)=H(G,R) =R and H'(G",R)=H'(G,R;) =RZ (w,).

All other continuous cohomology groups are 0. On the bounded side, the coho-
mology groups are still widely unknown, though they are conjectured to be iso-
morphic to their unbounded counterparts. The comparison maps for G and G* are
easily seen to be isomorphisms in degrees 2 and 3 [11]. We show that the com-
parison map for the equivariant cohomology of G is indeed an isometric isomor-
phism up to degree n, based on the simple Lemma 2.2. Before we prove it, it will
be convenient to have yet two more cochain complexes to compute the continuous
bounded cohomology groups. If X = H" or X = dH", consider the cochain space
L°°(X‘1“, R(S))G of G-invariant, resp. G-equivariant, essentially bounded mea-
surable function classes endowed with its homogeneous coboundary operator. It is
proven in [27, Cor. 7.5.9] that the cohomology of this cocomplex is isometrically
isomorphic to the continuous bounded cohomology groups. Note that the volume
cocycle Vol,, represents the same cohomology class viewed as continuous bounded
or L®-cocycle on H", as an L*°-cocyle on dH" or, by evaluation on x € H" or
x € 9H", as a continuous bounded or L*>°-cocycle on G.

Lemma 2.2 For g <n we have
C(() R =0,
L9 ((E) )% =0,
L®((am") " R, = 0.
Proof Let f: (H")4"! — R, or f: (dH")9t! — R, be G-equivariant. The lemma
relies on the simple observation that any g 4 1 < n points xo, ..., x, either in H"
or in JH" lie either on a hyperplane P C H" or on the boundary of a hyperplane.

Thus there exists an orientation reversing isometry T € G \. G7 fixing (xo, ..., x4)
pointwise. Using the G-equivariance of f we conclude that

f(x()v"'v-xq) :_f(TxO,...,'CXq):_f(.xo, ~-~qu)7
which implies f =0. O
It follows from the lemma that H!, (G, R;) = HZ(G,R;) = 0 for ¢ < n. Fur-

thermore, we can conclude that the comparison map for the equivariant cohomology
of G is injective:
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Proposition 2.3 The comparison map induces an isometric isomorphism

H!, (G, R;)—=H!(G,R,).
Proof Since there are no cochains in degree n — 1, there are no coboundaries in
degree n and the cohomology groups Hc’fb(G, R;) and H' (G, R;) are equal to the

corresponding spaces of cocycles. Thus, we have a commutative diagram

G

|

Ker{s : C.((H")""' R,) Y — C.((H")"", R,)“).

H!,(G,R;) == Ker{8: Cc(H")""".R:)" - Ceop((H")". R,)"}

R= H"(G,R,)

The proposition follows from the fact that the lower right kernel is generated by the
volume form w, which is represented by the bounded cocycle Vol,,, hence is in the
image of the vertical right inclusion. g

Since there are no coboundaries in degree 7 in C.((H")7*!, R,)?, it follows that
the cohomology norm of w,, is equal to the norm of the unique cocycle representing

it. In view of [23], its norm is equal to the volume v, of an ideal regular simplex
in H".

Corollary 2.4 The norm ||w,|| of the volume form w, € H"(G™,R) is equal to the
volume v,, of a regular ideal simplex in H".

As the cohomology norm ||w,| is the proportionality constant between simpli-
cial and Riemannian volume for closed hyperbolic manifolds [6, Theorem 2], the
corollary gives a simple proof of the proportionality principle || M| = Vol(M)/v,
for closed hyperbolic manifolds, originally due to Gromov and Thurston.

3 Relative Cohomology

3.1 Notation and Definitions

As mentioned in the introduction, we consider a compact core N of the complete
hyperbolic manifold M, that is a subset of M whose complement M \ N in M is
a disjoint union of finitely many geodesically convex cusps of M.If ¢ > 0 and o :
A9 — M denotes a singular simplex, where A? = {(t9, ..., ;) € RI*!: Z(j‘:o tj=
1, t; > Oforall j}is astandard g-simplex, we recall that the (singular) cohomology
H9(M, M ~. N) of M relative to M ~. N is the cohomology of the cocomplex

CIM, M~ N)=|feCI(M)|f(e)=0ifIm(c) C M~ N}
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endowed with its usual coboundary operator. (Here, C?(M) denotes the space of
singular g-cochains on M.) We emphasize that all cohomology groups, singular or
relative, are with R coefficients. The bounded relative cochains CZ (M,M ~ N) are
those for which f is further assumed to be bounded, meaning that sup{| f(¢)| | o :
A9 — M} is finite. The coboundary restricts to bounded cochains and the cohomol-
ogy of that cocomplex is the bounded cohomology of M relative to M ~ N, which
we denote by Hj (M, M ~ N). The inclusion of cocomplexes induces a compar-
ison map c¢: Hy(M,M ~ N) — H*(M, M ~. N). Similarly, we could define the
cohomology of N relative to its boundary d N and it is clear, by homotopy invari-
ance, that H('b) (N,ON) = H('b)(M , M . N). We can identify the relative cochains

on (M, M ~. N) with the I"-invariant relative cochains C4(H", U)"" on the univer-
sal cover H" relative to the preimage U = 7w~ ! (M ~. N) under the covering map
. H* — M of the finite union of horocyclic neighborhoods of cusps. We will
identify H (‘b) (N, dN) with the latter cohomology group. Note that U is a countable
union of disjoint horoballs.

The inclusion (M, #) < (M, M ~. N) induces a long exact sequence on both the
unbounded and bounded cohomology groups

coo—> Ho L(MSN) — Hy, (M, MSN) —> Hp, (M) — Hy, (M~N) —> -+

Each connected component E; of M \ N, 1 < j <k, is a horocyclic neighbor-
hood of a cusp, hence homeomorphic to the product of R with an (n — 1)-manifold
admitting a Euclidean metric; thus its universal covering is contractible and its fun-
damental group is virtually abelian (hence amenable). It follows that (see the intro-
duction or [5, 21]) Hy (Ej) = Hp (71 (E;)) = 0 and hence H (M ~ N) = 0, proving
that the inclusion (M, @) — (M, M ~. N) induces an isomorphism on the bounded
cohomology groups. Note that based on some techniques developed in [8] we can
show that this isomorphism is isometric—a fact that we will not need in this note.

3.2 Transfer Maps

In the following we identify I" with its image i (I") < G under the lattice embed-
ding i : I' — G™. There exist natural transfer maps

trans

H}(I') =% H?,(G,R,) and H*(N,dN) —== H?(G.R.),

whose classical constructions we briefly recall here. The aim of this section will then
be to establish the commutativity of the diagram (6) in Proposition 3.1. The proof is
similar to that in [8], except that we replace the compact support cohomology by the
relative cohomology, which leads to some simplifications. In fact, the same proof as
in [13] (from where the use of relative bounded cohomology is borrowed) would
have worked verbatim in this case, but we chose the other (and simpler) approach,
to provide a “measure homology-free” proof.



Mostow Rigidity and Volume Rigidity for Hyperbolic Lattices 57

3.2.1 The Transfer Map transr : Hy(I') - H? (G, R,)
We can define the transfer map at the cochain level either as a map
transp : VqF — VG,

where V, is one of C,((H")7+!, R), L®°((H")4T!, R) or L>((@H")7+!, R). The
definition is the same in all cases. Let thus ¢ be a I"-invariant cochain in VqF . Set

transp (c) (xg, - .., Xp) ::/ s(g_l) -c(gxg, ..., 8xn)du(g), “4)
I'\G

where p is the invariant probability measure on I'\G normalized so that
w(I'\G) = 1. Recall that I" < G, so that £(g) is well defined. It is easy to check
that the resulting cochain trans(c) is G-equivariant. Furthermore, the transfer map
clearly commutes with the coboundary operator, and hence induces a cohomology
map

trans

H () —=5 H?,(G.R,).

Note that if the cochain c is already G-equivariant, then trans; (c) = ¢, showing that
trans - is a left inverse of i* : H;h(G, R.) — Hy ().

3.2.2 The Transfer Map 4z : H*(N,dN) - H? (G, R,)

The relative de Rham cohomology Hj,(M, M ~ N) is the cohomology of the
cocomplex of differential forms £29(M, M ~. N) which vanish when restricted to
M ~. N. Then, as for usual cohomology, there is a de Rham Theorem

W HS (M, M~ N)—=H*(M,M ~ N)= H*(N,dN)

for relative cohomology. The isomorphism is given at the cochain level by integra-
tion. In order to integrate, we could either replace the singular cohomology by its
smooth variant (i.e. take smooth singular simplices), or we prefer here to integrate
the differential form on the straightened simplices. (The geodesic straightening of a
continuous simplex is always smooth.) Thus, at the cochain level, the isomorphism
is induced by the map

W QI(M, M~ N) —> CI(M, M ~ N), 5)
sending a differential form w € 29(M, M ~ N) = Q4(H", U)" to the singular
cochain ¥ (w) given by

o w,
7y straight(xo, ..., xg4)

where 7 : H" — M is the canonical projection, the x; € H" are the vertices of a lift
of o to H", and straight(xo, ..., x,) : A — H" is the geodesic straightening. Ob-
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serve that if o is in U, then the straightened simplex is as well, since all components
of U are geodesically convex.

The transfer map transgg : Hjp(M, M ~ N) — H?(G,R,) is defined through
the relative de Rham cohomology and the van Est isomorphism. At the cochain
level the transfer

transyg : £29 (H", U)F — 21 (]HI”, RS)G
is defined by sending the differential g-form o € 29 (H")" to the form
transgg () :=/ e(¢7") - (g¥a) du(p),
G

where w is chosen as in (4). It is easy to check that the resulting differential form
transyg (o) is G-equivariant. Furthermore, the transfer map clearly commutes with
the differential operator, and hence induces a cohomology map

H*(N,dN) H?(G,R,)

;]w E

ransg R G

Heo (M, M~ N) 28 fe(@0 (07, R,)C) —~ @°(H".R,)

where the vertical arrow on the right is the van Est isomorphism and the horizontal
arrow on the right follows from Cartan’s lemma to the extent that any G-invariant
differential form on H" (or more generally on a symmetric space) is closed.

Let wny oy € H*(M, M ~ N) be the unique class with (wy an,[N,IN]) =
Vol(M). It is easy to check that

transy g (@y, gn) = o, € 2" (H", R,)® = H(G, R,).

3.2.3 Commutativity of the Transfer Maps

Proposition 3.1 The diagram

H)(I')
H!(N,dN) H!,(G,Re) (6)

HY(N,dN) —~ HI(G,R,)

commutes (here Ty = transgg o W ~1).



Mostow Rigidity and Volume Rigidity for Hyperbolic Lattices 59

Proof The idea of the proof is to subdivide the diagram (6) in smaller parts, by
defining transfer maps directly on the bounded and unbounded relative singular co-
homology of M and show that each of the following subdiagrams commute.

HY/(I")
~ W‘
q trans;, q
H)(N,dN) - - -> H!,(G,R;)
; l )
HI(N,9N) — = = HYG,R,)
= |y [} T =

t
HIL(N,ON) ——% Q4(H", R,)C.

3.2.4 Definition of the Transfer Map for Relative Cohomology

In order to define a transfer map, we need to be able to integrate our cochain on
translates of a singular simplex by elements of I"\G. This is only possible if the
cochain is regular enough.

For 1 <i <k, pick a point b; € E; in each horocyclic neighborhood of a cusp in
M and by € N in the compact core. Let 8’ : M — {bg, by, . .., b} be the measurable
map sending N to by and each cusp E; to b;. Lift 8’ to a I'-equivariant measurable
map

B:H" — 7 ({bo, b1, ..., bx}) CH"
defined as follows. Choose lifts 150,...,5/( ~of bo,...,bx; foreach j=1,...,k
choose a Borel fundamental domain &; > b; for the I"-action on 7 WE ;) and
choose a fundamegtal domain % > by for the I'-action on 7' (N). Now de-
fine B(y Z;) :== yb;. In particular 8 maps each horoball into itself. Given ¢ €
Ci1(H", U)T, define
B ) : (I — R

by

B*(0)(x0. ..., xg) = c(straight(B(x0), ..., B(xg))). (8)

Remark that 8*(c) is I'-invariant, vanishes on tuples of points that lie in the same
horoball in the disjoint union of horoballs —1(E;),and is independent of the chosen
lift of B’ (but not of the points by, ..., by). Thus, *(c) is a cochain in C4 (H", o
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which is now measurable, so that we can integrate it on translates of a given (g + 1)-
tuple of point. We define

1
1 _, R

transg(c) : (H")

by
transg(c)(xo, ..., Xg) := /1"\0 s(g_l) (B () (gx0, ..., xq)) d(8),

where p is as in (4). It is easy to show that the integral is finite. Indeed, let D
be the maximum of the distances between x¢ and x;, for i = 1,...,g. Then for
¢ € I'\G such that gxg lies outside a D-neighborhood of the compact core N, each
gx; clearly lies outside N and hence $*(c)(gxo, ..., gxq) vanishes for such g. It
follows that the integrand vanishes outside a compact set, within which it takes only
finitely many values. Furthermore, it follows from the I"-invariance of ¢ and B(c)
that transg(c) is G-invariant.

Since transg commutes with the coboundary operator, it induces a cohomology
map

trans : H4(N,9N) — HI(G,R,).

As the transfer map transg restricts to a cochain map between the corresponding
bounded cocomplexes, it also induces a map on the bounded cohomology groups

transy, : Hg(N, ON) — Hgb(G, R,),

and the commutativity of the middle diagram in (7) is now obvious.

3.2.5 Commutativity of the Lower Square

Denote by @ : 29(H", R,) — L>®((H")4+! R,) the map (analogous to the map
¥ defined in (5)) sending the differential form « to the cochain @ («) mapping a
(¢ + 1)-tuple of points (xq, ..., x;) € (H"7H! to

/ .
straight(xo,...,Xq)

The de Rham isomorphism is realized at the cochain level by precomposing @ with
the map sending a singular simplex in H" to its vertices. To check the commutativity
of the lower square, observe that

transg o @ () (xo, ..., xy) = / 8(5.771) . < 0l> du(g),
I'\G

fStraight(ﬁ(gxo)y - B(8xg))
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while

,,,,,

If da = 0, the coboundary of the G-invariant cochain

q—1
(X0, -+ Xg—1) > g(—l)’ /F\Gg(g‘)

a) du(g)
is equal to the difference of the two given cocycles.

3.2.6 Commutativity of the Upper Triangle

Observe that the isomorphism Hy (M, M ~ N) = Hy(I") can be induced at the
cochain level by the map * : CZ H*, )T — Lo(@ )7, R)T defined in (8)
(and for which we allow ourselves a slight abuse of notation). It is immediate that
we now have commutativity of the upper triangle already at the cochain level,

L) R)"

trans
ﬁ*

clE.v) e L) R,

transy,

This finishes the proof of the proposition. U

3.3 Properties of Vol(p)

Lemma 3.2 Leti: I — G be a lattice embedding. Then
Vol(i) = Vol(M).

Proof Both sides are multiplicative with respect to finite index subgroups. We can
hence without loss of generality suppose that I” is torsion free. By definition, we
have

Vol(M) = (wn,an, [N, IN]),
Vol(i) = ((c 0 i*)(w?), [N, dN1).



62 M. Bucher et al.

The desired equality would thus clearly follow from wy sy = (c o i*)(a)ﬁ ). As the
transfer map t4g : H"(N,dN) — H!(G) is an isomorphism in top degree and
sends wy N to wy, this is equivalent to

Wy = T4R(WN,ON) = TdR OCOi*(a)z) =cotransp Oi*(a)g) = c(a)b) = w,,
—_——

cotransy

where we have used the commutativity of the diagram (6) in Proposition 3.1 and the
fact that trans; oi* =Id. O

Proposition 3.3 Let p: I’ — G be a representation. The composition

* sp

trans
R=H",(G.R,) —— H'(I') —% H",(G,R,) =R

is equal to A - 1d, where

_ [Vol(p)|

|A] = <
Vol(M)

Proof As the quotient is left invariant by passing to finite index subgroups, we can
without loss of generality suppose that I" is torsion free. Let A € R be defined by

trans op*(a)z) :)wa),lz. 9)
We apply the comparison map c to this equality and obtain
cotransp o,o*(a)fl) =A- c(a)g) =L-wp=XA- 1gr(®ON 3N)-

The first expression of this line of equalities is equal to tzr o c o p*(wfl) by the
commutativity of the diagram (6). Since 7,z is injective in top degree it follows that
(co p*)(a)f; ) =X - wn . an. Evaluating on the fundamental class, we obtain

Vol(p) = ((c 0 p*) (@), [N, dN1) = A - (wn,an. [N, 9N1) = A - Vol(i) = A - Vol(M).
For the inequality, we take the sup norms on both sides of (9), and get

|| trans 0 p* ()|

|A| =

=X b

b
lleoy

where the inequality follows from the fact that all maps involved do not increase the
norm. This finishes the proof of the proposition. d

4 On the Proof of Theorem 1.1

The simple inequality | Vol(p)| < | Vol(i)| = Vol(M) follows from Proposition 3.3
and Lemma 3.2.
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The proof is divided into three steps. The first step, which follows essentially
Furstenberg’s footsteps [37, Chap. 4], consists in exhibiting a p-equivariant mea-
surable boundary map ¢ : dH" — 9H". In the second step we will establish that ¢
maps the vertices of almost every positively oriented ideal simplex to vertices of
positively (or negatively—one or the other, not both) oriented ideal simplices. In the
third and last step we show that ¢ has to be the extension of an isometry, which will
provide the conjugation between p and i. The fact that n > 3 will only be used in
the third step.

4.1 Step 1: The Equivariant Boundary Map

We need to define a measurable map ¢ : dH" — 9H" such that

e(in)-€) = o) -9, (10)

for every £ € 0H" and every y € I'.

The construction of such boundary map is the sore point of many rigidity ques-
tions. In the rank one situation in which we are, the construction is well known and
much easier, and is recalled here for completeness.

Since dH" can be identified with Isom™(H")/P, where P < Isom*(H") is a
minimal parabolic, the action of I" on dH" is amenable. Thus there exists a I"-
equivariant measurable map ¢ : 9H" — .7 (dH"), where .# ' (3H") denotes the
probability measures on dH”", [37]. We recall the proof here for the sake of the
reader familiar with the notion of amenable group but not conversant with that of
amenable action, although the result is by now classical.

Lemma 4.1 Let G be a locally compact group, I' < G a lattice and P an amenable
subgroup. Let X be a compact metrizable space with a I'-action by homeomor-
phisms. Then there exists a I -equivariant boundary map ¢ : G/ P — 4 (X).

Proof Let C(X) be the space of continuous functions on X. The space

L) (G.C(X)) = {f :G — C(X)| f is measurable, I"-equivariant and

/ ||f(g)||oodu(g)<00},

G

is a separable Banach space whose dual is the space L¥ (G, .# (X)) of measur-
able I"-equivariant essentially bounded maps from G into .Z (X), where .Z (X) =
C(X)* is the dual of C(X). (Notice that since C(X) is a separable Banach space,
the concept of measurability of a function G — C(X)* is the same as to whether
C(X)* is endowed with the weak-* or the norm topology.) Then L¥ (G, .# L(X)) is
a convex compact subset of the unit ball of L7 (G, .# (X)) that is right P-invariant.

Since P is amenable, there exists a P-fixed point, that is nothing but the map
¢:G/P— .#'(X) we were looking for. 0
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We are going to associate to every u € .# ' (3H") (in the image of ¢) a point
in 0H".

If the measure p has only one atom of mass > %, then we associate to u this
atom. We will see that all other possibilities result in a contradiction.

If the measure p has no atoms of mass greater than or equal to %, we can apply
Douady and Earle’s barycenter construction [16, Sect. 2] that to such a measure as-
sociates equivariantly a point b, € H". By ergodicity of the I"-action on dH" x 0H",
the distance d := d(by(x), by(x)) between any two of these points is essentially con-
stant. It follows that for a generic x € dH", there is a bounded orbit, contradicting
the fact that the action is not elementary.

If on the other hand there is more than one atom whose mass is at least %, then
the support of the measure must consist of two points (with an equally distributed
measure). Denote by g, the geodesic between the two points in the support of the
measure ¢(x) € .2 (3H"). By ergodicity of the I"-action on dH" x dH", the car-
dinality of the intersection supp(¢(x)) N supp(¢(x’)) must be almost everywhere
constant and hence almost everywhere either equal to 0, 1 or 2.

If | supp(e(x)) N supp(e(x’))| = 2 for almost all x, x’ € 9H", then the geodesic
gx is I'-invariant and hence the action is elementary.

If | supp(e(x)) N supp(p(x'))| = 1, then we have to distinguish two cases: ei-
ther for almost every x € dH" there is a point £ € dH" such that supp(¢(x)) N
supp(p(x’)) = {&} for almost all x” € dH", in which case again & would be I'-
invariant and the action elementary, or supp(¢(x)) Usupp(¢(x’)) Usupp(¢(x”)) con-
sists of exactly three points for almost every x’, x”” € dH". In this case the barycen-
ter of the geodesic triangle with vertices in these three points is /" -invariant and the
action is, again, elementary.

Finally, if | supp(¢(x)) N supp(e(x’))| =0, let D := d(gx, g«'). By ergodicity
on oH" x oH", d is essentially constant. Let y € p(I") be a hyperbolic element
whose fixed points are not the endpoints of g, or g,-. Then iterates of y send a
geodesic g, into an arbitrarily small neighborhood of the attractive fixed point of y,
contradicting that g, is at fixed distance from g,.

4.2 Step 2: Mapping Regular Simplices to Regular Simplices

The next step is to prove Theorem 1.4. Then if Vol(p) = Vol(M), it will follow that
the map ¢ in Step 1 sends almost all regular simplices to regular simplices.

From Proposition 3.3 we obtain that the composition of the induced map p* and
the transfer with respect to the lattice embedding i is equal to £ the identity on
ch,b(GJr’ R,). In dimension 3, it follows from [4] that Hgb(lsom+ (H?),R) R
and the proof can be formulated using trivial coefficients; this has been done in [11],
which is the starting point of this paper. In higher dimension it is conjectured, but
not known, that Hgb(G+, R)=R.

We can without loss of generality suppose that trans; o p* is equal to +Id. In-
deed, otherwise, we conjugate p by an orientation reversing isometry. We will now
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show that the isomorphism realized at the cochain level leads to the equality (11),
which is only an almost everywhere equality. Up to this point, the proof is elemen-
tary. The only difficulty in our proof is to show that the almost everywhere equality
is a true equality, which we prove in Proposition 4.2. Note however that there are
two cases in which Proposition 4.2 is immediate, namely 1) if ¢ is a homeomor-
phism, which is the case if I" is cocompact and p is also a lattice embedding (which
is the case of the classical Mostow Rigidity Theorem), and 2) if the dimension n
equals 3. We give the alternative simple arguments below.

The bounded cohomology groups H, (G, R,) and H; (I", R) can both be com-
puted from the corresponding L equivariant cochains on dH". The induced map
p*: H!,(G,R;) — Hy(I',R) is represented by the pullback by ¢, although it
should be noted that the pullback in bounded cohomology cannot be implemented
with respect to boundary maps in general, unless the class to pull back can be
represented by a strict invariant Borel cocycle. This is our case for Vol, and
as a consequence, ¢*(Vol,) is also a measurable I"-invariant cocycle. It hence
determines a cohomology class in H; (I") which, by [10, Corollary 3.7], repre-
sents p*(wy).

The composition of maps trans; o p* is thus realized at the cochain level by

r G

L=((0m")"*' R.)" — Lo((am")" R,)

v {0, 8 = g e (67 v(e(gbo, - §6n)) A}

Since the composition trans o p* is the multiplication by \\,;011((}"04)) at the cohomology

level and there are no coboundaries in degree n (Lemma 2.2), the above map sends

the cocycle Vol, to % Vol,,. Thus, for almost every &, ..., &, € 0H" we have
. . . ) Vol(p)
1
- Vol s d =—— Vol s &), (11
fr \G e(¢77) - Volu(p(g80). . 9(&8n)) d(d) = o o Voo B (D)

Let (3H")"+D be the G-invariant open subset of (QH™)H consisting of (n + 1)-
tuples of points (§o, ..., &,) such that & # &; for all i # j. Observe that the vol-
ume cocycle Vol, is continuous when restricted to (OH")™+D and vanishes on
QH™)H < (3H™) D Observe moreover that the volume of ideal simplices is

a continuous extension of the volume of simplices with vertices in the interior B"
of the sphere §"~! = §H".

Proposition4.2 Leti : I’ — G be a lattice embedding, p : I’ — G a representation
and ¢ : OH" — 0H" a I" -equivariant measurable map. Identifying I" with its image
i(I") < G via the lattice embedding, if

Vol(p)
Vol(M)

/F\G e(¢") - Vol (p(2€0), -, 9(880)) dn(@) = Vol, (5o, .- -, n)

for almost every (&, ..., &,) € (QH")"!, then the equality holds everywhere.
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Before we proceed with the proof, let us observe that it immediately follows from
the proposition that if p has maximal volume, then ¢ maps the vertices of almost
every regular simplex to the vertices of a regular simplex of the same orientation,
which is the conclusion of Step 2.

Proof if ¢ is a Homeomorphism Since ¢ is injective, both sides of the almost ev-
erywhere equality are continuous on (9H")"* D Since they agree on a full measure
subset of (9TH™)"*+ D the equality holds on the whole of (dH")"+1 As for its com-
plement, it is clear that if §; = &; for i # j then both sides of the equality vanish. [J]

Proof if n = 3 Both sides of the almost equality are defined on the whole of
(0H3)*, are cocycles on the whole of (3H>)*, vanish on (3H>)* . (0H>)® and
are Isom™ (H3)-invariant. Let a, b : (9H>)* — R be two such functions and suppose
that @ = b on a set of full measure. This means that for almost every (&, ...,&3) €
(3H3)*, we have a&, ..., &) =b(&,...,&). Since Isom™ (H3) acts transitively
on 3-tuples of distinct points in H> and both ¢ and b are Isom™ (H?)-invariant, this
means that for every (&, €1, &) € (0H3?)® and almost every n € 9H? the equality

a(o,§1,52, 1) =bo.61,52. 1)

holds. Let &, ..., & € 9H? be arbitrary. If & = &jfori # j,wehavea(b,...,&) =
b(&o, ..., &3) by assumption. Suppose &; # &; whenever i # j. By the above, for ev-
eryi €0,...,3 the equality

-~ o~

ao, ..., &, ....5,m) =b&o,.... &, ..., &, 1)

holds for 7 in a subset of full measure in JH?. Let 5 be in the (non empty) intersec-
tion of these four full measure subsets of dH>. We then have

3
ao.....&) =Y (~D'a.....&.....&.1)

i=0
3 . o~

=Y (~Dbo.....E.....65. ) = bl ....5).
i=0

where we have used the cocycle relations for a and b in the first and last equality
respectively. d

Proof in the General Case Observe first of all that for all (£, ..., &,) € (0H")"t!
(0H™)"+D the equality holds trivially.

Using the fact that dH" = $"—1 — R”, let us consider the function ¢ 0H" —
oH" as a function ¢ : JH" — R" and for j =1,...,n denote by ¢; its coordi-
nates. Since dH" = G/P, where P is a minimal parabolic, let v be the quasi-
invariant measure on dH" obtained from the decomposition of the Haar measure
wg with respect to the Haar measure pwp on P, as in (17). According to Lusin’s
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theorem applied to the ¢; for j =1,...,n (see for example [31, Theorem 2.24]),
for every § > O there exist a measurable set Bs; C dH" with measure v(B; ) < §
and a continuous function f]/.’g : 9H" — R such that ¢; = f]/‘,a on dH" \ Bj ;.
Set fg’ = (f1.6,-.., fn.s) — R" and consider the composition f5 :=r o fa’ with
the retraction r : R” — B" to the closed unit ball B* C R". Then, by setting
Bs .= U?=1 Bj s, we see that ¢ coincides on dH" \ Bs with the continuous function
fs:0H" — B" and v(Bj) < né.

Let 2 C G be a fundamental domain for the action of I" on G. For every
measurable subset E C &, any measurable map v : dH" — B" and any point
(€0, ..., &) € (OH")*D  we use the notation

I E. Bon e b)) = /E £(g™") Vol (¥ (g£0). ... v (g)) dic (g).

so that we need to show that if

Vol(p)

I(0, D, o, ... &) = Vol(M) Vol (%o, - - ., &n) 12)

for almost every (£o, . .., &,) € (0H")"+D then the equality holds everywhere.

Fix € > 0 and let K. C & be a compact set such that ug(Z \ K¢) < €. The
proof is broken up in several lemmas, that we state and use here, but whose proof
we postpone.

Lemma 4.3 With the above notations,
16 ((g € Ke : g& € Bs}) <0 (9), (13)
where o (8) does not depend on & € OH" and o(§) — 0 when § — 0.
Replacing ¢ with fs results in the following estimate for the integral.

Lemma 4.4 With the notation as above, there exists a function M (8) with the prop-
erty that limg_.o M (8) = 0, such that

|7 (0. Ke. €0, ... &) — I (fs5. Ke, (Bo. ... &n))| < Mc(8),
forall (&, ..., E41) € (@H")" !,
Observe that, although
|7 (0. 2. 0. ... &) — (0. Ke., E0..... &) | <€l Vol [l (14)

for all (&0, ..., &u41) € QH) D the estimate

Vol(p)

j((p’ KG? (505 e Ell)) - VOI(M)

Vol (5o, .- -, &)
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< ’j((ps K€7 (EO’ MR ’gn)) - j((pa -@7 (EOa MR %‘n))|

Vol(p)

+ ‘j((p,@, (‘5:07751’1)) - 7\]0171(507"'75”)

<e| Vol |I, (5
Vol(M) el Vol ||, (15)

holds only for almost every (&, ..., &) € (JH")"*D  since this is the case for (12).
From (15) and Lemma 4.4, it follows that

‘f(fa, Koo (Gorvvvr£) = o Vola €. 60
<| I (f5, Ke, Go. ... &) — Z (@, Ke, o, ..., &)
n ‘f(go, Koo Gorvenr£0) = gorcnns Vola(€0. - 60
< M) +€ll Vol I, (16)

for almost every (£, ..., &,) € (QH")*+D,

The following lemma uses the continuity of fs to deduce that all of the almost
everywhere equality that propagated from the use of (12) in (15), can indeed be
observed to hold everywhere because of the use of Lusin theorem.

Lemma 4.5 There exist a function L(e, §) such that lime_.olims— L(e, §) = 0 and

Vol(p)
Vol(M)

"](]%7 KE9 (EO’ .. "En)) - VOln(éOa .. "En) < L(67 5)

forall (&, ..., &) € (QHM) D

From this, and from Lemma 4.4, and using once again (14), now all everywhere
statements, we conclude that

Vol(p)
"~ Vol(M)
< i]((p’@7 (EO’ a";:n)) _j((paK€7 (g()ﬂ "'ﬂ%‘ﬂ))|

+ ’j(QDvKGa (50775}1)) _f(fs,Ké’ (5077€n))’

Vol(p)

+ "](fév KE’ (507 7%}’1)) - WVOlﬂ(s()» 95}1)

< Mc(8)+ L(€,8) + €| Vol, ||,

‘f(fﬂ,% (0, -+ €n)) Vol (8o, - - -, 6n)

for all (&p,...,&+1) € (3H™)"*!. This concludes the proof of Proposition 4.2, as-
suming the unproven lemmas. g

We now proceed to the proof of Lemmas 4.3, 4.4 and 4.5.
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Proof of Lemma 4.3 Recall that 0H" = G/ P, where P < G is a minimal parabolic
andletn : G/P — G be a Borel section of the projection G — G/ P such that F :=
n(G/ P) is relatively compact [26, Lemma 1.1]. Let Eg :=n(Bs) and, if & € Bs, set
§ =n) e Ea. On the other hand, if g € K. and g& € Bs, there exists p € P such
that gép € Ea and, in fact, the p can be chosen to be in P N FYK)"IF = C..
Thus we have

{ge Kc:g& € Bs} = {g € K. : there exists p € C. with g&p € Eg}
= {g eK.N Egp_1§_1 for some p € Ce} CKeN E(;Ce_lé_l,
and hence
nG({g € Ke : g€ € Bs}) < ne(KE'n §5C€_1) < MG(EBC;1)~

To estimate the measure, recall that there is a strictly positive continuous function
g : G — R™ and a positive measure v on dH" such that

/ F(9)q(9) dug(e) = / ( / f(gé)dup($)>dV(é), (17)
G oH" P

for all continuous functions f on G with compact support, [30, Sect. 8.1].

We may assume that ug (§5 Cco 1 # 0 (otherwise we are done). Then, since q is
continuous and strictly positive and the integral is on a relatively compact set, there
exists a constant 0 < o < 0o such that

anc(Bc ') = [

oH"

( / x;acgl(gé)dup(€)> av(@).

But, by construction, if g € Bs, then g& e Bs Ce_1 if and only if § € Ce_l, so that

[ Hicor e dur @ = nr(c),
and henCe

anG(BsC') =v(Bs)mp(C).

Since v(Bs) < 8, the inequality (13) is proven with o (8) = é,up(Ce_l)S. U
Proof of Lemma 4.4 Let us fix (£, ..., &,) € (0H")"*!. Then we have

|7 (@, Ke, o, ... E0)) — I (f5, Ke, €0, .., &)
g ’j((pv Ké,O? (‘i:()’*"’én))_ﬂ(f(S?Ké,Ov(SO""’En))‘
+ |7 (0. Ke1, Eo, - E0)) — I (f5. Ket, o, ... En))

’
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where
n
Keo:=[){s€Kc:gtj € 0H" \ Bs} and Kc:=Kc~ Keo.
j=0
But ¢(g) = f5(g) for all g € K¢ o, hence the difference of the integrals on K¢ o
vanishes. Since

uG(Ke1) = e ([Q N U{g €Kc:géje Ba}> < (n+ Doe(8),

Jj=0

we obtain the assertion with M, (§) :=2(n + 1)|| Vol, ||o¢(3). O

Proof of Lemma 4.5 If the volume were continuous on (3H")"*! or if the function
fs were injective, the assertion would be obvious.

Observe that ¢ is almost everywhere injective: in fact, by double ergodicity, the
subset of JH" x dH" consisting of pairs (x, y) for which ¢(x) = ¢(y) is a set of
either zero or full measure and the latter would contradict non-elementarity of the
action. Then on a set of full measure in dH" . Bs the function f; is injective and

hence Vol,, (f5(géo), - - -, f5(g&n)) is continuous provided the f5(g&o), ..., fs(gén)
are pairwise distinct.

So, for any (£, ..., &,) € (0H")*+D we define

&&oy ..., ) = {g € K¢ : f5(g&0), .- ., fs(g&,) are pairwise distinct}.

Let F C (B§ x Bg)(z) be the set of distinct pairs (x, y) € (By x Bg)(2) such that
fs(x) = fs(y). Then F' is of measure zero, and given any (&g, §1) € oH" x oH"
distinct, the set {g € G : g(§0, &1) € F} is of ug-measure zero. This, together with
Lemma 4.3, implies that

w6 (Ke ~ 6o, ... &) < 1o (U{g € Ke:gtje Bs}) <+ Doe(®). (18)

j=0

Let .7 C (0H")*+D be the set of full measure where the inequality (16) holds
and let (&, ..., &) € QH") "D Since v T1((QH™) "D \.#) = 0, there exists a
sequence of points (éék), .. 5,5")) € . with (é(k) ...,é,fk)) — (&0, ...,&). Then
for every g € £(§)

Jim Vol (fs(g&")- - fs(3£)) = Volu (fo(g&o). .. fs(8n)).

and, by the dominated convergence theorem applied to the sequence hy(g) :=
Vol (f5(855"); - f3(g&n ), we deduce that

Jim 7 (fs. 8o ) (8 ED) = I (S S G B, o )
(19)
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But then

Vol(p)

‘j(fs’ KG? (501 L) én)) - WVO]H(E(L e én)

<|f(f8,Ke,(‘§077§n))_f(f5,£}(50,,En),(SO»,Sn))’
]I (fs. EEon ), Gon e E)) = I (f5. EGOr - E) (6, . 80))
|2 (fs, 6o )y (67 ER)) — 2 (o, Keu (607, ... E))]

Vol
(K (60 E) = S Vol 6. 680)
Vol(p) *) @y Yol(p)
‘Vol(M) Vol (87 -+ &) ol(M) Vol, (50, - - -, §n) |

for all (&, ...,&,) € QH")"+D,

The first and third lines after the inequality sign are each < (n + 1)]| Vol,, ||o¢(8)
because of (18); the second line after the equality is less than & if k is large
enough because of (19); the fourth line is < M((8) + €| Vol,, | by (16) since
(g"‘), e ,5")) € . and finally the last line is also less than § if & if large enough.
All of the estimate hold for all (£, ..., &,) € (0H")™*D and hence the assertion is
proven with L(e, §) :=25 +2(n + 1)|| Vo, ||o¢(8) + Mc(8) + €]| Vol,, |. O

4.3 Step 3: The Boundary Map is an Isometry

Suppose now that the equality | Vol(p)| = | Vol(i)| holds. Then ¢ maps enough reg-
ular simplices to regular simplices. In this last step of the proof, we want to show
that then ¢ is essentially an isometry, and this isometry will realize the conjugation
between p and i.

In the case of a cocompact lattice I" < Isom(IH") and a lattice embedding p :
I' — Isom™ ("), the limit map ¢ is continuous and the proof is very simple based
on Lemma 4.6. This is the original setting of Gromov’s proof of Mostow rigidity for
compact hyperbolic manifolds.

If either the representation p is not assumed to be a lattice embedding, or if I” is
not cocompact, then the limit map ¢ is only measurable and one needs a measurable
variant of Lemma 4.6 presented in Proposition 4.7 for n > 4. The case n = 3 was
first proven by Thurston for his generalization (Corollary 1.3 here) of Gromov’s
proof of Mostow rigidity. It is largely admitted that the case n = 3 easily generalizes
to n > 4, although we wish to point out that the proof is very much simpler for
n > 4 based on the fact that the reflection group of a regular simplex is dense in
the isometry group. For the proof of Proposition 4.7, we will omit the case n = 3
which is nicely written down in all necessary details by Dunfield [17, pp. 654-656],
following the original [33, two last paragraphs of Sect. 6.4].
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Let T denote the set of (n 4 1)-tuples of points in dH" which are vertices of a
regular simplex,

T = {g =(p,..., &) € (811-]1”)"+1 | § are the vertices of an ideal regular simplex}.

We shall call an (n 4 1)-tuple in T a regular simplex. Note that the order of the
vertices &y, ..., &, induces an orientation on the simplex &. For £ € T, denote by
Ag < Isom(H") the reflection group generated by the reflections in the faces of the
simplex &.

Lemma 4.6 Letn > 3. Let £ = (&, ...,&,) € T. Suppose that ¢ : 0H" — dH" is
a map such that for every y € Ag, the simplex with vertices (p(v&o), ..., (v&r))
is regular and of the same orientation as (y&, ..., y&,) € T. Then there exists a
unique isometry h € Isom(H") such that h(§) = @(§) for every § € | J!_, Az&;.

Note that this lemma and its subsequent proposition are the only places in the
proof where the assumption n > 3 is needed. The lemma is wrong for n = 2 since ¢
could be any orientation preserving homeomorphism of dH?2.

Proof 1f § = (§, ..., &) and (¢(40), ..., ¢(&n)) belong to T, then there exists a

unique isometry # € Isom™* (H") such that h&; = @(&;) for i =0, ..., n. It remains
to check that

h(y&i) =p(r&i) (20)

for every y € A¢. Every y € Ag is a product y =ry - ... -7y, where r; is a re-
flection in a face of the regular simplex rj_j - ... - ri(§). We prove the equal-
ity (20) by induction on k, the case k = 0 being true by assumption. Set n; =
rk—1 - ...-r1(§). By induction, we know that 2 (n;) = ¢(n;). We need to show that
h(rxn;i) = @(rgn;). The simplex (1o, ..., n,) is regular and ry is a reflection in one
of its faces, say the face containing 7y, ..., n,. Since ryn; =n; fori =1,...,n, it
just remains to show that i (rgng) = ¢(rrno). The simplex (rino, rent, ..., Feklin) =
(reno,n1, ..., nn) is regular with opposite orientation to (19, 11, ..., N,). This
implies on the one hand that the simplex (h(r¢no), h(n1),...,h(n,)) is regular
with opposite orientation to (h(n9), h(n1), ..., h(n,)), and on the other hand that
the simplex (¢(r¢no), ¢(n1),...,9(n,)) is regular with opposite orientation to
(®Mo), - .., 9Mmn)). Since (h(no), h(n1), ..., h(na)) = (@(N0), - .., ¢(1,)) and there
is in dimension n > 3 only one regular simplex with face i (n1), ..., h(n,) and op-
posite orientation to (h(ng), h(n1), ..., h(n,)) it follows that h(ryng) = @ (rkng). U

If ¢ were continuous, sending the vertices of all positively (respectively nega-
tively) oriented ideal regular simplices to vertices of positively (resp. neg.) oriented
ideal regular simplices, then it would immediately follow from the lemma that ¢ is
equal to an isometry / on the orbits | J!_, A¢&; of the vertices of one regular simplex
under its reflection group. Since the set | J]_, Az&; is dense in dH", the continuity
of ¢ would imply that ¢ is equal to the isometry / on the whole 0H".
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In the setting of the next proposition, we first need to show that there exist enough
regular simplices for which ¢ maps every simplex of its orbit under reflections to a
regular simplex. Second, we apply the lemma to obtain that ¢ is equal to an isometry
on these orbits. Finally, we use ergodicity of the reflection groups to conclude that
it is the same isometry for almost all regular simplices. As mentioned earlier, the
proposition also holds for n = 3 (see [17, pp. 654-656] and [33, two last paragraphs
of Sect. 6.4]), but in that case the proof is quite harder, since the reflection group of
a regular simplex is discrete in Isom(H") (indeed, one can tile 3 by regular ideal
simplices) and in particular does not act ergodically on Isom(H").

Proposition 4.7 Let n > 4. Let ¢ : 0H" — 0H" be a measurable map sending the
vertices of almost every positively, respectively negatively oriented regular ideal sim-
plex to the vertices of a positively, resp. negatively, oriented regular ideal simplex.
Then ¢ is equal almost everywhere to an isometry.

Proof Let T? C T denote the following subset of the set T of regular simplices:

TY ={& = (&.....&) € T|(¢(&). ..., () belongs to Tand has the same

orientation as (%, ..., &x)}.

By assumption, 7% has full measure in 7. Let T[(f C T¥ be the subset consisting
of those regular simplices for which all reflections by the reflection group Ag are
inT?, B
Ty={£eT|yseT?Vy e Ag}.
We claim that T has full measure in 7.
To prove the claim, we do the following identification. Since G = Isom(H") acts

simply transitively on the set 7' of (oriented) regular simplices, given a base point
n= (Mo, ..., nn) € T we can identify G with T via the evaluation map

Ev,:G—T
g+ g(n).

The subset 7% is mapped to a subset G¥ := (Evn)’] (T?) C G via this correspon-
dence. A regular simplex g = g(ﬁ) belongs to T/(f if and only if, by definition,

y§ = ygn belongs to T for every y € Ag. Since Ag = gA,,g’l, the latter con-
dition is equivalent to gyon € T¥ for every yy € Ay, or in other words, g € G*? )/0_1.
The subset T is thus mapped to

GY=Ev, ()= () G*% ' cG
h VOGAE

via the above correspondence. Since a countable intersection of full measure subsets
has full measure, the claim is proved.
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For every § € T(p and hence almost every § € T there exists by Lemma 4.6 a
unique isometry hg such that hg (§) = ¢(&) on the orbit points & € [ J_, Ag&i. By
the uniqueness of the isometry, it is immediate that h,¢ = hg for every y € Ag.
We have thus a map i : T — Isom(H") given by & + hg defined on a full measure
subset of T'. Precomposing & by E Uy, it is straightforward that the left Ag-invariance
of i on Ag§& naturally translates to a 1 global right invariance of h o E vy on G. Indeed,
let g e Gand yy € Ap. We compute

ho Evﬂ(g “Y0) = thOQ = hgyog"gﬁ = hgﬁ =ho Evﬁ(g),

where we have used the left A,,-invariance of £ on the reflections of g7 in the third
equality. (Recall, gypg~! € gA,,g_1 = Agy.) Thus, h o Evy, : G — G is invariant
under the right action of A,,. Since the latter group is dense in G, it acts ergodically
on G and h o Ev,, is essentially constant. This means that also £ is essentially con-
stant. Thus, for aimost every regular simplex £ € T, the evaluation of ¢ on any orbit
point of the vertices of & under the reflection group Ag is equal to h. In particular,
for almost every & = (53, ..., &) € T and also for almost every & € H", we have
@ (&) = h(&), which finishes the proof of the proposition. O

We have now established that ¢ is essentially equal to the isometry & € Isom(H")
on 0H". It remains to see that & realizes the conjugation between p and i. Indeed,
replacing ¢ by 4 in (10) we have

(i) ®) = (p(y) - h) ().

forevery & € 0H" and y € I'. Since all maps involved (&, i(y) and p(y)) are isome-
tries of H" and two isometries induce the same map on dH" if and only if they are
equal it follows that

h-ity)-h~'=p(y)

for every y € I', which finishes the proof of the theorem.
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Abstract In a semi-homogeneous tree, the set of edges is a transitive homogeneous
space of the group of automorphisms, but the set of vertices is not (unless the tree
is homogeneous): in fact, the latter splits into two disjoint homogeneous spaces
V., V_ according to the homogeneity degree. With the goal of constructing maximal
abelian convolution algebras, we consider two different algebras of radial functions
on semi-homogeneous trees. The first consists of functions on the vertices of the
tree: in this case the group of automorphisms gives rise to a convolution product
only on V4 and V_ separately, and we show that the functions on V4, V_ that are
radial with respect to the natural distance form maximal abelian algebras, generated
by the respective Laplace operators. The second algebra consists of functions on
the edges of the tree: in this case, by choosing a reference edge, we show that no
algebra that contains an element supported on the disc of radius one is radial, not
even in a generalized sense that takes orientation into account. In particular, the two
Laplace operators on the edges of a semi-homogeneous (non-homogeneous) tree do
not generate a radial algebra, and neither does any weighted combination of them.
It is also worth observing that the convolution for functions on edges has some
unexpected properties: for instance, it does not preserve the parity of the distance,
and the two Laplace operators never commute, not even on homogeneous trees.
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1 Introduction

This short note addresses a question naturally connected with the work of Alessan-
dro Figa-Talamanca in harmonic analysis on homogeneous trees. Indeed, his work
revealed a strong analogy between geometry and harmonic analysis on trees and on
Riemannian symmetric spaces of rank one [3] (previous progress in this direction,
related to the Radon transform, was made in [1]).

A deeper understanding of this analogy can be achieved by regarding trees as
p-adic symmetric spaces [5, 7]. In this setting, semi-homogeneous trees are the
Bruhat-Tits buildings of rank one. In general, a Bruhat-Tits building of higher rank
n is a simplicial complex where a p-adic semisimple group acts naturally. The ge-
ometry of this action is used to study harmonic analysis and representation theory
of the acting group, and therefore it gives rise to a natural similarity with harmonic
analysis for semisimple Lie groups of rank n. In much the same way, the results de-
veloped in [3] for some discrete groups acting on trees can be regarded as analogous
to harmonic analysis on rank-one semisimple groups.

An important tool for harmonic analysis on a semisimple group G is the maximal
abelian algebra R of invariant differential operators. In the rank-one case this alge-
bra has one generator, namely the Laplace operator. The multiplicative functionals
on R are the spherical functions of the Gelfand pair (G, K), where K is the maxi-
mal compact subgroup of rotations. The algebra R is isomorphic to the algebra of
bi- K -invariant functions on G, that is, radial functions on the homogeneous space
G /K. Spherical functions are coefficients of unitary or uniformly bounded repre-
sentations of G. Spherical functions turn out to be eigenfunctions of the Laplace
operator; the eigenvalue provides an explicit parametrization and yields a construc-
tion of irreducible unitary representations of G. On semisimple groups of rank n
there are n independent commuting invariant differential operators; the commutative
algebra that they generate provides a parametrization with n complex parameters,
and in some cases an explicit construction, of irreducible unitary representations of
the group.

In order to develop harmonic analysis and representation theory for free groups
and other groups acting on a homogeneous tree T, the tool used by Figa-Talamanca
and others (see [1] and further references in [3]) is the (maximal abelian) convolu-
tion algebra of summable radial functions on the vertices of T'. This algebra, denoted
again by R, is defined provided a reference vertex o is chosen as origin, and is gener-
ated by the Laplace operator of T, that is, by the characteristic function of vertices
adjacent to o.

On the other hand, if 7' is semi-homogeneous but not homogeneous, the set V of
its vertices has two orbits V., V_ under the action of the group of automorphisms,
and each orbit carries a convolution algebra of radial functions (with respect to the
respective reference vertex chosen as origin; see [2] for more details). Therefore
there are two Laplace operators, each defined by the characteristic function of the
set of vertices adjacent to the respective origin; but we shall see that the algebras
generated by these two functions have distinct convolution products, and do not
embed into a single commutative superalgebra.
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We are grateful to Simon Gindikin, who raised the question answered here:
whether there exists any non-trivial radial convolution algebra of functions defined
on edges of semi-homogeneous trees. We were not able to find similar results in the
literature (for related research on buildings, see [6]).

2 Preliminaries and Notation

Let T be a tree, that is, a locally finite, connected graph without loops. Let V' be the
countable set of vertices of T. The set E of (non-oriented) edges is a proper (except
in trivial cases) subset of V x V, such that any pair (u, v) € E satisfies u # v and
no non-trivial loops occur. The fact that the edges are unoriented means that we
identify (u, v) with (v, u). We say that u, v € V are adjacent if (u,v) € E.

The degree (or homogeneity) of v € V is the number of edges that contain v
less 1. On T we fix a parity, namely a function ¢ : V — {+1, —1} such that if
(u,v) € E then e(u) = —&(v). The group Aut(T') of automorphisms of T, the in-
vertible self-maps of V that preserve adjacency, is transitive on E if and only if 7
is semi-homogeneous, that is, there are non-negative integers g, g— such that the
degree of every v € V is gg(y); we shall write T =T, ,_ and assume g > g >0
to avoid trivialities. The tree T is homogeneous when g4+ = g_, because this is ex-
actly when Aut(T") acts transitively on V as well. On the other hand, if g4 # g_—
then every automorphism must preserve the parity, so the two level sets of ¢ are the
orbits of Aut(7T) on V. This gives rise to an orientation on the edges. On a semi-
homogeneous, non-homogeneous tree Aut(7") preserves this orientation.

Two edges e, ¢’ are adjacent if they share exactly one vertex. In general, the
chain of edges from e to ¢’ is the minimal finite sequence e = ¢p, ey, ..., e, = €'
in E such that e;_1, e; are adjacent for every j =1, ..., n. The (plain) distance of
e, ¢’ is the non-negative integer n. We refine it to their signed (or oriented) distance
dist(e, ¢') := e¢(v)n, where eg N ey = {v} if n > 0 (note that in general dist(e, ¢’) #
dist(e’, e)). The circle Cy (e) in E of center e € E and radius a non-negative integer n
is the set of edges ¢’ € E such that |dist(e, ¢')| = n. In particular, Cy(e) = {e}. If n >
0, the set C,,(e) splits into two disjoint half-circles Sy (e), S—,(e) (of signed radii
+n, —n respectively) according to the signed distance from e. Their cardinalities
(independent of e) are easily seen to be

(q+q)l12 for even j #0,
S| =14Y""2Y""  forodd j >0, (1)

qiﬁj*l)/zq(:jH)/z forodd j <0,

so that |S_;(e)| =|S;(e)| only for j even or T homogeneous.

Fix eg € E. In the specification of a circle or a half-circle, if the center is omitted
it will be intended to be e¢p. Assume that a function M on E only depends on the
signed distance, that is,

M(e) = M(dist(eo, e)) foreverye € E.
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The convolution of M with a function f on E is given by

M x f(e) = Z M (dist(e, ') f(€)

e'eE
+o00

= Z M (n) Z f(¢) foreveryeeE,
n=—00 e'eS,(e)

for instance if M, f are ¢?>-summable with respect to the counting measure on E.
We shall also let M stand for the convolution operator f +— M * f.

3 Commutative Algebras of Functions on the Vertices
of a Semi-homogeneous Tree

In this section we consider the convolution algebras on the vertices of a semi-
homogeneous tree, as well as the geometry of vertices and associated graphs.

In order to construct commutative algebras of functions on V we must restrict
attention to proper subsets of V. Indeed, let us consider the two subsets V., re-
spectively V_, of vertices of homogeneity g, respectively ¢g_, and equip each with
a graph structure as follows: two vertices in the graph Vi are adjacent if both are
adjacent in the tree T to the same vertex of Vx. The set I+ (v) of vertices adja-
centin T to a given vertex v € V4 forms a complete subgraph of Vi of cardinality
g+ + 1, therefore we shall call V., V_ the locally complete graphs arising from
T. Figures 1 and 2 show the locally complete graphs V., respectively V_, for the
tree 73 2. These graphs are obtained by taking complete graphs on sets of vertices
of cardinality g+ + 1, that we call cells, and connecting them appropriately.

Another interesting graph can be associated to a semi-homogeneous tree as fol-
lows. In each cell we select a subgraph isomorphic to a cycle of g+ + 1 edges, in
such a way that each vertex of the cell belongs to the cycle: that is, we choose a path
that visits every vertex once and remove the remaining edges. The corresponding
graph is a polygonal graph, as defined in [4]: it is obtained by starting with a regular
polygon with n sides, joining new regular polygons of m sides at its vertices, and
iterating this process with alternating values of m and n. Polygonal graphs from V.,
V_ respectively, arising in this way are called polygonal graphs associated with the
semi-homogeneous tree. Each of these graphs has homogeneous cells, that is, its
cells are polygons of the same number of sides (either three or four in our example).
Since a triangle is both a polygon and a complete graph, the polygonal graph as-
sociated with vertices of homogeneity 3 coincides with the locally complete graph
already shown in Fig. 1; a polygonal graph associated with vertices of homogeneity
4 is shown in Fig. 3.

Remark 3.1 We have just shown how to associate two locally complete graphs V.
and V_ and two polygonal graphs to a semi-homogeneous tree T =T, , . Con-
versely, T can be reconstructed as the barycentric subdivision of any of these graphs,
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Fig. 1 The semi-homoge-
neous tree T3 5 (solid edges)
and the locally complete
graph V. (dashed edges).
The tree is the barycentric
subdivision of the graph

Fig. 2 The locally complete a [ )
graph V_. All dashed edges 1\ /1
in this drawing belong to V_: @\,
its cells are complete i
subgraphs spanned by .\: ” /7 : N —~ /.’
polygons of ¢ sides. All its o\ A N0
vertices are represented as :“— - + - —*: ’\
dots: the intersection points ‘ 2 “/ \ 1 \.:
of internal edges are not : )/
vertices. The edges of the tree | N \\ 1/
T3.2, not drawn here, coincide 1\ @ A // ’;/
with some of the edges of V_ ) Y N/ I, ;.
(see next figure) .’,\—— < _""__—';'*\'\ _______ ), :\,\
~ / \ _ - e // \ ~ < - Y \\ ‘—t
II \)\ _ e , \\ So 7(/ \\
.~\\ /// \\ // \\\ // \\\\ /’?:
- -~ / - <
‘\z S < AN *

namely, the graphs obtained by the following three steps. First we insert into each
cell a new vertex, then we join such a new vertex with each old vertex of that cell,
and finally we remove all the old edges (but not the old vertices: see Fig. 1).

Instead, each locally complete graph associated with T can be obtained as the
dual graph of the other, or of the polygonal graph of the opposite sign. Such dual
graph is constructed by replacing each cell by a vertex, and considering two such
vertices adjacent if their originating cells share an old vertex. Since n cells join at
each old vertex (here n = g4 + 1 or g— + 1), this procedure replaces every old vertex
by a complete subgraph of n vertices.
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Fig. 3 The semi-homoge-
neous tree T3 5 (solid edges)
and a polygonal graph
extracted from V (dashed
edges)

By definition, the subsets V., V_ are exactly the full sets of vertices of the as-
sociated locally complete graphs. Therefore the group of automorphisms of the tree
T,, 4_ is transitive both on the vertices of these two graphs and on their sets of
edges.

Remark 3.2 Indeed, more is true: automorphisms of 7, ,_ are also automorphisms
of these two graphs. This is because the edges of the locally complete graphs asso-
ciated with the tree correspond in a one-to-one way to pairs of vertices of the tree
of the same homogeneity and at distance two. Automorphisms of the tree preserve
both homogeneity and distance, so they also act on edges of the locally complete
graphs. It is also clear that this action is transitive.

Let us denote by G the group of automorphisms of T, , , and by K. the
isotropy subgroup at a fixed vertex of homogeneity ¢g+. As Vi is a transitive ho-
mogeneous space for G, this group induces a convolution operation on functions on
V4 ; in particular, it gives rise to a convolution product on functions on a correspond-
ing polygonal graph associated with the tree. For functions on such a graph there is
a natural notion of radiality, introduced in [4] in terms of the block length distance
from a fixed reference vertex (the block length of every vertex is the number of cells
crossed by the minimal path to the reference vertex). If we choose a reference vertex
o+ € V4, the block length of a vertex v in V4 has a natural reinterpretation in terms
of the geometry of T, ,_: it is the number of vertices in V- visited by the minimal
path from v to o+. We shall call this length the distance in V4. Functions on V4 that
depend only on the distance are called radial. So there are two different spaces of
radial functions, one on V, and the other on V_; these two spaces are convolution
algebras (under the respective convolution products), indeed they are the algebras
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generated by the two Laplace operators of the semi-homogeneous tree mentioned at
the end of Sect. 1.

It was proved in [4, Corollary 1] that the radial functions on a polygonal graph
form a maximal abelian algebra under convolution. Therefore the following state-
ment holds:

Proposition 3.3 The algebra of radial functions on vertices in Vi (respectively,
V_) is maximal abelian.

4 Commutative Algebras of Functions on the Edges
of a Semi-homogeneous Tree

As we have seen, the fact that the group of automorphisms of a semi-homogeneous,
non-homogeneous tree is not transitive on vertices does not allow a natural definition
of a convolution algebra on all vertices (see [2] for some advances in this direction).
So, at first glance, the appropriate way to study convolution algebras on all of the
semi-homogeneous tree 7 (and not just on a subset of it) should be to restrict atten-
tion to functions defined on the edges of 7. The group of automorphisms acts transi-
tively on E(T'), and so it gives rise to a satisfactory convolution product on functions
thereon. Since semi-homogeneous trees are (all of) the Bruhat-Tits buildings of rank
one, we expect that, once a reference edge e is chosen, the characteristic function of
edges adjoining e should be a Laplace operator which generates a maximal abelian
convolution algebra, whose multiplicative functional should parameterize at least a
large class of irreducible unitary, or uniformly bounded, representations of the group
of automorphisms.

Here we made use of the natural geometric notion of radiality in terms of distance
from e. However, we may want to introduce a more sophisticated definition, inspired
by a polarization in E(T). Indeed, the group of automorphisms of T preserves edge
orientation, which can be defined positive from its vertex of homogeneity g_ to the
vertex of homogeneity ¢ . Nevertheless, choosing a reference edge e induces a dif-
ferent orientation on E(7) \ {e}: the outgoing orientation. For some edges the two
orientations coincide: in particular, this happens for the edges which join e at its
vertex in V_; for the others, in particular the adjoining edges at the vertex in V.,
the two orientations disagree. Thus, circles around e split in two subsets, which cor-
respond to a positive and a negative half-circle. Now we see that the characteristic
function of edges at distance one from e cannot be expected to generate a radial
convolution algebra; perhaps we should instead consider separately the sets of pos-
itively and negatively oriented edges at distance one, and define the Laplacian as a
suitable linear combination of their characteristic functions. This way we obtain an
oriented definition of radiality, such that, in each circle C, of edges at distance n
from e, a radial function may not be constant; instead, it might attain two different
values on the two half-circles S,,, S_,. Then the definition of radiality would in gen-
eral be given in terms of a sequence of appropriate positive weights w,: a function
is radial if the ratio of its values on S, and S_, equals w, for all n.
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Surprisingly enough, such expectations fail: we show in Theorem 4.2 that not
only the characteristic function of Cj fails to generate a radial algebra in the natural
geometric sense, but also that no linear combination of the characteristic functions
of S7 and S_; generates a radial algebra in the polarized sense, unless 7 is homo-
geneous. In other words, radial functions with support on C; do not generate radial
convolution algebras.

This leads to a more general question, that will be addressed in future work:
if T is semi-homogeneous but not homogeneous, does there exist any non-trivial
radial convolution algebra? Our theorem states that no such algebra may contain
a function whose support has radius 1. We conjecture that no radial algebra may
contain a function of finite support and give hints for the validity of the general
case.

We recall the notation established at the end of Sect. 2. Denoting by xs the char-
acteristic function of a subset S C E, for each relative integer j we consider the
function (or convolution kernel)

_ Jxeo =xeny ifj=0,
m; = e .
Xs; if j #0.

Then our definition of radiality becomes the following:

Definition 4.1 (Radial algebras of functions on edges) Given a sequence {w,} of
positive weights, a function M on the edges of T is radial (in the oriented sense)
with respect to the weights {w,} if for each positive n it is equal to the constant
M4, on the half-circle S4,, where either M, = M_, =0, or M,/M_, = w, (in
particular, M, and M_,, have the same sign). The algebra generated by M is radial
with respect to the weights {w, } if, for all positive integers k, h, n, the convolution
powers M’ and M* satisfy the requirement that

Mhy, (Mby,

MM _, (MK,

(unless (Mh)n = (Mh)_,, =0or (Mk)n = (Mk)_,, = (), which we can in general
rewrite as

h k k h
(M )n(M )—n:(M )n(M )—n' (2)
Theorem 4.2 For everyr_1,ro, r1 € R such that r_1, ry are not both zero the oper-
ator
M=r_im_i +romy+rim

does not generate a radial convolution algebra, unless g+ = q— and r1 =r_1. In
particular this holds forn =1 and r—_1q— + ry194+ = —ro = 1, in which case M is
a weighted Laplace operator on E.
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Proof If one of the coefficients »_; and ry is zero, the other must vanish too, because
the algebra generated by M would not otherwise be radial. Thus we can assume that
they are both non-zero. In order to compute the powers of M, we first check that the
following three identities hold:

mi, = qymo+ (qr — Dmyy, 3)

m2 | =q-mo+(g- — Dm_i, )
whereas

(myim_y)/? for even j > 0,

(m_ymyy)~I7? for even j <0,

(&)

(m+1m_1)(j_1)/2m+1 for odd j > 0,
(m_1my) I D2m_ forodd j <O0.

Indeed, let us compute m%rl. This is the iteration of two copies of the sum over all

forward neighboring (oriented) edges of a given edge in the positive direction. Let
us start with any given edge e. Since each neighboring edge ¢’ has the opposite
direction, the forward neighbors of ¢’ include e and all the forward neighbors of
e except ¢'; identity (3) follows directly from this remark, and (4) is analogous. To
prove the remaining identity, that is (5), let us consider, for example, m_1m_1. Now,
we first apply the operator m_; of sum over the forward neighbor edges of e, and
then the backward sum over all neighbors of such forward neighbors. Because of
orientation reversal when passing to neighbors, this is the same as summing over all
neighbors of e at distance two in the positive direction. This proves one part of (5),
and the other parts follow in the same way.

It is not restrictive to assume that ro = 0, since my is the identity operator. For
the sake of clarity we shall limit the argument to the case n = 1, and abbreviate
r—i1, r+1 by r—, r4, respectively (the general case is handled in a similar way but
computations are more complicated). So r1 and r_ are both non-zero, therefore, as
observed in Definition 4.1, they share the same sign. By the previous identities we
find

M? = (riqy +riq_)mo
+r3(g+ — Dmyy +r2(g- — DHm_
+ryr—(myy +m_p),

M = (rigi(qs — D) +r2q-(q- — D)mo
+(ri(a =g+ 1) +2r4r2g-)

)

+ (ri (qE —q-+ 1) + 2r_riq+

my1
m—j
+ (r2r_(g+ — D +r4r2 (g — D) (my2 +m_2)

2 2
+rir-myz+rirym-_3.
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If two convolution operators belong to the same radial convolution algebra, then for
each positive integer j their coefficients of the terms m ;, m_; must either have
the same fixed ratio, say w;, or must both vanish. Imposing (2) for n = h =1 and
k = 2, respectively k = 3, we obtain

rori(gy =) =ryrl(g- - D), (6)

r_ (;"_3|r (qfL —q++ 1) + 2r+r3q_) = r+(ri (qz —q-+ 1) + 2r_rf_q+). @)

If g+ = g— =1 then (7) simplifies to 72 = r2, that implies r_ = r,. (the standard

radiality of the homogeneous setting). If g = 1 < g, then (6) cannot hold, since
r4,r— # 0. On the other hand, if g1, g— > 1, it follows from (7) that

r_%_(qi —3q++ 1) = ri(qi —3q-+ 1).
From (6) and (7) we have

a2 -3¢-+1 ri (g -1
gt =3q++1 2 (q+—1)7?

for every r, r_. By equating the left- and right-hand sides and observing that (g2 +
D(gy —D* = (g7 + (g — 1> =29_(q5 + 1) —2q4(¢2 + 1), we obtain

q- q+
= . ®)
(@-—-D? (g+-D?
Since the function ¢ +— ¢ /(1 + 1?2 is strictly monotone for ¢ > 0, this implies g_ =
q+ regardless of the values of r_, r. Finally, by (6), we have ry =r_. 0

This unexpected behavior of algebras generated by a radial function M is proba-
bly not limited to the case where M is supported on edges at distance 1 from the ref-
erence edge. Since on any given M of finite support we can impose countably many
radiality conditions (2), we expect that such M does not generate a radial algebra
unless the tree is homogeneous (i.e., g+ =¢g—) and r; =r_j for all j. Therefore:

Conjecture 4.3 Let n be a positive integer, and let (rj)j=—n,...+n be a finite se-
quence of real numbers such that for each j =1, ..., n the terms r_;j, ry; are both
positive, or both negative, or (if j < n) both zero. Then the operator

+n
M = E rim;
j==—n

does not generate a radial convolution algebra, unless g =q_ and rj =r_; for
every j.
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Next we give evidence for this conjecture in the case the support is contained in
the disc of radius 2, that is,

M=r_m_+r_im_i +romg+rimy +ramy

but again, without loss of generality, from now on we set ry = 0. First, we rewrite (1)
by setting g, = | Sn(e)|:

gkqt  ifin|=2k>0,

an=1¢""gk ifn=2k+1>0,

gkg ! ifn=—-2k—1<0.

The multiplication rules between the functions m,, follow implicitly from (1), (3),
(4), and (5):

miyj if i =O,
ori > (0 even and
j 2 09
ori < 0even and
J<0;
gimivj + 21 21 (@jrk—1 — qj+k)Mitj12k—1 if i > 0 even and
0>j=-i;
q—imivj+ 3 j—1(@itk—1 —q-ividm_i_jio—1 ifi >0evenand
J< i
qimitj+ D0 (@j—k+1 — Qj—k)Mit j—2k+1 if i <0 even and
0<j<—i;
g-imivj+ 3 31 Gik1 —q-i—idm_i—j o1 ifi <0evenand
mim;j = j=—i;
mi_j if i > 0 odd and
j < 09
ori <0 odd and
ji=0;
qimi—j + D41 (@j—k+1 — Qj—k)Mi—j42k—1 ifi > 0 odd and
0<j<i;
qimi—j + D gy (@i—k+1 — Gi—k)M it j12%—1 if i >0 odd and
J=i
gimi—j + 2 1 21 (@jrk—1 — qjk)mij k41 ifi <0 odd and
0>j=>1i;
gimi—j + Y, L (Gitk—1 — Gitk)M—itj—2k+1 ifi <0 odd and
J <.

9)
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Now we see that

(Mz)_2 =rori+ror-a(g- — D +rir—a(g+ — 1),
(10)

(M?), = roir + rira(gs — D +ro1ra(g- — D).

Then the radiality condition (2) forn = h =2 and k = 1 gives

roa(roirn 4 rilge =D +roi(g- — D) =ra(roiri +ri(ge — D +r-1(g— — 1)),

hence r_p =rp unlessr_; =r; =0.
Let us deal with the case r—_; = r; = 0, by checking the radiality condition (2)
forn =1, k =2, h =3 (the power M vanishes on C>(e)). Now we find

(M?)_, =r_ara(g- — D,
(M?), =r_ar2(g+ — -,

(M?)_ = (Zor2+r-ar3) @+ — Dara-,
(M), = (r2yr2 +r-2r3)(g- — Dg—g4-

Thus, (2) yields g4 (g— — 1)?> = g_(g+ — 1)?, that is, again (8), and it follows again
g+ = q—. Let us write g+ = g— = g: but then, (10) yields (M?); = (M*»_, =0,
and by the multiplication rules we see that

(M%), =r-2r3q(24° —q +2),
(M3)_2 = rzrzzq (2q2 —q+ 2).

Since the polynomial 2¢% — g + 2 has no real roots, it follows that oriented radiality
now implies r_2r22 = r2r32, that is again rp = r_,, the usual radiality.

Returning to the general environment of non-homogeneous trees, g+ # g—, we
now know that we may assume r_p = r». We should impose conditions (2) to the
powers of M. Combinatorics are exceedingly complicated and arithmetic simplifi-
cations cannot be carried through by hand, but we checked by symbolic calculus that
the radiality conditions for M2, M? and M* on edges at distance 1 from the origin
are not simultaneously satisfied unless r_; = 0 = r1, the case that we have already
dealt with: hence the only radial algebras generated by M with support on the disc
of radius 2 arise when the tree is homogeneous and M is radial in the usual sense,
as claimed. We verified this by symbolic calculus, using the symbolic manipulation
package Mathematica. We performed the computations for all g # g— up to 100.
Here is the Mathematica code that we wrote for this computation and can be used
for larger values of the homogeneity degrees:

(# Cardinalities of half-circles: =)
q[n_]::If[nEO,
If[EvenQ[n], g4"/2g_"/?, g, ("tD/2q_(n=D/2],
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1£[EvenQln], g "/2q- "7, g D Rq =D

(* Multiplication rules for ml[i]: *)
pli_,j_1:=
(x» we cannot write mli]lm[j] as the left-hand side, =x)
(» because the factors of product )
(» would be automatically reordered x)
(» even if the product is non-commutative =)
T£[i==0,m[i + j], 1f[EvenQli],
I£[i >0, I£[j >0, m[i + j],
TE[j > —i,qLjlmli + j1+ Y37 (qLj +k — 11— qLj +kl)mli +j +2k — 11,
gl—ilmli + j1+ Yk (ql—i +k — 11— g[—i +kl)m[—i — j +2k — 11]],
1£[j <0, mli + jl.
TE[j < —i.qljlmli + j1+ X7, (qlj —k+ 11— qlj —Kl)mli +j — 2k + 11,
gl=ilmli + j1+ Y0l (ql—i — k+11—g[—i —kl)m[—i — j — 2k +11]]],
If[i >0, I£[j <0, m[i — /],
TE[j <i, qljimli — 1+ X_, (qlj —k+ 11— qlj — kl)mli — j + 2k — 11,
qlilmli — j1+ 35—y (qli —k + 11— qli — K)m[—i + j + 2k — 11]],
I£[j =0, mli — jl,
TE[j > i, qljlmli — j1+ 337, (qlj +k — 11— qlj +kl)mli — j — 2k + 11,
glilmli — j1+ Y0k (qli +k — 11— gli + kl)m[—i + j — 2k + 11]]]]]

(# Function M defined on edges, *)
(» constant on half-circles: x)
M(n_]:=sum[r;mm[i], {i, —n, —1}] + Sum[rimm[i], {i, 1, n}]

(# Convolution powers of function M: x)
powerofM[n_, 0]:=m[0]
powerofM[n_, k_]:=powerofM[n,k — 11M[n]/ .m[1_]Jmm[]_] — pli, j]

(# n is radius of M; k is exponent =x)

(* Component along mlu] *)

(# of convolution power k of M: x)
k_,u_]:=
Coefficient[powerofM[n, k], m[u]]

coefficientofpowerofM[n

—

(# Radiality conditions on edges of length u =)
(= for powers k,h of a function =)

(» with support on disc of radius n: =)
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equation[n_,k_,h_,u_]:=
coefficientofpowerofM(n, k, —ulcoefficientofpowerofMin, h,u] —
coefficientofpowerofM|n,k,u]lJcoefficientofpowerofMn, h, —u]

(» For all g— <g4+ <100 =x)
(+ this double loop checks radiality conditions *)
(» for M, its square, and its cube =x*)
(# on edges of length 1 «*)
amax : =100
For[q_ =1,q- <agmax, g_++, For[q+ =qg_,q+ <amax+ 1, g4 ++,
Print[{q_, q+,7r—1,r1}/ .NSolve[{
equation|2,2,1,1]==0/.r_,—>1/.rp — 1,
equation|2,3,1,1]==0/.r_—, —>1/.rp— 1,
equation[2,4,1,1]==0/.rp — 1/.r; > 1}, {r—1, r1}]]]]

Remark 4.4 1t follows easily from the multiplication table (9) that the convolution
of functions supported on edges of even (respectively, odd) length is not supported
on the same sets, that is, it does not respect the parity of the length.

Moreover, the two Laplacians m and m_1 of radius 1 never commute, not even
on homogeneous trees. So, taken together, they fail to generate a radial algebra
and also an abelian algebra. Of course neither of them individually is radial, hence
neither generates a radial algebra, not even on a homogeneous tree. We have seen in
the proof of Theorem 4.2 that none of their linear combinations generates a radial
algebra unless the tree is homogeneous and the linear combination is a multiple of
m1 +m_q. A similar statement holds for generators supported on edges of length at
most 2, by the argument given above in the proof of Conjecture 4.3 for that case.
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Surjunctivity and Reversibility of Cellular
Automata over Concrete Categories

Tullio Ceccherini-Silberstein and Michel Coornaert

Abstract Following ideas developed by Misha Gromov, we investigate surjunctiv-
ity and reversibility properties of cellular automata defined over certain concrete
categories.
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1 Introduction

A cellular automaton is an abstract machine which takes as input a configuration
of a universe and produces as output another configuration. The universe consists
of cells and a configuration is described by the state of each cell of the universe.
There is an input and an output state set and these two sets may be distinct. The
state sets are also called the sets of colors, the sets of symbols, or the alphabets. The
transition rule of a cellular automaton must obey two important properties, namely
locality and time-independence. Locality means that the output state of a given cell
only depends on the input states of a finite number of its neighboring cells possibly
including the cell itself.

In the present paper, we restrict ourselves to cellular automata for which the uni-
verse is a group. The cells are the elements of the group. If the input alphabet is
denoted by A, the output alphabet by B, and the group by G, this means that a
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cellular automaton is given by a map 7: AS — B, where AC := {x: G — A} is
the set of all input configurations and B¢ := {y: G — B} is the set of all possi-
ble output configurations. Besides locality, we will also always require a symmetry
condition for 7, namely that it commutes with the shift actions of G on AS and B®
(see Sect. 2 for precise definitions). In the case when G = 72 and A = B is a finite
set, such cellular automata were first considered by John von Neumann in the late
1940s to serve as theoretical models for self-reproducing robots. Subsequently, cel-
lular automata over Z, Z2 or Z3 were widely used to model complex systems arising
in natural or physical sciences. On the other hand, the mathematical study of cellu-
lar automata developed as a flourishing branch of theoretical computer science with
numerous connections to abstract algebra, topological dynamical systems, ergodic
theory, statistics and probability theory.

One of the most famous results in the theory of cellular automata is the Garden
of Eden theorem established by Moore [33] and Myhill [34] in the early 1960s. It
asserts that a cellular automaton 7: A — A%, with G = Z¢ and A finite, is surjec-
tive if and only if it is pre-injective (here pre-injective means that two configurations
having the same image by t must be equal if they coincide outside a finite number
of cells). The name of this theorem comes from the fact that a configuration that is
not in the image of a cellular automaton t is sometimes called a Garden of Eden
for T because in a dynamical picture of the universe, obtained by iterating 7, such
a configuration can only appear at time 0. Thus, the surjectivity of t is equivalent
to the absence of Garden of Eden configurations. At the end of the last century, the
Garden of Eden theorem was first extended to finitely generated groups of subexpo-
nential growth in [30] and then to all amenable groups in [18]. It is now known [5]
that the class of amenable groups is precisely the largest class of groups for which
the Garden of Eden theorem is valid.

Observe that an immediate consequence of the Garden of Eden theorem is that
every injective cellular automaton 7: A® — A®, with G amenable and A finite, is
surjective and hence bijective. The fact that injectivity implies surjectivity, a prop-
erty known as surjunctivity [21], was extended by Gromov [22] and Weiss [38] to
all cellular automata 7: A® — AC with finite alphabet over sofic groups. The class
of sofic groups is a class of groups introduced by Gromov [22] containing in partic-
ular all amenable groups and all residually finite groups. Actually, there is no known
example of a group that is not sofic.

Let us note that in the classical literature on cellular automata, the alphabet sets
are most often assumed to be finite. With these hypotheses, topological methods
based on properties of compact spaces may be used since A is compact for the
prodiscrete topology when A is finite (Sect. 2.1). For example, one easily deduces
from compactness that every bijective cellular automaton 7: A¢ — B¢ is reversible
when A is finite (a cellular automaton is called reversible if it is bijective and its
inverse map is also a cellular automaton, see Sect. 2.6). On the other hand, in the
infinite alphabet case, there exist bijective cellular automata that are not reversible.

The aim of the present paper is to investigate cellular automata 7: A — B¢
when the alphabets A and B are (possibly infinite) objects in some concrete cate-
gory % and the local defining rules of t are %-morphisms (see Sect. 3 for precise
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definitions). For example, 4" can be the category of (let us say left) modules over
some ring R, the category of topological spaces, or some of their subcategories.
When % is the category of vector spaces over a field K, or, more generally, the
category of left modules over a ring R, we recover the notion of a linear cellular
automaton studied in [10-13]. When ¥ is the category of affine algebraic sets over
a field K, this gives the notion of an algebraic cellular automaton as in [17].
Following ideas developed by Gromov [22], we shall give sufficient conditions
for a concrete category % that guarantee surjunctivity of all @-cellular automata
7: A% — AC when the group G is residually finite (Sect. 7). We shall also describe
conditions on ¥ implying that all bijective 4’-automata are reversible (Sect. 8).
The present paper is mostly expository and collects results established in Gro-
mov’s seminal article [22] and in a series of papers written by the authors [10—
14, 16, 17]. However, our survey contains some new proofs as well as some new
results. On the other hand, we hope our concrete categorical approach will help the
reader to a better understanding of this fascinating subject connected to so many
contemporary branches of mathematics and theoretical computer science.

2 Cellular Automata

In this section, we have gathered background material on cellular automata over
groups. The reader is referred to our monograph [15] for a more detailed exposition.

2.1 The Space of Configurations and the Shift Action

Let G be a group and let A be a set (called the alphabet or the set of colors). The set
AC ={x: G- A)

is endowed with its prodiscrete topology, i.e., the product topology obtained by
taking the discrete topology on each factor A of A® =] geg A- Thus, if x € A%, a
base of open neighborhoods of x is provided by the sets

Vix,2):={ye A% :x|lp =yla},

where £2 runs over all finite subsets of G and x| € A® denotes the restriction of
x e A% to 2.

The space A%, which is called the space of configurations, is Hausdorff and
totally disconnected. It is compact if and only if the alphabet A is finite.

Example 2.1 If G is countably infinite and A is finite of cardinality |A| > 2, then
ACG is homeomorphic to the Cantor set. This is the case for G =Z and A = {0, 1},
where AC is the space of bi-infinite sequences of 0’s and 1’s.
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There is a natural continuous left action of G on A® given by
G x A® —> AG,
(8, x) > gx
where
gx(h) =x(g~'h) foreveryheG.

This action is called the G-shift on AC.
The study of the shift action on A is the central theme in symbolic dynamics.

2.2 Cellular Automata

Definition 2.2 Let G be a group. Given two alphabets A and B, a map t: A® —
BY is called a cellular automaton if there exist a finite subset M C G and a map
wy: AM — B such that

(t(x))(g) = /LM((g_lx)|M) for every x € AC, g€q, @))

where (g~ 'x)|p denotes the restriction of the configuration g~'x to M. Such a set

M is called a memory set and the map 1y : AM — B is called the associated local
defining map.

Example 2.3 The identity map Id ;6 : A — AC is a cellular automaton with mem-
ory set M = {lg} and local defining map the identity map puy = Ids: AM =
A—A.

Example 2.4 If we fix an element by € B, then the constant map 7: A® — B¢,
defined by t(x)(g) = bo for all x € A% and g € G, is a cellular automaton with
memory set M = .

Example 2.5 1If we fix an element gg € G, then the map 7: AY — AG defined by
T(x)(g) = x(ggo) forall x € AC and g € G, is a cellular automaton with memory
set M ={go}.

Example 2.6 (The majority action on Z) Let G =7, A=1{0,1}, M ={—-1,0, 1},
and (s : AM = A3 - A defined by upm(a—1,a9,a1) =1lifa_; +ag+a; >2 and
um(a—1,ap,ar) = 0 otherwise. The corresponding cellular automaton 7 : AZ
AZ is described in Fig. 1.

Example 2.7 (Hedlund’s marker [24]) Let G =7Z, A ={0,1}, M ={-1,0, 1,2},
and 1y : AM = A* — A defined by s (a_1, ag, ar, az) = 1 —agif (a_1,ay, az) =
(0,1,0) and pp(a—1,ap, ar,az) = ag otherwise. The corresponding cellular au-
tomaton 7: AZ — AZ is a non-trivial involution of AC (see Fig. 2).
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Fig. 1 The cellular

automaton defined by the * "'|O|1|O|1!1|0|OII|O|O|1|---
majority action on Z u

«(x) . Jo[T[1]T[o[0fo[ofo] .-
Fig. 2 The cellular e
automaton defined by the x "'|0|1|0|1w |(M0|0|1|. -
Hedlund marker u

©(x) - [TOO[T[0]TT[ -

Example 2.8 (Conway’s Game of Life) Life was introduced by J.H. Conway in the
1970’s and popularized by M. Gardner. From a theoretical computer science point
of view, it is important because it has the power of a universal Turing machine, that
is, anything that can be computed algorithmically can be computed by using the
Game of Life.

Let G =Z2 and A = {0, 1}. Life is the cellular automaton

7: {0, 1% = (0, )%

with memory set M = {—1,0, 1}> C Z? and local defining map 11: AY — A given
by

1 i ZmEM y(m) =3
uy) = or Y,y y(m) =4and y((0,0)) =1 (2)
0 otherwise

for all y € AM. One thinks of an element g of G = Z? as a “cell” and the set
gM (we use multiplicative notation) as the set consisting of its eight neighboring
cells, namely the North, North-East, East, South-East, South, South-West, West and
North-West cells. We interpret state O as corresponding to the absence of life while
state 1 corresponds to the presence of life. We thus refer to cells in state O as dead
cells and to cells in state 1 as live cells. Finally, if x € AZz is a configuration at
time ¢, then t(x) represents the evolution of the configuration at time ¢ 4 1. Then
the cellular automaton in (2) evolves as follows.

e Birth: a cell that is dead at time ¢ becomes alive at time ¢ + 1 if and only if three
of its neighbors are alive at time 7.

e Survival: a cell that is alive at time ¢ will remain alive at time ¢ 4 1 if and only if
it has exactly two or three live neighbors at time .

e Death by loneliness: a live cell that has at most one live neighbor at time ¢ will
be dead at time ¢ 4 1.
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Fig. 3 The evolqtion of a cell ol0l0 0l0l0
in the Game of Life. The
0/0{0] — 1 0|1{0| — 1
symbol * represents any Tl Bi T .
symbol in {0, 1} Birth *|Survival
0/0{0 1|
01|10 — 0 1% — 0
0[0[*| Death 1|1|*| Death

e Death by overcrowding: a cell that is alive at time ¢ and has four or more live
neighbors at time ¢, will be dead at time 7 + 1.

Figure 3 illustrates all these cases.

Observe that if 7: A — B is a cellular automaton with memory set M and
local defining map .y, then wyy is entirely determined by T and M since, for all
y € AM we have

pum(y) =t(x)(lg), 3)

where x € AC is any configuration satisfying x| = y. Moreover, every finite subset
M’ C G containing M is also a memory set for T (with associated local defining
map [y : AM . B given by upy (v) = up(yly) forall y € AM/). In fact (see for
example [15, Sect. 1.5]), the following holds. Every cellular automaton 7: A% —
BC admits a unique memory set My C G of minimal cardinality. Moreover, a subset
M C G is amemory set for t if and only if My C M. This memory set My is called
the minimal memory set of 7.

From the definition, it easily follows that every cellular automaton 7: A® — B¢
is G-equivariant, i.e.,

T(gx) =gt(x) foreveryx e A, geG

[15, Proposition 1.4.6], and continuous with respect to the prodiscrete topologies on
AS and BY [15, Proposition 1.4.8].

2.3 Composition of Cellular Automata

The following result is well known. The proof we present here follows the one given
in [15, Remark 1.4.10]. An alternative proof will be given in Remark 2.15 below and
the result will be strengthened later in Proposition 3.14.

Proposition 2.9 Let G be a group and let A, B and C be sets. Suppose that
t: A® - BS and o: B¢ — CC are cellular automata. Then the composite map
oot: AY — CY is a cellular automaton.
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Proof Let S (resp. T) be a memory set for o (resp. t) and let w: BS > C (resp.
v: AT — B) be the corresponding local defining map. Then the set ST = {st : s €
S,t €T} C G is finite. We have sT C ST for every s € S. Consider, for each s € S,
the projection map 7y : AST — A*T | the bijective map f;: A*T — AT defined by
Ffs(0) () = y(st) forall y € A*T and ¢ € T, and the map ¢, : AST — B given by

@s :=Vvo fsoms. 4)
Finally, let

<1>::l_[g0s: AST — BS &)

seS

be the product map defined by @ (z)(s) = ¢s(z) forall z € AST
Let us show that o o 7 is a cellular automaton with memory set ST and associated
local defining map

k=pod: AST - C. (6)
Let x € A®. We first observe that, for all s € S and ¢ € T, we have
(s7'x) (1) = x(s1)

= x|sr(st)

= ((fs o 7s) (x[57)) (1)
so that

(s7'x)|; = (fs o) (xls7).
It follows that
() =v((s7x)|,;) =v(fi (s (xls))) = @ (xls7).

Thus, we have

(t)]g =P xls7). ©)
We finally get
((001)))(8) =0 (1(x))(g)
=u((e7't)l)
=n(t(g 'x)g) (by G-equivariance of 1)
=u(@((e7'x)|s7)) by (D)
2"((3_1’“)|ST) (by (6)).

This shows that o o 7 is a cellular automaton with memory set ST and associated
local defining map «. g
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If we fix a group G, we deduce from Example 2.3 and Proposition 2.9 that the
cellular automata 7: A® — B© are the morphisms of a subcategory of the cate-
gory of sets whose objects are all the sets of the form AS. We shall denote this
subcategory by CA(G).

2.4 The Curtis-Hedlund Theorem

When the alphabet A is finite, the Curtis-Hedlund theorem holds [24] (see also [15,
Theorem 1.8.1]):

Theorem 2.10 Let G be a group, A a finite set and B a set. Let t: A — B% bea
map. Then the following conditions are equivalent:

(a) T is a cellular automaton,
(b) t is G-equivariant and continuous (with respect to the prodiscrete topologies
on A% and B9).

As already mentioned in Sect. 2.2, the implication (a) = (b) remains true for A
infinite. When the group G is non-periodic (i.e., there exists g € G of infinite order)
and A is infinite, one can always construct a G-equivariant continuous self-mapping
of AS which is not a cellular automaton (see [16] and [15, Example 1.8.2]).

Example 2.11 For G =A =7, themap t: A — A€, defined by
T(x)(n) =x(x(n) +n),

is G-equivariant and continuous, but 7 is not a cellular automaton.

2.5 Uniform Spaces and the Generalized Curtis-Hedlund Theorem

Let X be a set.
We denote by Ax the diagonal in X x X, thatis the set Ax = {(x,x):x € X}

The inverse U of a subset U C X x X is the subset of X x X defined by U =
{(x,y) : (y,x) € U}). We define the composite U o V of two subsets U and V of
X x X by

UoV ={(x,y) : there exists z € X such that (x,z) € U and (z, ) € V} C X x X.

Definition 2.12 Let X be a set. A uniform structure on X is a non-empty set % of
subsets of X x X satisfying the following conditions:

(UN-1) if U € % ,then Ax C U;
(UN-2) if UeZ andUCV CX x X,thenV € %,
(UN3) ifUe andV e, thenUNV € ¥,
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-1
(UN-4) if U e % ,then U € %,
(UN-5) if U € % , then there exists V € % suchthat VoV C U.

The elements of % are then called the entourages of the uniform structure and the
set X is called a uniform space.

A subset # C % is called a base of 7% if for each W € % there exists V € #
such that V.C W.

Let X and Y be uniform spaces. Amap f: X — Y is called uniformly continuous
if it satisfies the following condition: for each entourage W of Y, there exists an
entourage V of X such that (f x f)(V) C W. Here f x f denotes the map from
X x X into Y x Y defined by (f x f)(x1,x2) = (f(x1), f(x2)) for all (x1,x3) €
X x X.

If X is a uniform space, there is an induced topology on X characterized by
the fact that the neighborhoods of an arbitrary point x € X consist of the sets
Ulx]={y e X:(x,y) € U}, where U runs over all entourages of X. This topol-
ogy is Hausdorff if and only if the intersection of all the entourages of X is reduced
to the diagonal Ayx. Moreover, every uniformly continuous map f: X — Y is con-
tinuous with respect to the induced topologies on X and Y.

Example 2.13 If (X, dx) is a metric space, there is a natural uniform structure on X
whose entourages are the sets U C X x X satisfying the following condition: there
exists a real number ¢ > 0 such that U contains all pairs (x, y) € X x X such that
dx(x,y) < e. The topology associated with this uniform structure is then the same
as the topology induced by the metric. If (Y, dy) is another metric space, then a map
f: X — Y is uniformly continuous if and only if for every ¢ > O there exists § > 0
such that dy (f (x1), f(x2)) < & whenever dx (x1, x2) < §.

The theory of uniform spaces was developed by A. Weil in [37] (see e.g. [8, 26],
[15, Appendix B]).

Let us now return back to configuration spaces and cellular automata. Let G be
a group and A be a set. We equip AC with its prodiscrete uniform structure, that is
with the uniform structure admitting the sets

W(R2):={(x.y) € A% x A% : x| = yla}.

where £2 C G runs over all finites subsets of G, as a base of entourages.
We then have ([16]; see also [15, Theorem 1.9.1]) the following extension of the
Curtis-Hedlund theorem:

Theorem 2.14 Let G be a group and let A and B be sets. Let T: A° — BY be a
map. Then the following conditions are equivalent:

(a) T is a cellular automaton,
(b) 1 is G-equivariant and uniformly continuous (with respect to the prodiscrete
uniform structures on A¢ and B©).
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Remark 2.15 Since the composite of two G-equivariant (resp. uniformly contin-
uous) maps is G-equivariant (resp. uniformly continuous), we immediately deduce
from Theorem 2.14 an alternative proof of the fact that the composite of two cellular
automata is a cellular automaton (Proposition 2.9).

2.6 Reversible Cellular Automata

Given a group G and two sets A and B, a cellular automaton 7: A® — BC is called
reversible if T is bijective and its inverse map t~!: B¢ — A is also a cellular au-
tomaton. Observe that the reversible cellular automata 7: AS — BY are precisely
the isomorphisms of the category CA(G) introduced at the end of Sect. 2.3. It imme-
diately follows from Theorem 2.14 that a bijective cellular automaton 7: A¢ — BC
is reversible if and only if the inverse map z~!: B¢ — A is uniformly continuous
with respect to the prodiscrete uniform structures on A and BC.

When the alphabet A is finite, every bijective cellular automaton 7: A¢ — B¢
is reversible by compactness of AS. On the other hand, when A is infinite and the
group G is non-periodic, there exist bijective cellular automata 7: A® — A€ that
are not reversible (see [16], [15, Example 1.10.3], and the examples given at the end
of the present paper).

2.7 Induction and Restriction of Cellular Automata

Let G be a group, A and B two sets, and H a subgroup of G.
Suppose that a cellular automaton 7: A® — B¢ admits a memory set M such
that M C H. Let uf,,: AM _ B denote the associated local defining map. Then the

map ty : A¥ — BH defined by
(0 () =pu$((h'y)],,) forallye A andh e H,

is a cellular automaton over the group H with memory set M and local defining
map ,uﬁ = ,ug[. One says that ty is the cellular automaton obtained by restriction
of t to H.

Conversely, suppose that o : A7 — B is a cellular automaton with memory
set N C H and local defining map v : AN — B. Then the map 0¢: AG — BC
defined by

GG(x)(g) = v,f,’((gilx) |N) forall x € A% and g€q,

is a cellular automaton over the group G with memory set N and local defining map

vg =V 1{,’ . One says that 0¥ is the cellular automaton obtained by induction of o

to G.
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It immediately follows from their definitions that induction and restriction are
operations one inverse to the other in the sense that (tg)? =7 and (6%)y = o for
every cellular automaton 7: A® — B over G admitting a memory set contained in
H, and every cellular automaton o : A¥ — B over H. We shall use the following
result, established in [14, Theorem 1.2] (see also [15, Proposition 1.7.4]).

Theorem 2.16 Let G be a group, A and B two sets, and H a subgroup of G.
Suppose that t: A® — B is a cellular automaton over G admitting a memory
set contained in H and let gy : A™ — BH denote the cellular automaton over H
obtained by restriction. Then the following holds:

(1) t is injective if and only if Ty is injective;
(1) t is surjective if and only if Ty is surjective;
(iii) t is bijective if and only if Ty is bijective;
(iv) T(A9) is closed in BS for the prodiscrete topology if and only if Ty (A™) is
closed in BY for the prodiscrete topology.

3 Cellular Automata over Concrete Categories

We assume some familiarity with the basic concepts of category theory (the reader
is referred to [31] and [1] for a detailed introduction to category theory). We adopt
the following notation:

e Set is the category where objects are sets and morphisms are maps between them;

e Set/ is the full subcategory of Set whose objects are finite sets;

e Grp is the category where objects are groups and morphisms are group homo-
morphisms between them;

e Rng is the category where objects are rings and morphisms are ring homomor-
phisms (all rings are assumed to be unital and ring homomorphisms are required
to preserve the unity elements);

e Fld is the full category of Rng whose objects are fields (a field is a non-trivial
commutative ring in which every nonzero element is invertible);

e R-Mod is the category where objects are left modules over a given ring R and
morphisms are R-linear maps between them;

e R-Mod/ ¢ is the full subcategory of R-Mod whose objects are finitely-generated
left modules over a given ring R;

e K-Vec = K-Mod is the category where objects are vector spaces over a given
field K and morphisms are K -linear maps between them;

o K-Vec/=4 = K-Mod/~¢ is the full subcategory of K-Vec whose objects are
finite-dimensional vector spaces over a given field K

e K-Aal is the category where objects are affine algebraic sets over a given field
K and morphisms are regular maps between them. Recall that A is an affine
algebraic set over a field K if A C K", for some integer n > 0, and A is the
set of common zeroes of some set of polynomials S C K[z, 1, ..., ,]. Recall
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also that amap f: A — B from an affine algebraic set A C K" to another affine
algebraic set B C K™ is called regular if f is the restriction of some polynomial
map P: K" — K™ (see for instance [9, 28, 32, 35] for an introduction to affine
algebraic geometry);

e Top is the category where objects are topological spaces and morphisms are con-
tinuous maps between them;

e CHT is the subcategory of Top whose objects are compact Hausdorff topological
spaces;

e Man is the subcategory of Top whose objects are compact topological manifolds
(a topological manifold is a connected Hausdorff topological space in which ev-
ery point admits an open neighborhood homeomorphic to R” for some integer
n=>=0).

If € is a category and A is a ¥-object, we shall denote by Id4 the identity
morphism of A.

3.1 Concrete Categories

A concrete category is a pair (¢, U), where € is a category and U: ¥ — Set is
a faithful functor from % to the category Set. The functor U is called the forgetful
Sfunctor of the concrete category (%, U). We will denote a concrete category (%, U)
simply by ¥ if its forgetful functor U is clear from the context.

Let (¥, U) be a concrete category. If A is a ¥-object, the set U(A) is called
the underlying set of A. Similarly, if f: A — B is a %-morphism, the map
U(f): U(A) — U(B) is called the underlying map of f. Note that two distinct %'-
objects may have the same underlying set. However, the faithfulness of U implies
that a ¥’-morphism is entirely determined by its underlying map once its source and
target objects are given.

Every subcategory of a concrete category is itself a concrete category. More pre-
cisely, if (¢, U) is a concrete category, & is a subcategory of ¢, and U |4 denotes
the restriction of U to &, then (2, U|y) is a concrete category.

The categories Set, Grp, Rng, R-Mod, K-Aal and Top, equipped with their ob-
vious forgetful functor to Set, provide basic examples of concrete categories. On
the other hand, it can be shown that the homotopy category hTop, where objects
are topological spaces and morphisms are homotopy classes of continuous maps
between them, is not concretizable, in the sense that there exists no faithful functor
U : hTop — Set (see [20] and [1, Exercise 5J]).

Let ¥ be a category. Recall that a product of a family (A;);es of €-objects is a
pair (P, (7;)ier), where P is a €-objectand r;: P — A;, i € I, are ¥-morphisms
satisfying the following universal property: if B is a ¢-object equipped with %-
morphisms f;: B — A;, i € I, then there is a unique ¢’ -morphism g: B — P such
that f; = m; o g for all i € 1. When it exists, such a product is essentially unique,
in the sense that if (P, (7r;);¢7) and (P’, (7r/)ier) are two products of the family
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(A})ies then there exists a unique €-isomorphism ¢ : P — P’ such that ; = ni’ o
forall i € 1. By a common abuse, one writes P =[[..; A; and g =[], fi-

One says that a category % has products [1, Definition 10.29.(1)], or that ¥
satisfies condition (P), if every set-indexed family (A;);c; of %-objects admits a
product in €.

One says that a category & has finite products [1, Definition 10.29.(2)], or that
€ satisfies (FP), if every finite family (A;);c; of €-objects admits a product in €.
By means of an easy induction, one shows that a category % has finite products if
and only if it satisfies the two following conditions:

(a) ¥ has a terminal object (such an object is then the product of the empty family
of ©-objects);
(b) any pair of %’-objects admits a product [1, Proposition 10.30].

It is clear from these definitions that (P) implies (FP).

The categories Set, Grp, Rng, R-Mod, Top and CHT all satisfy (P). On the other
hand, the category Set/ satisfies (FP) but not (P). The category R-Mod/ ¢ satisfies
(FP) but, unless R is a zero ring, does not satisfy (P). The category K-Aal of affine
algebraic sets and regular maps over a given field K also satisfies (FP) but not (P).
The category Fld does not satisfy (FP) (it does not even admit a terminal object).

Suppose now that (¢,U) is a concrete category. Given a family (A;);es
of @-objects, one says that the pair (P, (7;);cs) is a concrete product of the
family (A;)ic; if (P, (7;)icr) is a product of the family (A;)ic; in ¥ and
(U(P),(U(m))ier) is a product of the family (U(A;))ie; in Set [1, Defini-
tion 10.52].

One says that (¢, U) has concrete products, or that (¢, U) satisfies (CP), if every
set-indexed family of % -objects admits a concrete product [1, Definition 10.54].

One says that (%, U) has concrete finite products, or that (¢, U) satisfies (CFP),
if every finite family of 4’-objects admits a concrete product. By using an induction
argument, one gets a characterization of (CFP) analogous to the one given above for
(FP). More precisely, one can show that a concrete category (%, U) has concrete
finite products if and only if it satisfies the two following conditions:

(a) ¥ has a terminal object whose underlying set is reduced to a single element
(such an object is then the concrete product of the empty family of 4’-objects);
(b) any pair of %’-objects admits a concrete product.

It is clear from these definitions that (CP) implies (CFP).

The concrete categories Set, Grp, Rng, R-Mod, Top and CHT all satisfy (CP).
The concrete categories Set/ s R-Mod/ 8 (for R a nonzero ring), K-Aal, and Man
satisfy (CFP) but not (CP), since they do not satisfy (P). Here is an example of a
concrete category that satisfies (P) but not (CFP).

Example 3.1 Fix a set X and consider the category ¢ defined as follows. The ob-
jects of € are all the pairs (A, o), where A is a set and o: A — X is a map. If
(A, a) and (B, B) are € -objects, the morphisms from (A, &) to (B, B) consist of all
maps f: A — B such that « = 8 o f. It is clear that ¥ is a concrete category for
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the forgetful functor U : ¥ — Set that associates with each object (A, ) the set A
and with each morphism f: (A, «) — (B, 8) the map f: A — B. The category ¢
satisfies (P). Indeed, the product of a set-indexed family ((A;, «;));e; of € -objects
is the fibered product (F, n), where

Fi={(a)ier 1 0i(a;)) =a;(ay) foralli, je I} c [ ] Ai

iel

with the natural projections maps 7; : F — A;. The pair (X, Idy), where Idy: X —
X is the identity map, is clearly a terminal 4 -object. Since any terminal object in a
concrete category satisfying (CFP) must be reduced to a single element, we deduce
that the concrete category (%, U) does not satisfy (CFP) unless X is reduced to a
single element (observe that (¢, U) is identical to Set when X is reduced to a single
element).

Recall that a morphism f: A — B in a category ¢ is called a retraction if it is
right-invertible, i.e., if there exists a ¥-morphism g: B — A such that f o g =1Idp.
We have the following elementary lemma.

Lemma 3.2 Let € be a category. Let A and B be two € -objects admitting a € -
product A x B with first projection m: A x B — A. Then the following conditions
are equivalent:

(a) 7 is a retraction;
(b) there exists a €-morphism f: A — B.

Proof Let n’: A x B — B denote the second projection. If g: A — A x B is a
% -morphism such that 7 o g = Id4, then f := 7’ o g is a ¥-morphism from A
to B. This shows that (a) implies (b). Conversely, if (b) is satisfied, then g :=1d4 x
f: A— A x B satisfies m o g =1dy4. 0

We say that a concrete category (%, U) satisfies (CFP+) provided it satisfies
(CFP) and the following additional condition:

(C+) Given any %-object A and any é-object B with U (B) # ¢, the first projec-
tion morphism 7 : A x B — A is a retraction.

Proposition 3.3 Let (¢, U) be a concrete category satisfying (CFP). Then the fol-
lowing conditions are equivalent:

(a) (¥, U) satisfies (CFP+);

(b) for any €-object A and any €-object B with U(B) # 0, there exists a € -
morphism f: A — B;

(¢) if T is a terminal €-object and B is any € -object with U (B) # (), then there
exists a € -morphism g: T — B.

Proof The equivalence of (a) and (b) follows from Lemma 3.2. Condition (b) triv-
ially implies condition (c). To prove that (c) implies (b), it suffices to observe that
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by composing a ¢ -morphism #: A — T and a €-morphism g: T — B, we get a
% -morphism f:=goh: A— B. g

Note that condition (c) in the preceding proposition is satisfied in particular when
% admits a zero object O (i.e., an object that is both initial and terminal). Hence every
concrete category satisfying (CFP) also satisfies (CFP+-) if it admits a zero object.
This is the case for the categories Grp, Rng, R-Mod, and R-Mod/ 8.

On the other hand, the categories Set, Set/ , K-Aal, Top, CHT, and Man also
satisfy (CFP+) although they do not admit zero objects. Indeed, in any of these
categories, the only initial object is the empty one while the terminal objects are
the singletons, and if T is a singleton and B an arbitrary object, then any map from
U(T) to U(B) is the underlying map of a morphism from 7 to B.

3.2 Cellular Automata over Concrete Categories

From now on, in a concrete category, we shall use the same symbol to denote an
object (resp. a morphism) and its underlying set (resp. its underlying map).

Proposition 3.4 Let G be a group and let € be a concrete category satisfying
(CFP+). Let A and B be two €-objects. Suppose that t: A® — BY is a cellu-
lar automaton. Then the following conditions are equivalent:

(a) there exists a memory set M of t such that the associated local defining map
wm: AM — B is a €-morphism;

(b) for any memory set M of T, the associated local defining map upr: AM — B is
a € -morphism.

Note that, in the above statement, AM is a ¢ -object since A is a ¥’-object, M is
finite, and ¢ satisfies (CFP+) and hence (CFP). On the other hand, it may happen
that the configuration spaces AS and B are not €-objects (although this is the case
if & satisfies (CP)).

Proof of Proposition 3.4 We can assume A # (). Suppose that the local defining map
wy: AM — B is a €-morphism for some memory set M. Let M’ be another mem-
ory set and let us show that the associated local defining map 13, : AM " Bisalso
a % -morphism. Let My denote the minimal memory set of 7. Recall that we have
Mo C M N M’. After identifying the % -object AM (resp. AM ") with the ¢ -product
AMo . AMAMo (regp. AM0 x AM"\Mo) consider the projection map 7 : AM — AMo
(resp. 7' : AM" — AMo) We then have

um=pmyonm and ppr =y, o7 ®)

By condition (CFP+), the projection 7 is a retraction, so that there exists a %-
morphism f: AM0 — AM such that 7 o f =1d 4u,. Using (8), we get

MM’=MM007T/=HMo°IdAM0° 7' =pupmyomofor' =puyoforn'.
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Thus, the map pp may be written as the composite of three %-morphisms and
therefore is a ¢’ -morphism. O

Definition 3.5 Let G be a group and let € be a concrete category satisfying
(CFP+). Let A and B be two %-objects. We say that a cellular automaton 7: A% —
BY is a €-cellular automaton provided it satisfies one of the equivalent conditions
of Proposition 3.4.

Example 3.6 Let G be a group and let % be a concrete category satisfying (CFP+).
Let A be a ©-object. Then the identity map Id ;¢ : A® — AG is the cellular automa-
ton with memory set M = {15} and local defining map ppy =Idy: AM =A - A
(see Example 2.3). As Id4 is a €-morphism, we deduce that Id 46 is a é’-cellular
automaton.

Example 3.7 (The Discrete Laplacian) Let G be a group, A=R, and S C G a
nonempty finite subset. The map Ag: R% — RY, defined by

1
(As0)(®) =x(8) — 1 D x(gs)
seS

for all x € R and g € G, is a cellular automaton (with memory set M = S U {15}
and associated local defining map uy: RM — R given by uy(y) = y(lg) —
ﬁ Y sesy(s) forall y e RM). Since R is a finite dimensional vector space over
itself and )y is R-linear, we have that Ag is a % -cellular automaton for ¥ = R-
Vec/ 4.

Example 3.8 Let G =7 and let A = K be any field. Then the map 7: K% — K%,
defined by

t(x)(n) =x(n+ 1) — x(n)?

forall x € KZ and n € Z, is an € -cellular automaton for ¢ = K-Aal, with memory
set M = {0, 1} and associated local defining map sy : AM — A given by u(y) =
y(1) — y(0)? for all y € AM. Observe that 7 is not a €-cellular automaton for € =
K-Vec unless K = 7Z /27 is the field with two elements.

Example 3.9 Let G = Z. Let also St = R/Z denote the unit circle and, for n > 1,
denote by T =R"/Z" = (S')" the n-torus. With each continuous map f: T"+! —
S, m > 0, we can associate the cellular automaton 7 : (S)% — (SHZ with memory
set M ={0, 1,...,m} and local defining map .y = f. Thus we have

T(x)(n) = f(x(n),x(n +1),...,x(n +m))

for all x € (S")% and n € Z. Then 7 is a %-cellular automaton for ¥ = Man.
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Example 3.10 (Arnold’s cat cellular automaton) Let G = Z. Let also A = S' and
B =S! x S! =T? and consider the map 7: AZ — BZ defined by

T(x)(n) = (2x(n) +x(n+1),x(n)+x(n+ 1))
for all x € AZ. Then t is a €-cellular automaton for ¥ = Man.

Given sets A and B, a subgroup H of a group G, and a cellular automaton
7: A% — BC admitting a memory set contained in H, we have defined in Sect. 2.7
the cellular automaton 7z : A¥ — B obtained by restriction of T to H. We also
introduced the converse operation, namely induction. It turns out that both restric-
tion and induction of cellular automata preserve the property of being a %’-cellular
automaton. More precisely, we have the following result.

Proposition 3.11 Let G be a group and let H be a subgroup of G. Let also € be
a category satisfying (CFP+), and let A and B be two € -objects. Suppose that
t: AS — BY is a cellular automaton over G admitting a memory set contained
inH.Letty: A" — BH denote the cellular automaton over H obtained by restric-
tion. Then t is a € -cellular automaton if and only if ty is a C-cellular automaton.

Proof If M is a memory set of T contained in H, then M is also a memory
set for ty. Moreover, T and ty have the same associated local defining map
wy: AM — B (Sect. 2.7). Therefore, the statement follows immediately from the
definition of a € -cellular automaton. U

Proposition 3.12 Let G be a group and let € be a concrete category satisfying (CP)
and (C+) (and hence (CFP+)). Let A and B be € -objects and let T : AC — BS be
a cellular automaton. Then the following conditions are equivalent:

(a) T is a €-morphism,
(b) 7 is a €-cellular automaton.

Note that, in the preceding statement, A® and B® are %-objects since € satis-
fies (CP).

Proof of Proposition 3.12 Let M be a memory set for 7. We then have
(r(x))(g) =(upo nM)(gflx) for every x € A“, g€a, )]

where ;1 A9 — AM is the projection morphism. By definition, 7 is a €-cellular
automaton if and only if s is a €-morphism.

Suppose first that sy is a €-morphism. For each g € G, the self-map of AY
given by x — g~ !x is a @-morphism since it just permutes coordinates of the
% -product A®. On the other hand, the projection mp: AS — AM is also a €-
morphism. Therefore, we deduce from (9) that the map from A® to B given by
x — T(x)(g) is a €-morphism for each g € G. It follows that 7: A® — B isa
% -morphism.
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Conversely, suppose that 7 is a ¥-morphism. Let us show that 7 is a %’-cellular
automaton. We can assume A # (. Denote by p: A® — All6} = A the projection
% -morphism x — x(1). Applying (9) with g = 15, we get

(pot)(x) =pnm(y) (10)

for all x € AC and y € AM with x|y = y. As & satisfies (C+), the projection % -
morphism 7: AG = AM x AC\M _, AM s a retraction. Therefore there exists a
% -morphism f: AM — AG such that 7 o f = Id 4. We then deduce from (10)
that uy = p o 7 o f. Consequently, pys is a €-morphism. This shows that 7 is a
€ -cellular automaton. d

Example 3.13

(i) Take € = R-Mod. Given two left R-modules A and B, a cellular automaton
7: A9 — BY is a @-cellular automaton if and only if 7 is R-linear with respect
to the product R-module structures on A and BC.

(ii) Take € = Top. Given two topological spaces A and B, a cellular automaton
7: A® — BOY is a %¥-cellular automaton if and only if T is continuous with
respect to the product topologies on A% and BY (in general, these topologies
are coarser than the prodiscrete topologies).

Proposition 3.14 Let G be a group. Let € be a concrete category satisfying
(CFP+), and let A, B and C be €-objects. Suppose that v: AS — BS and
o: BY — CY are €-cellular automata. Then o o t: A® — CY is a €-cellular
automaton.

Proof We have already seen (Proposition 2.9 and Remark 2.15) that o o 7 is a cel-
lular automaton. Thus we are only left to show that ¢ o T admits a local defining
map which is a ¥-morphism. Let S (resp. T') be a memory set for o (resp. t) and let
w: BS — C (resp. v: AT — B)denote the corresponding local defining map. Then,
as we showed in the proof of Proposition 2.9, the set ST is a memory set for 0 o T
and the map « : AST — C defined by (6) is the corresponding local defining map.
Now, since t is a & -cellular automaton, we have that v is a 4’ -morphism. Moreover,
the maps 775 : AST — A*T and f;: AST — AT are @-morphisms forevery s € S. As
@s =Vvo fsom (4), it follows that the product map @ = HseS s AST — BS ) is
a ¢ -morphism. Since o is a ©-cellular automaton, its local defining map 1: BS —
C is also a @-morphism and therefore the map k = o @: AST — C is a €-
morphism as well. This completes the proof that ¢ o T is a ¢’-cellular automaton. [J

Let G be a group and % a concrete category satisfying (CFP+). Then it follows
from Example 3.6 and Proposition 3.14 that there is a category CA(G, %) having
the same objects as %, in which the identity morphism of an object A is the identity
map Id ¢ : AY — A% and where the morphisms from an object A to an object B
are the %-cellular automata 7: A — BY (with composition of morphisms given
by the usual composition of maps). The category CA(G, %) is a concrete category
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when equipped with the functor U: CA(G, %) — Set given by U(A) = A® and
U () = 7. Observe that the image of the functor U is a subcategory of the category
CA(G) defined at the end of Sect. 2.3.

4 Projective Sequences of Sets

Let us briefly recall some elementary facts about projective sequences of sets and
their projective limits.

A projective sequence of sets is a sequence (X;),en of sets equipped with maps
Jam: Xm — X,,, defined for all n, m € N with m > n, and satisfying the following
conditions:

(PS-1) fun is the identity map on X, for all n € N;
(PS-2) fuk = fum © fmk forall n,m, k € N such thatk > m > n.

We shall denote such a projective sequence by (X, fum) or simply by (X,,).
Observe that the projective sequence (X, fum) is entirely determined by the
maps gn = fu.n+1: Xnt1 — Xu, n €N, since

Jam =8n08nr10---08m—1 (11)

for all m > n. Conversely, if we are given a sequence of maps g,: Xn+1 — Xn,
n € N, then there is a unique projective sequence (X, fum) satisfying (11).

The projective limit X = 1(i£1X » of the projective sequence of sets (X, fum) 1S
the subset X C HneN X, consisting of the sequences x = (x;),en satisfying x,, =
Jam (xp) for all n,m € N such that m > n (or, equivalently, x,, = g, (x,41) for all
n € N, where g, = f n+1). Note that there is a canonical map 7, : X — X, sending
X to x, and 7, = fym o Ty for all m, n € N with m > n.

The fact that the projective limit X = lim X,, is not empty clearly implies that
all the sets X,, are nonempty. However, it can happen that the projective limit X =
1(121 X, is empty even if all the sets X,, are nonempty. The following statement yields
a sufficient condition for the projective limit to be nonempty.

Proposition 4.1 Let (X,,, fum) be a projective sequence of sets and let X = 1(121 X,
denote its projective limit. Suppose that all maps fum: X — Xpn, m 2> n are sur-
Jjective. Then all canonical maps w,: X — X, m € N, are surjective. In particular,
if in addition X, # ) for some ng € N, then X # .

Proof Let n € N and x,, € X,,. As the maps f; x+1, k > n, are surjective, we can
construct by induction a sequence (xi)x>, such that xg = fi k41 (xx41) forall k > n.
Let us set xy = fin(x,) for k < n. Then the sequence x = (xy)ien is in X and
satisfies x,, = 7, (x). This shows that 7, is surjective. Il

Remark 4.2

(i) For the maps f,m, m > n, to be surjective, it suffices that all the maps f;; ,+1
are surjective.
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(i) When the maps f,,, are all surjective, the following conditions are equivalent:
(a) there exists ng € N such that X,,, # ¢;
(b) Xp #W@forallneN.

Let (X, fum) be a projective sequence of sets. Property (PS-2) implies that, for
each n € N, the sequence of subsets f,,,(X,,) C X,,, m > n, is non-increasing. Let
us set, for eachn € N,

Xy = () fam(Xm) C Xa.

m>=n

The set X, is called the set of universal elements of X, [23]. Observe that
Sfam(X},) C X, for all m > n. Thus, the map f, induces by restriction a map

s X — X, for all m > n. Clearly (X, f,,) is a projective sequence. This
projective sequence is called the universal projective sequence associated with the
projective sequence (X, fum)-

Proposition 4.3 Let (X,,, fum) be a projective sequence of sets and let (X),, f,..)
be the associated universal projective sequence. Then

lim X,, = ljm X, (12)

Proof Let us set X =1lim X, and X" =1im X . Since X}, C X,, and f;,, is the re-
striction of fy, to X, for all n,m € N with m > n, we clearly have X’ C X. To
show the converse inclusion, let x = (x,),en € X. We have x,, = fi (x5,) for all
n,m € N such that m > n, so that x, € ﬂm>n Sum(Xm) = X),. Since f,, (x,) =

Sfum (x,), we then deduce that X C X’. This shows (12). O

Corollary 4.4 Let (X, fum) be a projective sequence of sets. Suppose that the
following conditions are satisfied:

(IP-1) there exists ny € N such that ﬂk;m Snok (Xx) # 9;
(IP-2) foralln,m € Nwithm > n and all x| € ﬂi>n Jni (Xi),

ﬂ fn_ml(xz/z) N fmj(Xj) #0.

jzm
Then 1(11_an 0.

Proof Consider the universal projective sequence (X, f,,,) associated with the
projective sequence (X, fum). Observe that condition (IP-1) says that X;O # 0.
On the other hand, condition (IP-2) says that, for all n,m € N with m > n, one
has f-1(x/) N X/, # ¢ for all x, € X, i.e., that the map f,,, is surjective. Thus,

applying Propositions 4.3 and 4.1, we get 1(&1 X, = l(in X, #9. O

Remark 4.5 Let (X,,, fum) be an arbitrary sequence of sets. We claim that, given
m >n and x,, € ﬂi>n fni (X;), one has f-1(x/) N fmj(Xj) # 0 for every j > m.
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Indeed, since x;, € f,,;(X;), we can find y; € X; such that x;, = f,;(y;). Setting
Zm = fmj(y;), we thenhave fi,(zm) = fum o fmj(y;) = -x;p so that z,,, € fn7;11 (x,;) N
Sfmj(X;). This proves our claim. It follows that the sets fn_m1 )N fin j(X;) form a
non-increasing sequence of nonempty subsets of X/,. Condition (IP-2) says that the
intersections of this sequence is not empty for all m > n and x, € X,.

5 Algebraic and Subalgebraic Subsets

5.1 Algebraic Subsets

Definition 5.1 Let 4 be a concrete category. Given a ¢’-object A, we say that a sub-
set X C A is €-algebraic (or simply algebraic if there is no ambiguity on the cate-
gory ¥) if X is the inverse image of a point by some %’-morphism, i.e., if there exist
a €-object B, a point b € B, and a ¥-morphism f: A — B such that X = f~1(b).

Remark 5.2 If € is a concrete category admitting a terminal object which is reduced
to a single element (this is for example the case when % is a concrete category
satisfying (CFP+)), then every €-object A is a ¢’-algebraic subset of itself. Indeed,
we then have A = f~!(¢), where f: A — T is the unique €-morphism from A to
T and ¢ is the unique element of 7T'.

Remark 5.3 Suppose that % is a concrete category satisfying (CFP) and that A
is a ¥-object. Then the set of ¥’-algebraic subsets of A is closed under finite in-
tersections. Indeed, if (X;);ec; is a finite family of %’-algebraic subsets of a & -
object A, we can find ¢’-morphisms f;: A — B; and points b; € B; such that X; =
£ (B). Then ;¢; Xi = £~ (b), where f =[], fi: A— B, B=[];c; Bi and
b= (biier-

Example 5.4

(i) In the category Set or in its full subcategory Set/, the algebraic subsets of an
object A consist of all the subsets of A.

(i1) In the category Grp, the algebraic subsets of an object G consist of the empty
set ¥ and all the left-cosets (or, equivalently, all the right-cosets) of the normal
subgroups of G, i.e., the subsets of the form gN, where g € G and N is a
normal subgroup of G.

(iii) In the category Rng, the algebraic subsets of an object R consist of ¢ and all
the translates of the two-sided ideals of R, i.e., the subsets of the form r + 1,
where r € R and [ is a two-sided ideal of R.

(iv) In the category Fld, the algebraic subsets of an object K are ¢ and all the
singletons {k}, k € K.

(v) In the category R-Mod, the algebraic subsets of an object M are ¢ and all the
translates of the submodules of M, i.e., the subsets of the form m + N, where
m € M and N is a submodule of M.
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(vi) In the category Top, every subset of an object A is algebraic. Indeed, if A is a
topological space and X is a nonempty subset of A, then X = £~ !(bg), where
B is the quotient space of A obtained by identifying X to a single point by
and f: A — B is the quotient map.

(vii) In the full subcategory of Top whose objects consist of all the normal Haus-
dorff spaces, the algebraic subsets of an object A are precisely the closed
subsets of A.

(viii) In the category K-Aal of affine algebraic sets over a field K, the algebraic
subsets of an object A are precisely the subsets of A that are closed in the
Zariski topology. If A C K™, these subsets are the algebraic subsets of K" (in
the usual sense of algebraic geometry) that are contained in A.

5.2 Subalgebraic Subsets

Definition 5.5 Let € be a concrete category. Given a 4 -object B, we say that a
subset Y C B is € -subalgebraic (or simply subalgebraic if there is no ambiguity on
the category %) if Y is the image of some % -algebraic subset by some %’-morphism,
i.e., if there exist a ¥-object A, a ¥ -algebraic subset X C A, and a ¥-morphism
f:A— Bsuchthat Y = f(X).

Note that, if ¥ is a concrete category and A is a % -object, then every % -algebraic
subset X C A is also % -subalgebraic since X = Id4 (X). Note also thatif g: B —
C is a ¥-morphism and Y is a % -subalgebraic subset of B, then g(Y) is a ¢-
subalgebraic subset of C.

Example 5.6

(i) In the category Set or in the category Set/, the subalgebraic subsets of an
object A coincide with its algebraic subsets, that is, they consist of all the
subsets of A.

(ii) In the category Grp, every subalgebraic subset of an object G is either empty
or of the form g H, where g € G and H is a (not necessarily normal) subgroup
of G. Observe that every subgroup H C G is subalgebraic since it is the image
of the inclusion morphism ¢: H — G. This shows in particular that there exist
subalgebraic subsets that are not algebraic. On the other hand, a group may
contain subgroup cosets which are not subalgebraic. Consider for example
the symmetric group G = S3. Then, if we take g = (12) and H = ((13)) =
{1, (13)}, the coset gH = {(12), (123)} is not a subalgebraic subset of G.
Otherwise, there would exist a group G’, a normal subgroup H' C G', an
element g’ € G’, and a group homomorphism f: G’ — G such that gH =
f(@HY= f(g)f(H).If f was surjective, then f(H’) would be normal in
G and thus would have 1, 3 or 6 elements, which would contradict the fact
that H has order 2. Therefore, the subgroup f(G’) must have either 1, 2 or
3 elements. But this is also impossible since the coset gH = f(g’) f(H') has
two elements and does not contain 1.
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(iii) In the category Rng, there are subalgebraic subsets that are not algebraic. For
example, in the polynomial ring Z[t], the subring Z is subalgebraic but not
algebraic.

(iv) In the category Fld, the subalgebraic subsets of an object K are its algebraic
subsets, i.e., ¥ and all the singletons {k}, k € K.

(v) Inthe category R-Mod, the subalgebraic subsets of an object M coincide with
the algebraic subsets of M. Thus the subalgebraic subsets of M consist of
and the translates of the submodules of M.

(vi) In the category Top, the subalgebraic subsets of an object A coincide with its
algebraic subsets, i.e., they consist of all the subsets of A.

(vii) In the full subcategory of Top whose objects are Hausdorff topological spaces,
the open interval ]0, 1[C R is subalgebraic but not algebraic.

(viii) In the category CHT of compact Hausdorff topological spaces, the subalge-
braic subsets of an object A coincide with its algebraic subsets, i.e., are the
closed subsets of A.

(ix) In the category K-Aal of affine algebraic sets over an algebraically closed
field K, it follows from Chevalley’s theorem (see e.g. [7, AG Sect. 10.2] or
[32, Theorem 10.2]) that every subalgebraic subsets of an object A is con-
structible, that is, a finite union of subsets of the form U NV, where U C A
is open and V C A is closed for the Zariski topology.

5.3 The Subalgebraic Intersection Property

The following definition is due to Gromov [22, Sect. 4.C’].

Definition 5.7 Let ¥ be a concrete category. We say that ¥ satisfies the sub-
algebraic intersection property, briefly (SAIP), if for every %-object A, every
% -algebraic subset X C A, and every non-increasing sequence (Y;),en of €-
subalgebraic subsets of A with X NY, # @ foralln € N, one has (),,.y X NY, #@.

Let us introduce one more definition.

Definition 5.8 We say that a concrete category %4 is Artinian if the subalgebraic
subsets of any %’-object satisfy the descending chain condition, i.e., if, given any
€ -object A and any non-increasing sequence (Y;),en of € -subalgebraic subsets of
A, there exists ng € N such that ¥;, = Y, 41 for all n > no.

Proposition 5.9 Every Artinian concrete category satisfies (SAIP).
Proof Let % be an Artinian concrete category. Let A be a ©-object, X an algebraic

subset of A, and (Y,;),en a non-increasing sequence of subalgebraic subsets of A
with X N'Y, # @ for all n € N. As € is Artinian, we can find ng € N such that



114 T. Ceccherini-Silberstein and M. Coornaert

Yy =Y, for all m > ng. We then have

ﬂme =XNY,, #0.
neN

This shows that & satisfies (SAIP). O

Observe that if a concrete category % satisfies (SAIP) (resp. is Artinian), then
every subcategory of % satisfies (SAIP) (resp. is Artinian).

Example 5.10

(1) The category Set does not satisfy (SAIP). Indeed, if we take A = X =N
and ¥, ={meN:m >n},neN, we have X NY,, # @ for all n € N but
(Men XNY, =0.

(i) The category Set/ is Artinian and hence satisfies (SAIP). Indeed, every non-
increasing sequence of subsets of a finite set eventually stabilizes.

(iii) Let R be a nonzero ring and let ¥ = R-Mod. Consider the R-module M =
@D, R and, for every n € N, denote by 7,: M — R"*! the projection map
defined by m,(m) = (mg, my, ..., my) for all m = (m;);ey € M. Let y, :=
(1, 1,...,1) € R™! and set X, := 7, ' (yy) = {m = (m;)ieny € M : my =
my =---=m, = 1}. Then X,, is a nonempty % -algebraic subset of M and we
have Xo C X1 D X2 D --- but [),cy X» = @. This shows that R-Mod does
not satisfy (SAIP) unless R is a zero ring.

@iv) Since Z-Mod is a subcategory of Grp, namely the full subcategory of Grp
whose objects are Abelian groups, we deduce that Grp does not satisfy (SAIP)
either.

(v) If K is a field, then the category K-Vec = K-Mod does not satisfy (SAIP)
since any field is a nonzero ring.

(vi) Given an integer a > 2, the subsets X,, C Z defined by

Xp=l4a+a’+-+d" +a""'2Z,

n € N, are nonempty % -algebraic subsets of Z for ¢ = Rng and ¥ = Z-
Mod/ 8. As XoD X1 DXp2D--- and ﬂneN X, = ¥ (see the remark follow-
ing the proof of Proposition 2.2 in [13]), this shows that the categories Rng
and Z-Mod/ ¢ do not satisfy (SAIP).

(vii) Let R be a ring. Recall that a left module M is called Artinian if the sub-
modules of M satisfy the descending chain condition (see for instance [25,
Chap. 8]). It is clear that, in an Artinian module, the translates of the sub-
modules also satisfy the descending chain condition [13, Proposition 2.2]. It
follows that the full subcategory R-Mod*”" of R-Mod, whose objects consist
of all the Artinian left R-modules, is Artinian and hence satisfies (SAIP). Note
that R-Mod?”" satisfies (CFP+) since the direct sum of two Artinian modules
is itself Artinian. If the ring R is left-Artinian (i.e., Artinian as a left module
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over itself), then every finitely generated left module over R is Artinian (The-
orem 1.8 in [25, Chap. 8]), so that the category R-Mod/ ¢ is Artinian and
hence satisfies (SAIP) [13].

(viii) If K is a field, then the category K-Vec/~? = K-Mod*"" satisfies (SAIP).

(ix) The category Fld clearly satisfies (SAIP).

(x) The category Top clearly does not satisfy (SAIP). In fact, even the full subcat-
egory of Top whose objects are Hausdorff topological spaces does not satisfy
(SAIP) since, in this subcategory, the open intervals (0, 1/n) C R form a non-
increasing sequence of subalgebraic subsets of R with empty intersection.

(xi) The category CHT of compact Hausdorff topological spaces (and therefore
its full subcategory Man) satisfies (SAIP). This follows from the fact that,
in a compact space, any family of closed subsets with the finite intersection
property has a nonempty intersection. Observe that neither CHT nor Man are
Artinian since the arcs X, := {eie :0<0<1/(n+ 1}, neN, form a non-
increasing sequence of closed subsets of the unit circle Sl:={zeC:|z|=1}
which does not stabilize.

(xii) Given a field K, the category K-Aal is Artinian if and only if K is finite. To
see this, first observe that if K if finite then all objects in K-Aal are finite
and hence K-Aal is Artinian. Then suppose that K is infinite and choose
a sequence (ay),en of distinct elements in K. Now observe that ¥, = K \
{agp, a1, ..., a,} is anonempty K-Aal-subalgebraic subset of K since it is the
projection on the x-axis of the affine algebraic curve X, C K? with equation
(x —ap)(x —ay)---(x —ap)y = 1. As the sequence Y, is non-increasing and
does not stabilize, this shows that K-Aal is not Artinian.

(xiii) If K is an infinite countable field, then the category K-Aal does not satisfy
(SAIP). Indeed, suppose that K = {a, : n € N}. Then the subsets ¥, = K \
{ag, a1, ..., a,} form a non-increasing sequence of nonempty subsets of K
with empty intersection. As each Y,, is subalgebraic in K (see the preceding
example), this shows that K-Aal does not satisfy (SAIP).

(xiv) If K is an uncountable algebraically closed field, then the category K-Aal of
affine algebraic sets over K satisfies (SAIP) [22, Sect. 4.C”], [17, Proposi-
tion 4.4].

(xv) The category ¥ = R-Aal of real affine algebraic sets does not satisfy (SAIP).
Indeed, the subsets X,, = [n, +00), n € N, are nonempty % -subalgebraic sub-
sets of R since X, = P, (R) for P,(t) = 2 + n. On the other hand, we have
X0DX1DX2D--- butﬂnENXnZQ.

5.4 Projective Sequences of Algebraic Sets

Let ¥ be a concrete category satisfying condition (CFP+). We say that a projec-
tive sequence (X, fum) of sets is a projective sequence of € -algebraic sets pro-
vided there is a projective sequence (A, F,,), consisting of %’-objects A, and
% -morphisms Fy,,: A, — A, for all n, m € N such that m > n, satisfying the fol-
lowing conditions:
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(PSA-1) X, is a ¢ -algebraic subset of A,, for every n € N;
(PSA-2) Fpn(Xm) C X, and fy, is the restriction of Fy, to X, for all m,n e N
such that m > n.

Note that f;,, (Xm) = Fum(Xy,) in PSA-2 above is a €’-subalgebraic subset of
A, for all n, m € N such that m > n.

The following result constitutes an essential ingredient in the proof of Theo-
rem 6.1.

Theorem 5.11 Let € be a concrete category satisfying (SAIP). Suppose that
(Xn, fum) is a projective sequence of nonempty 6 -algebraic sets. Then l(ln X # 0.

Proof Let (A, Fu) be a projective sequence of 6 -objects and morphisms satisfy-
ing conditions (PSA-1) and (PSA-2) above. Let n € N. For all k > n, the image set
Jak (Xg) = Fur (Xg), being the image of a nonempty % -algebraic subset under a ¢’-
morphism, is a nonempty %¢-subalgebraic subset of A,. As the sequence fnx(Xx),

k=n,n+1,...,1s non-increasing, we deduce from (SAIP) that
X, =) fuc(Xp) # 0 (13)
k>n
for all n € N.

Let us fix m,n € N with m > n and x), € X;,. In Remark 4.5, we observed that
Fanb(xh) N finj (X ;) # @ for all j > m. On the other hand, we have

Fom (0) O fonj (X ) = Fpl (x7) 0 Finj (X ).

As the sets Fj,j(X;), for j =m,m + 1, ..., form a non-increasing sequence of % -
subalgebraic subsets of A,, and F,,! (x) is a ©-algebraic subset of A,,, we get

() fom (60) O fonj (X ) 0
jzm

by applying (SAIP) again. This is condition (IP-2) in Corollary 4.4. Since (IP-1)
follows from (13), Corollary 4.4 ensures that l(ng n#E 0. [l

6 The Closed Image Property

One says that a map f: X — Y from a set X into a topological space Y has the
closed image property, briefly (CIP) [22, Sect. 4.C”], if its image f(X) is closed
inY.

Theorem 6.1 Let € be a concrete category satisfying conditions (CFP+) and
(SAIP). Let G be a group. Then every € -cellular automaton t: A¢ — BY satisfies
(CIP) with respect to the prodiscrete topology on BC.
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Proof Let T: A — B¢ be a ©-cellular automaton. Let M C G be a memory set
for T and let ;37 : AM — B denote the associated local defining map.

Suppose first that the group G is countable. Then we can find a sequence (E;),eN
of finite subsets of G such that G = UHGN E,, M C Ey, and E, C E,4; for all
n € N. Consider, for each n € N, the finite subset F;, C G defined by F,, ={g € G :
gM C E,}. Note that G =,y F, 1 € Fo, and F,, C Fy,q1 foralln e N.

It follows from (1) that if x and x’ are elements in A such that x and x’ coincide
on E,, then the configurations 7(x) and t(x") coincide on F),. Therefore, we can
define a map 7,,: Af» — B by setting

o) = (t(0)] .

for all u € A%, where x € A® denotes an arbitrary configuration extending u. Ob-
serve that both AZ» and Bf» are %’-objects as they are finite Cartesian powers of the
@ -objects A and B respectively.

We claim that 7, is a ¥’-morphism for every n € N. Indeed, let n € N. For ev-
ery g € Fy,, we have gM C E,. Denote, for each g € F,,, by 7, 4: Abn 5 AsM
the projection %-morphism. Consider also, for all g € G, the ¥-isomorphism
$g: ASM — AM defined by (¢, (u))(m) = u(gm) for all m € M. Then, for each
geF,, themap @, :=pupy odgom,g: AEn 5 Bisa % -morphism since it is the
composite of ¢-morphisms. Observe that @, (x) = t(x)(g) for all x € AG. This
shows that 7, =[] geF, Pg and the claim follows.

Let now y € BY and suppose that y is in the closure of 7(A®) for the prodiscrete
topology on BY. Then, for every n € N, we can find z,, € A® such that

yIF, = (t@)]p, - (14)

Consider, for each n € N, the ¥’-algebraic subset X, C AEn defined by X, =
tn_l(y|pn). We have X, # @ for all n € N since z,|g, € X, by (14). Observe that,
for m > n, the projection €-morphism Fy,,: Af» — AEn induces by restriction
a map fum: Xm — X,. Conditions (PSA-1) and (PSA-2) are trivially satisfied
so that (X, fum) is a projective sequence of nonempty % -algebraic sets. Since
% satisfies (SAIP), we have 1(i£1Xn # () by Theorem 5.11. Choose an element

(Xn)neN € 1<£1Xn Thus x, € AE» and Xp+1 coincides with x,, on E,, for all n € N.

As G =,y En, we deduce that there exists a (unique) configuration x € A such
that x| g, = x,, for all n € N. Moreover, we have t(x)|r, = 7,(x,) = yo = y|F, for
all n since x, € X,,. As G = UneN F,,, this shows that t(x) = y. This completes the
proof that 7 satisfies condition (CIP) in the case when G is countable.

Let us treat now the case of an arbitrary (possibly uncountable) group G. Let
H denote the subgroup of G generated by the memory set M. Observe that H is
countable since M is finite. The restriction cellular automaton 77 : A” — B isa
6 -cellular automaton by Proposition 3.11. Thus, by the first part of the proof, g
satisfies condition (CIP), that is, 757 (Af) is closed in B for the prodiscrete topol-
ogy on B By applying part (iii) of Theorem 2.16, we deduce that 7(A) is also
closed in BY for the prodiscrete topology on BC . Thus 7 satisfies condition (CIP). [J
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From Theorem 6.1 and Examples 5.10 we recover results from [10, 14, 16, 17,
22] and [13, Lemma 3.2].

Corollary 6.2 Let G be a group. Then every €-cellular automaton t: A¢ — B¢
satisfies (CIP) with respect to the prodiscrete topology on BC, when € is one of the
following concrete categories:

o Set/, the category of finite sets;

o K-Vec/ =4, the category of finite-dimensional vector spaces over an arbitrary
field K

e R-Mod", the category of left Artinian modules over an arbitrary ring R;

e R-Mod/ =8, the category of finitely generated left modules over an arbitrary left-
Artinian ring R;

e K-Aal, the category of affine algebraic sets over an arbitrary uncountable alge-
braically closed field K ;

e CHT, the category of compact Hausdorff topological spaces;

e Man, the category of compact topological manifolds.

Remark 6.3 When € is Set/ , we can directly deduce that any %-cellular automaton
7: A9 — B satisfies (CIP) from the compactness of A9, the continuity of 7, and
the fact that BC is Hausdorff.

Remark 6.4

(i) It is shown in [16] (see also [15, Example 8.8.3]) that if G is a non-periodic
group and A is an infinite set, then there exists a cellular automaton 7: A% —
A% whose image 7(A%) is not closed in AC for the prodiscrete topology.

(ii) Let K be a field and let ¥ = K-Vec. It is shown in [16] (see also [15, Exam-
ple 8.8.3]) that is G is a non-periodic group and A is an infinite-dimensional
vector space over K, then there exists a % -cellular automaton 7 : AG — ACG
whose image 7(A%) is not closed in AY for the prodiscrete topology.

(ii1) In [17, Remark 5.2], it is shown that if G is a non-periodic group, then there
exists a R-Aal-cellular automaton 7: R® — RY whose image is not closed in
RS for the prodiscrete topology.

7 Surjunctivity of ©-Cellular Automata over Residually Finite
Groups

7.1 Injectivity and Surjectivity in Concrete Categories

Let € be a category and f: A — B a ¥-morphism. We recall that f is said to
be a €-monomorphism provided that for any two %-morphisms g1,g2: C — A
the equality f o g1 = f o g» implies g; = g». We also recall that f is called a
€ -epimorphism if for any two €-morphisms %1, hy: B — C the equality hj o f =
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hyo f implies i1 = hy. In other words, a ¥’-monomorphism (resp. € -epimorphism)
is a left-cancellative (resp. right-cancellative) € -morphism.

Suppose now that % is a concrete category. Then one says that a ¥’-morphism
f: A — B is injective (resp. surjective, resp. bijective) if (the underlying map
of) f is injective (resp. surjective, resp. bijective) in the set-theoretical sense. It
is clear that every injective (resp. surjective) %-morphism is a -monomorphism
(resp. a €-epimorphism). In concrete categories such as Set, Set/, Grp, R-Mod,
R-Mod/—¢ , Top, CHT, or Man the converse is also true so that the class of injective
(resp. surjective) morphisms coincide with the class of monomorphisms (resp. epi-
morphisms) in these categories (the fact that every epimorphism is surjective in Grp
is a non-trivial result, see [29]). However, there exist concrete categories admitting
monomorphisms (resp. epimorphisms) that fail to be injective (resp. surjective).

Example 7.1

(i) Let € be the full subcategory of Grp consisting of all divisible Abelian groups.
Recall that an Abelian group G is called divisible if for each g € G and each
integer n > 1, there is an element g’ € G such that ng’ = g. Then the quotient
map f: Q — Q/Z is a non-injective ¥’ -monomorphism.

(ii)) Let € = Rng. Then the inclusion map f: Z — Q is a non-surjective %-
epimorphism.

(iii) Let € be the full subcategory of Top whose objects are Hausdorff spaces. Then
the inclusion map f: @Q — R is a non-surjective % -epimorphism.

7.2 Surjunctive Categories

Definition 7.2 A concrete category % is said to be surjunctive if every injective
% -endomorphism f: A — A is surjective (and hence bijective).

Example 7.3

(i) The category Set is not surjunctive but Set” is. Indeed, a set A is finite if and
only if every injective map f: A — A is surjective (Dedekind’s characteriza-
tion of infinite sets).

(i) The map f: Z — Z, defined by f(n) = 2n for all n € Z, is injective but not
surjective. This shows that the categories Grp, Z-Mod and Z-Mod/ ¢ are not
surjunctive.

(iii) Let R be a nonzero ring. Then the map f: R[t] — R[], defined by P(¢) —
P(r?), is injective but not surjective. As f is both a ring and a R-module
endomorphism, this shows that the categories Rng and R-Mod are not sur-
junctive.

@iv) If k is a field and k(r) is the field of rational functions on k, then the map
f: k() — k(t), defined by F(t) — F (%), is a field homomorphism which is
injective but not surjective. This shows that the category Fld is not surjunctive.
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Let K be a field. Then the category K-Vec is not surjunctive but K-Vec/ ¢
is. Indeed, it is well known from basic linear algebra that for a vector space
A over K one has dimg (A) < oo if and only if every injective K -linear map
f: A— Ais surjective.

If R is aring then the category R-Mo
surjunctive (see e.g. [13, Proposition 2.1]).

Let R be a left Artinian ring. Then the category R-Mod/ ¢ of finitely-
generated left R-modules over R is surjunctive [13, Proposition 2.5].

In [36], it is shown that, for a commutative ring R, the category R-Mod/ ¢
is surjunctive if and only if all prime ideals in R are maximal (if R is a
nonzero ring, this amounts to saying that R has Krull dimension 0). The non-
commutative rings R such that R-Mod/ ¢ is surjunctive are characterized
in [2].

Let K be a field. If K is algebraically closed, then the category K-Aal of
affine algebraic sets over K is surjunctive: this is a particular case of the Ax-
Grothendieck theorem [3, Theorem C], [4], and [23, Proposition 10.4.11] (see
also [6]).

When the ground field K is not algebraically closed, the category K-Aal
may fail to be surjunctive. For instance, the injective polynomial map
f: Q — Q defined by f(x) = x> is not surjective since 2 ¢ f(Q). This
shows that the category Q-Aal is not surjunctive. If k is any field of char-
acteristic p > 0 (e.g., k = Z/pZ) and we denote by K = k(¢) the field of
rational functions with coefficients in k in one indeterminate 7, then, the map
f: k(t) = k(t), defined by f(R) = R? for all R € k(¢), is injective (it is the
Frobenius endomorphism of the field k(¢)) but not surjective since there is no
R € k() such that t = RP. Thus, the category k(t)-Aal is not surjunctive for
any field k of characteristic p > 0.

The categories Top and CHT are not surjunctive. Indeed, if we consider the
unit interval [0, 1] C R, the continuous map f: [0, 1] — [0, 1], defined by
f(x)=x/2for all x € [0, 1], is injective but not surjective.

Let M be a compact topological manifold and suppose that f: M — M is an
injective continuous map. Then f(M) is open in M by Brouwer’s invariance
of domain and closed by compactness of M. Since M is connected, we deduce
that f(M) = M. This shows that the category Man is surjunctive.

dA"" of Artinian left-modules over R is

7.3 Surjunctive Groups

Definition 7.4 Let 4 be a concrete category satisfying condition (CFP+). One says
that a group G is €-surjunctive if every injective €-cellular automaton t: A9 —
A€ is surjective. In other words, G is % -surjunctive if the category CA(G, %) of
@ -cellular automata over G is surjunctive.
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Remark 7.5

(1) The trivial group is €-surjunctive if and only if the category % is surjunctive.
(i1) There exist no % -surjunctive groups in the case when the category % is not
surjunctive. Indeed, if f: A — A is a ¥-morphism which is injective but
not surjective and G is any group, then the map t: A® — A, defined by
T(x)(g) = f(x(g)) forall x € AS and g € G, is a €-cellular automaton (with
memory set {15}) which is injective but not surjective.
(iii) A group G is Set/ -surjunctive if and only if, for any finite alphabet A, every
injective cellular automaton 7: A% — A9 is surjective. Gottschalk [21] called
such a group a surjunctive group.

7.4 Residually Finite Groups

Recall that a group G is called residually finite if the intersection of its finite in-
dex subgroups is reduced to the identity element. This is equivalent to saying that
if g1 and g are distinct elements in G, then we can find a finite group F and a
group homomorphism f: G — F such that f(g1) # f(g2). All finite groups, all
free groups, all finitely generated nilpotent groups (and hence all finitely generated
Abelian groups, e.g. Z? for any d € N), and all fundamental groups of compact
topological manifolds of dimension < 3 are residually finite. All finitely gener-
ated linear groups are residually finite by a theorem of Mal’cev. On the other hand,
the additive group Q, the group of permutations of N, the Baumslag-Solitar group
BS(2,3) = (a, b :a"'b*a = b3), and all infinite simple groups provide examples of
groups which are not residually finite.

The following dynamical characterization of residual finiteness is well known
(see e.g. [15, Theorem 2.7.1]):

Theorem 7.6 Let G be a group. Then the following conditions are equivalent:

(a) the group G is residually finite;
(b) for every set A, the set of points of A® which have a finite G-orbit is dense in
AG for the prodiscrete topology.

7.5 Surjunctivity of Residually Finite Groups

Theorem 7.7 Let € be a concrete category satisfying conditions (CFP+) and
(SAIP). Suppose that € is surjunctive. Then every residually finite group is € -
surjunctive. In other words, every injective € -cellular automaton t: AS — AC is
surjective when G is residually finite (e.g., G = Z%).

Before proving Theorem 7.7, let us introduce some additional notation.
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Let A, M, and N be sets. Suppose that we are given amap p: M — N. Then p
induces a map p*: AN — AM defined by p*(y) =y o p forall y € AV,

Lemma 7.8 Let € be a concrete category satisfying condition (CFP). Let A be a
€ -object and suppose that we are given a map p: M — N, where M and N are
finite sets. Then the induced map p*: AN — AM is a €-morphism.

Proof We have p*(y)(m) = y(p(m)) forallm € M and y € AV . Thus, if we denote
by m,: AN — A, n € N, the ©-morphism given by the projection map on the n-
factor, we have p* =[],,cu p(m). Consequently, p* is a €’-morphism. O

Proof of Theorem 7.7 Let G be a residually finite group and suppose that 7: A —
AC is an injective € -cellular automaton. For every finite index subgroup H of G
we denote by Fix(H) the subset of A® consisting of all configurations x € A
that are fixed by H, that is, such that hx = x for all h € H. We also denote
by H\G = {Hg : g € G} the finite set consisting of all right cosets of H in
G and by pp: G — H\G the canonical surjective map sending each g € G to
Hg. Consider the induced map pj; : AH\G 5 AG One immediately checks that
pZ(AH\G) C Fix(H). In fact, the map pj; : AH\G s Fix(H) is bijective (see
e.g. [15, Proposition 1.3.3]). Observe now that by G-equivariance of t we have
T(Fix(H)) C Fix(H). Denote by o := t|fix#): Fix(H) — Fix(H) the map ob-
tained by restricting 7 to Fix(H) and let 5: AP\ — AH\G be the conjugate
of o by pj;, that is, the map given by ¢ = (p;})_l oo o pj;. We claim that &
is a ¥-morphism. To see this, it suffices to prove that, for each t+ € H\G, the
map 7;: AH\G 5 A defined by m;(y) = 6(y)(t) is a €-morphism, since then
6 = [[,er 7. Choose a memory set M for v and let fup: AM — A denote the
associated local defining map. For t = gH € T, consider the map ¢;: M — H\G
defined by y; (m) = py (gm) for all m € M. It is obvious that v, is well defined (i.e.
it does not depend on the particular choice of the representative g € G of the coset
t=Hg). If y*: AH\G — AM s the induced map, we then have 77; = 157 o /. But
iy is a €-morphism since 7 is a ¢-cellular automaton. On the other hand, v/ is
also a #’-morphism by Lemma 7.8. It follows that 7z; is a ¥’-morphism, proving our
claim. Now observe that o : Fix(H) — Fix(H) is injective since it is the restriction
of 7. As & is conjugate to o, we deduce that & is injective as well. Since by our
assumptions the category % is surjunctive, we deduce that & is surjective. Thus, o
is also surjective and hence Fix(H) = o (Fix(H)) = t(Fix(H)) C T(A%).

Let E C A9 denote the set of configurations whose orbit under the G-shift is
finite. Then we have

E= U Fix(H) C t(A%),
HeZ

where .% denotes the set of all finite index subgroups of G. On the other hand, the
residual finiteness of G implies that E is dense in AS (Theorem 7.6). As T(A%) is
closed in A® by Theorem 6.1, we conclude that T(A®) = AC. U

From Theorem 7.7, Examples 7.3 and 5.10 we deduce the following:
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Corollary 7.9 All residually finite groups are € -surjunctive when € is one of the
following concrete categories:

e Set/, the category of finite sets;

o K-Vec/ =4 the category of finite-dimensional vector spaces over an arbitrary
field K

e R-Mod"", the category of left Artinian modules over an arbitrary ring R;

e R-Mod/ =8, the category of finitely generated left modules over an arbitrary left-
Artinian ring R;

o K-Aal, the category of affine algebraic sets over an arbitrary uncountable alge-
braically closed field K ;

e Man, the category of compact topological manifolds.

Remark 7.10

(i) Let € = Set/. The € -surjunctivity of residually finite groups was established
by W. Lawton [21] (see also [15, Theorem 3.3.1]). As mentioned in the In-
troduction, all amenable groups are % -surjunctive [15, Corollary 5.9.3]. These
results were generalized by Gromov [22] and Weiss [38] (see also [15, Theo-
rem 7.8.1]) who proved that all sofic groups are % -surjunctive. It is not known
whether all groups are % -surjunctive (resp. sofic) or not.

(ii) Let € = K-Vec/ 4, where K is an arbitrary field. In [10] (see also [22]) we
proved that residually finite groups and amenable groups are % -surjunctive.
More generally, in [11] (see also [22] and [15, Theorem 8.14.4]) we proved
that all sofic groups are % -surjunctive. We also proved (see [11] and [15, Corol-
lary 8.15.7]) that a group G is % -surjunctive, if and only if the group ring K [G]
is stably finite, that is, the following condition holds: if two square matrices a
and b with entries in the group ring K [G] satisfy ab = 1, then they also satisfy
ba = 1. We recall that Kaplansky [27] conjectured that all group rings are sta-
bly finite. He proved the conjecture when the ground field K has characteristic
zero, but for positive characteristic, though proved for all sofic groups by Elek
and Szabo [19] (see also [11] and [15, Corollary 8.15.8]), the Kaplansky con-
jecture remains open. In other words, it is not known whether all groups are
% -surjunctive or not when K has positive characteristic.

(iii) In [12, Corollary 1.3], it is shown that if R is a left-Artinian ring and ¢ =
R-Mod/ %, then every sofic group is €-surjunctive.

(iv) Let ¥ = K-Aal, where K is an uncountable algebraically closed field. The
fact that all residually finite groups are %-surjunctive was established in [17,
Corollary 1.2] (see also [22]). We do not know how to prove that all amenable
(resp. all sofic) groups are ¢ -surjunctive.

8 Reversibility of ¢’ -Cellular Automata
8.1 The Subdiagonal Intersection Property

Let % be a concrete category satisfying (CFP) and let f: A — B be a ¥’-morphism.
Consider the map g: A X A — B x B defined by g(ay, a2) = (f(a1), f(a2)) for all
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(ar,ap) € A x A. Ifnl.A: A X A— A and niB: B x B — B,i=1,2, denote the
projection morphisms, we have niB og=fo niA for i = 1, 2. Therefore, the maps
JTIB o g and 7123 o g are ¥ -morphisms. We deduce that g is also a 4’-morphism. We

shall write this morphism g = f x f and call it the square of f (not to be confused
with the product map 2: A — B x B defined by h(a) = (f(a), f(a)) foralla € A).

Definition 8.1 Let & be a concrete category satisfying condition (CFP). Let A be a
% -object.

A subset X C A x A is called €-square-algebraic if it is the inverse image
of a point by the square of some €-morphism, i.e., if there exists a €-morphism
f: A— B and an element (b1, b») € B x B such that

X ={(a1,a2) € Ax A: f(a) = by and f(az) = b}.

A subset X C A x A is called €-prediagonal if there exists a %-morphism
f: A— B such that

X ={(a1,;) e Ax A: f(a1) = f(a)}.

In other words, a subset X C A X A is ¥-prediagonal if and only if X is the inverse
image of the diagonal Az C B x B by the square f X f: A x A — B X B of some
% -morphism f: A — B.

A subset X C A x A is called €-codiagonal if there exists a %-morphism
f: A— B such that

Y={(a1,a2) € Ax A: f(a1) # f(a2)}.

In other words, a subset of A x A is ¢’-codiagonal if and only if it is the complement
of a ¥’-diagonal subset.

A subset X C A x A is called ¥-subdiagonal if it is the image of a ¢ -prediagonal
subset by the square of a %-morphism. In other words, a subset X C A x A is
subdiagonal if and only if there exist € -morphisms f: B — A and g: B — C such
that

X ={(f®b1), f(b2)): (b1,b2) € B x B and g(by) = g(b2)}.

Remark 8.2 Suppose that € is a concrete category satisfying (CFP) and that A is a
% -object. Then:

(i) Every ¥-square-algebraic subset X C A x A is a ¥’-algebraic subset of A x A.
(i1) The set A x A is a ¥-square-algebraic subset of itself. Indeed, if T = {t}
is a terminal % -object, we have A x A = {(aj,a2) € A x A : f(a)) =
t and f(ap) =t}, where f: A — T denotes the unique %-morphism from A
toT.
(iii) Every prediagonal subset X C A x A contains the diagonal Ay C A x A.
Moreover, Ay is a @ -prediagonal subset of A x A since Ay = {(a;,a2) €
A X A: f(a1) = f(ap)} for f =1d4.
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(iv)

)

The set A x A is a ¥ -prediagonal subset of itself. Indeed if T is a terminal €~
object and f: A — T is the unique % -morphism from A to 7', then we have
AxA={(a1,a2) € AXx A: f(a1) = f(a2)}.

The set of ¥’-prediagonal subsets of A x A is closed under finite intersec-
tions. Indeed, if (X;);c; is a finite family of % ’-prediagonal subsets of A x A,
we can find €-morphisms f;: A — B; such that X; = {(a1,a2) € A x A :
fila1) = fi(a2)}. Then if we set B=[[;.; Bi and f =[[;.; fi: A— B, we
have (;c; Xi ={(a1,a2) e Ax A: f(a1) = f(a2)}.

As usual, we shall sometimes omit the letter “¢” in the words %-square-
algebraic, ¥ -prediagonal, ¥ -codiagonal and % -subdiagonal when the ambient cat-
egory is clear from the context.

Example 8.3

®

(ii)

(iii)

(iv)

)

(vi)
(vii)

Let ¥ = Set. Given a set A, the square-algebraic subsets of A x A are precisely
the subsets of the form E x F, where E and F are arbitrary subsets of A. A
subset X C A x A is prediagonal if and only if it is the graph of an equivalence
relation on A.

In the category Grp, given a group G, a subset of G x G is square-algebraic
if and only if it is either empty or of the form (g N) x (g2N), where N is a
normal subgroup of G. The prediagonal subsets of G x G are precisely the
subsets of the form Xy = {(g1,82) € G x G : g1N = g2N}, where N is a
normal subgroup of G. In other words, the prediagonal subsets are the graphs
of the congruence relations modulo normal subgroups.

In the category Rng, given a ring R, the prediagonal subsets of R x R are
precisely the subsets of the form X; ={(r;,m2) e Rx R:ri+1=ry+ 1},
where [ is a two-sided ideal of R. In other words, the prediagonal subsets are
the graphs of the congruence relations modulo two-sided ideals.

In the category R-Mod, given a R-module M, the prediagonal subsets of M x
M are precisely the subsets of the form Xy = {(m,m2) e M xM :m|+ N =
my + N}, where N is a submodule of M. In other words, the prediagonal
subsets of M x M are the graphs of congruence relations modulo submodules
of M. Observe that every subdiagonal subset of M x M is a translate of a
submodule of M x M.

In the full subcategory of Top whose objects are the Hausdorff topologi-
cal spaces, given a Hausdorff topological space A, every square-algebraic
(resp. prediagonal, resp. codiagonal) subset of A x A is closed (resp. closed,
resp. open) in A x A for the product topology.

In CHT, given a compact Hausdorff topological space A, every subdiagonal
subset of A x A isclosedin A x A.

In the category K-Aal of affine algebraic sets over a field K, every square-
algebraic (resp. prediagonal, resp. codiagonal) subset of the square A x A of
an object A is closed (resp. closed, resp. open) in the Zariski topology on
A x A (beware that the Zariski topology on A x A is not, in general, the
product of the Zariski topology on A with itself). If K is algebraically closed,



126 T. Ceccherini-Silberstein and M. Coornaert

it follows from Chevalley’s theorem that every subdiagonal subset of A x A is
constructible with respect to the Zariski topology on A x A.

The following definition is introduced by Gromov in [22, Sect. 4.F].

Definition 8.4 Let & be a concrete category satisfying (CFP). One says that € has
the subdiagonal intersection property, briefly (SDIP), provided that the following
holds: for every & -object A, any %-square-algebraic subset X C A x A, any % -
codiagonal subset ¥ C A x A, and any non-increasing sequence (Z,),en of €-
subdiagonal subsets of A x Asuchthat XNYNZ, #Pforalln eN,

(]memzn¢&
neN

Example 8.5

(1) The category € = Set does not satisfy (SDIP). To see this, take for example
A = N and consider the maps f,,: A — A defined by

k ifk<n—1,
k) =
Fn®) :0 ifk>n

for all n, k € N. Then the sets
Zy:={(a1,a2) € Ax A: fu(a)) = fular)}

form a non-increasing sequence of %-prediagonal (and therefore %’-sub-
diagonal) subsets of A x A. Take X =A x Aand Y = A x A\ Ax. Then
X C A x A is ¢-square-algebraic and Y C A x A is ¥’-codiagonal in A x A.
Wehave XNYNZ, #@foralln € Nsince (n,n+1) € XNY NZ,.Onthe
other hand, we clearly have (),.5 X N'Y N Z, = . This shows that Set does
not satisfy (SDIP).

(ii) The category Set/ satisfies (SDIP) since any non-increasing sequence of finite
sets eventually stabilizes.

(iii) Let ¥ = Rng, Grp, Z-Mod, or Z-Mod/ ~¢ . Take A=7Z, X =A x A, Y =
A X A\ Ag, and, forn e N,

Z, = {(al,dz) €AxA:a;=a mod 2"}.

Clearly X is %-square-algebraic, Y is %'-codiagonal, and (Z,),eN is a non-
increasing sequence of % -prediagonal (and hence % -subdiagonal) subsets of
Ax A . Wehave XNYNZ,#PforallneNbut (), .yXNYNZ,=0.
This shows that & does not satisfy (SDIP).

(iv) Given an arbitrary ring R, the category R-Mod*"’ satisfies (SDIP). Indeed we
have seen that every subalgebraic subset is the translate of some submodule
and that, in an Artinian module, every non-increasing sequence consisting of
translates of submodules eventually stabilizes.
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(v)
(vi)

(vii)

(viii)

(ix)

Let R be a left-Artinian ring. Then the category R-Mod/ ¢ satisfies (SDIP)
since it is a subcategory of R-Mod".

Given a field K, the category K-Vec/ ¢ satisfies (SDIP) since K-Vec/ ¢ =
K-Mod/ ¢ and every field is a left-Artinian ring.

The category CHT of compact Hausdorff topological spaces does not satisfy
(SDIP). Indeed, let A = [0, 1] denote the unit segment and consider, for every
n € N the continuous map f;: [0, 1] — [0, 1] defined by

N

X if x < 4=
n n

n+1°
gt g s«

Sax) = :

forallx e A. Take X =A X A, Y =A X A\ Ay, and
Zn={(a1,a) € Ax A: fy(a1) = fu(a2)}.

Then X is square-algebraic, Y is codiagonal, and (Z,,),¢N is a non-increasing
sequence of prediagonal (and therefore subdiagonal) subsets of A x A. We
clearly have X N Y N Z, # ¥ for all n e N but (,cy X NY N Z, = . This
shows that CHT does not satisfy (SDIP).
A variant of the previous argument may be used to prove that even Man does
not satisfy (SDIP). Indeed, consider the circle S! := {z € C: |z| = 1} and, for
each n € N, the continuous map f,,: S! — S! defined by

42 ‘

e’ if 7 =el with 0 <6 < Hlog,

Su(@) = n+2

1 otherwise.
Take X =A XA, Y =AXx A\ Ay, and

Zy={(a1, @) € Ax A: fylar) = fu(ar)}.

Then X is square-algebraic, Y is codiagonal, and (Z,),eN is a non-increasing
sequence of prediagonal (and therefore subdiagonal) subsets of A x A in the

category Man. We have that XNY N Z, # @ for all n € N, since (1, ei%”) €
Z,. On the other hand, we clearly have ﬂneN XNYNZ,=4@. This shows
that Man does not satisfy (SDIP).

Let K be an uncountable algebraically closed field. Then the category K-Aal
satisfies (SDIP) [22, 4.F’]. This follows from the fact that, when K is
an uncountable algebraically closed field, every non-increasing sequence
of nonempty constructible subsets of an affine algebraic set over K has a
nonempty intersection [17, Proposition 4.4]. Indeed, if X (resp. Y, resp. Z,)
is a ¥’-square-algebraic (resp prediagonal, resp. subdiagonal) subset of A x A,
then, as observed above, X (resp. Y, resp. Z,) is closed (resp. open, resp. con-
structible) in A x A and hence X N'Y N Z, is constructible since any finite
intersection of constructible subsets is itself constructible.
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8.2 Reversibility of ¢ -Cellular Automata

We shall use the following auxiliary result.

Lemma 8.6 Let € be a concrete category satisfying (CFP) and (SDIP). Let
(Xn, fum) be a projective sequence of nonempty sets. Suppose that there is a
projective sequence (A, Fun), consisting of €-objects A, and €-morphisms

m: Am — Ay, for all n,m € N such that m > n, satisfying the following con-
ditions:

(PSD-1) foralln € N,one has X,, = Y,NZ,,where Y,, C A, X A,, is €-codiagonal
and Z, C A, x A, is €-prediagonal,

(PSD-2) for all n,m € N with m > n, setting Sym = Fum X Fum, one has
Spm (Xm) C X and fum is the restriction of Sym to Xm;

(PSD-3) for all n,m € N with m > n, one has Syu(Zm) C Z, and fom(Xm) =
Yo O Sum (Z).

Then 1(11_an #0.

Proof Let (X}, f,,) denote the universal projective sequence associated with
the projective sequence (X,, fum).- As Sym(Zm), m =n,n + 1,..., is a non-
increasing sequence of %’-subdiagonal subsets of A, x A,, such that Y,, NSy, (Z,,) =
fam (Xm) #£ 0 for all m > n, we deduce from (SDIP) that

X;z = ﬂ fnm(Xm) - m Yn mSnm(Zm) 7&@ (15)

m>zn m>zn

Let now m,n € N with m > n and suppose that x/, € X/,. Then we have f,,!(x/) N
Jmk (Xg) # @ for all k > m by Remark 4.5. By applymg again (SDIP), we get

() Fom (52) O fk Xy = () Foor (61) N Y 0 Su(Zi) # 0 (16)

k>m k>m

(observe that Fn’m1 (x},) is ¥-square-algebraic). From (15) and (16), it follows that
conditions (IP-1) and (IP-2) in Corollary 4.4 are satisfied, so that we conclude from
this corollary that 1(1£1Xn # . O

Theorem 8.7 Let G be a concrete category satisfying (CFP+) and (SDIP), and let
G be an arbitrary group. Then every bijective € -cellular automaton t: A® — B¢
is reversible.

Proof Let t: A — B be a bijective ©-cellular automaton. We have to show that
the inverse map t~': B® — AC is a cellular automaton.

As in the proof of Theorem 6.1, we suppose first that the group G is countable.
Let us show that the following local property is satisfied by 7!

(%) there exists a finite subset N C G such that, for any y € BY, the element
7! (y)(1¢) depends only on the restriction of y to N.
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This will show that 7 is reversible. Indeed, if (*) holds for some finite subset N C G,
then there exists a (unique) map v: BY — A such that

' (»MU6) =v(yIn)

for all y € B®. Now, the G-equivariance of 7 implies the G-equivariance of its
inverse map t~!. Consequently, we get

' M@=t MU =t (g7 y)Ue) =v((g7Y)])

for all y € BY and g € G. This implies that 7! is the cellular automaton with
memory set N and local defining map v.

Let us assume by contradiction that condition (%) is not satisfied. Let M be a
memory set for T such that 15 € M. Since G is countable, we can find a sequence
(En)nen of finite subsets of G such that G = |J,,cy En, M C Eg, and E, C E;41
for all n € N. Consider, for each n € N, the finite subset F,, C G defined by F,, =
{g € G:gM C E,}.Notethat G = J,, .y Fu, 1G € Fo,and F,, C F,4 foralln e N.

Since (x) is not satisfied, we can find, for each n € N, two configurations y;,, y, €
B such that

Ylp =wilp and ' () Ae) # T () A6). (17)

Recall from the proof of Theorem 6.1, that T induces, for each n € N, a € -morphism
7,0 AP — BFr givenby 1, (u) = (1(x))|F, forevery u € AE", where x € AY is any
configuration extending u.

Consider now, for each n € N, the subset X,, C AEn x AEn consisting of all pairs
), u) € A x AFn such that 7, (u)) = 7,(u)) and u/,(1G) # u!/(1G). We have

X, =Y, N Z,, where

Yo = { (. uy) € AP s ABv ) (16) # uj(16) )
and

Zo = { (), u)) € ABr x AEn : 7, (u)) = (u])) ).

Note that Y, (resp. Z,) is a ¥’-codiagonal (resp. % -prediagonal) subset of Afn %
AEn Note also that X, is not empty since

(= O)lg,- (7 0m)

E,,) € X,

by (17).
For m > n, the restriction map p,,, : AF» — AEn gives us a ¥-square-morphism

Sum = Pum X Pnm - ABm x AEm 5 AEn x AEn

which induces by restriction a map fy;,: Xm — Xi.

We clearly have S, (Z,,,) C Z, and Sy (X3n) =Y, N Sy (Zy) for all n,m € N
such that m > n. Since ¥ satisfies (SDIP), it follows from Lemma 8.6, that
1(i£1 Xn#£0.



130 T. Ceccherini-Silberstein and M. Coornaert

Choose an element (p,),eN € l(iLan. Thus p, = (u,,ul) € AEn x AEn and
“;1-4-1 (resp. u;’_H) coincides with u) (resp. u)) on E, for all n e N. As G =
U, en En» we deduce that there exists a (unique) configuration x’ € AC (resp.
x" e A9) such that x'| g, = u), (resp. x|, = u!}) for all n € N. Moreover, we have

(T (@) p, = () = () = (2 ("))

forall n € N. As G = |,y Fi, this shows that 7(x") = 7(x”). On the other hand,
we have x'(16) = uy(1g) #uy(lg) =x"(lg) and hence x” # x”. This contradicts
the injectivity of t and therefore completes the proof that 7 is reversible in the case
when G is countable.

We now drop the countability assumption on G and prove the theorem in its full
generality. Choose a memory set M C G for t and denote by H the subgroup of G
generated by M. Observe that H is countable since M is finite. By Theorem 2.16,
the restriction cellular automaton 77 : A# — A¥ is a bijective € -cellular automa-
ton. It then follows from the first part of the proof that ty is reversible. This implies
that 7 is reversible as well by part (iii) of Theorem 2.16. g

Fy

Corollary 8.8 If G is an arbitrary group, all bijective € -cellular automata are
reversible when € is one of the following concrete categories:

o Set/, the category of finite sets;

o K-Vec/ =4, the category of finite-dimensional vector spaces over an arbitrary
field K

e R-Mod", the category of left Artinian modules over an arbitrary ring R;

o R-Mod/ =8, the category of finitely generated left modules over an arbitrary left-
Artinian ring R;

e K-Aal, the category of affine algebraic sets over an arbitrary uncountable alge-
braically closed field K .

In the following examples we show that there exist bijective cellular automata
which are not reversible. They are modeled after [16] (see also [15, Exam-
ple 1.10.3]).

Example 8.9

(i) Let p be a prime number and A =7, = l(iLnZ/ p"Z the ring of p-adic integers.
Recall that A is a compact Hausdorff topological ring for the topology associ-
ated with the p-adic metric. We can regard A as a %-object for € = Set, Grp,
7Z-Mod, and CHT. Consider now the cellular automaton 7 : AZ — AZ defined
by

t(x)m)=x(n) — px(n+1)

forall x € AZ and n € Z. It has memory set M = {0, 1} C Z and associated local
defining map 1y : AM — A given by up(y) = y(0) — py(1) for all y € AM.
It follows that 7 is a %’-cellular automaton for % any of the concrete categories
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(ii)

mentioned above. Note that 7 is bijective. Indeed the inverse map 7~ ': AZ —
AZ is given by
o0
@) =) prxm+k)
k=0

for all x € AZ and n € Z. However, 7! is not a cellular automaton. Indeed, let

F be a finite subset of Z and choose an integer m > 0 such that F' C (—oo, m].
Consider the configurations y,z € A% defined by y(n) =0 if n < m and
yn)=1if n >2m+ 1, and z(n) = 0 for all n € N, respectively. Then y and
z coincide on F. However, we have

MO =) prydr= Y pF

k=0 k=m+1
and
oo
@O =) plk=0.
k=0

It follows that there is no finite subset F C Z such that 7! (x)(0) only depends
on the restriction of x € AZ to F. Thus, there is no finite subset F C Z which
may serve as a memory set for 1.

Let R be aring and let A = R[[¢]] denote the ring of all formal power series in
one indeterminate t with coefficients in R. Note that A has a natural structure

of a left R-module. Then the cellular automaton 7: AZ — AZ defined by
t(x)(n)=x(n)—tx(n+1)

for all x € A% and n € Z is a bijective %-cellular automaton for ¢ = R-Mod.
However, this cellular automaton is not reversible unless R is a zero ring. The
proof is analogous to the one given in the preceding example (see [15, Exam-
ple 1.10.3] in the case when R is a field).

Remark 8.10 In Examples 8.9, we can replace the group Z by any non-periodic
group G. Indeed, if G is non-periodic and H C G is an infinite cyclic subgroup (thus
H = 7), the induced cellular automaton 1G: AG 5 AG isa bijective &-cellular
automaton for € = Set, Grp, Z-Mod, and CHT (resp. R-Mod with R a nonzero
ring) by Theorem 2.16 and Proposition 3.11, which is not reversible.
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Pointwise Convergence of Bochner-Riesz Means
in Sobolev Spaces
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Abstract The Bochner-Riesz means are defined by the Fourier multiplier operators
(8% % £)(&) = (1 — [R'€>)% f(&). Here we prove that if f has § derivatives in
LP(R?), then S% * f(x) converges pointwise to f(x) as R — +oo with a possible
exception of a set of points with Hausdorff dimension at most d — Sp if one of
the following conditions holds: either « > (d — 1)|1/p — 1/2|, or a > d(1/2 —
1/p)—1/2and o+ B > (d — 1)/2.1f B > d/ p, then pointwise convergence holds
everywhere.
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1 Introduction

The Bochner—Riesz means of order « of functions in R? are defined by the Fourier
integrals
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In particular, when o = 0 one obtains the spherical partial sums, which are a natural
analogue of the partial sums of one-dimensional Fourier series. The almost every-
where convergence of Bochner—Riesz means has been widely studied, however there
are still many open problems. See [13] as a general reference. If « > (d — 1)/2, the
critical index, then the Bochner—Riesz maximal operator S f = supg. oIS * f|
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weak type (1, 1) and of strong type (00, 00). If p =2 and « > 0, then S is bounded
on L2(R?). Therefore, by complex interpolation, the Bochner—Riesz maximal op-
erator is bounded on L?(R?), with 1 < p < 400 and o > (d — 1)|1/p — 1/2].
From this the almost everywhere convergence follows: if f is in L”(R%), with
I<p<+ocanda > (d— 1)|1/p —1/2|, then limg_, 10 S% * f(x) = f(x) ae..
This result is not optimal. Indeed, Carbery in [1] established the pointwise conver-
gence of the Bochner—Riesz means when 2 < p <2d/(d — 1 — 2«) and d = 2.
The same result for d > 3 has been obtained by Christ in [5], under the extra as-
sumption that o > (d — 1)/2(d + 1). For further improvements when p > 2 see
also [7]. Finally, in [2] Carbery, Rubio de Francia, and Vega have removed the re-
striction on « by showing that S¢ f is bounded on the weighted space L2(|x|™* dx)
if d(1 —2/p) <A <1+ 2a<d and observing that L? C L*> + L*(|x| " dx). See
also [10]. Moreover, it has been shown by Rubio de Francia that the Bochner-Riesz
means of index « are not defined in L? (Rd) when p > 2d/(d — 1 — 2a). Therefore
the problem of the almost everywhere convergence of Bochner—Riesz means when
p > 2 is essentially solved. On the other hand, as far as we know, sharp results when
p < 2 are not known. For related subjects, see [14].

Here we consider the pointwise convergence of Bochner—Riesz means for more
regular functions, in particular functions in Sobolev classes. It has been proved by
Carbery and Soria in [3] and Ma in [8] that by putting some smoothness on the
function one may decrease the index of almost everywhere summability. Moreover,
Carbery and Soria in [4] and Montini in [9] have considered the problem of the
capacity and Hausdorff dimension of the divergence set of spherical partial sums of
Fourier integrals. Then, in [6] Colzani has shown that the Bochner-Riesz means of
functions with g integrable derivatives with « 4+ 8 > (d — 1)/2 may diverge only in
sets of points of Hausdorff dimension at most d — . Here we generalise these results
to functions with 8 fractional derivatives in L”(R%), 1 < p < oo. In particular, we
obtain conditions on ¢, 8, p and d that ensure the pointwise convergence up to sets
with Hausdorff dimension at most d — Bp. The conditions are the following: either
a>d-D|1/p—1/2|ora>d(1/2—1/p)—1/2anda+ B > (d —1)/2. Since the
functions we are considering may be infinite precisely on sets of dimension d — Sp,
this estimate for the dimension of the divergence sets is the best possible. However,
our analysis is not exhaustive and the ranges of the indexes are not optimal.

Before stating our result, we recall some basic definitions.

The Bochner—Riesz kernel S% of order «, with o > 0, is defined by its Fourier
transform,

o —1g2
Se@=(1—[R7[)%.
This kernel can be written explicitly in terms of Bessel functions:

S%(x) =7 “I(a + DRV x| 72 [y g (27 RIx ).

It follows from the asymptotic formula for Bessel functions that

|S% ()] < cRd(l + R|x|)_°‘—<d+1)/2.
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The Bessel kernel GP, with B > 0, is defined by its Fourier transform,

oy —B/2

GP (&)= (1+1¢12) ">

Also this kernel can be written explicitly in terms of Bessel functions, however it is
more convenient to see it as a superposition of heat kernels,

+o00 )
GP(x)= F(ﬁ/z)—lf (drt) =42 IxI7/4 g=14B/2-1 gy
0

It follows from this representation that this kernel is positive and integrable. More-
over, if 0 < B < d then it is asymptotic to ¢|x|#~¢ when x — 0 and it has an ex-
ponential decay at infinity. If 8 = d then G# has a logarithmic singularity at the
origin, and if 8 > d then it is bounded. See [11]. Finally, the Riesz kernel 1 B with
0 < B <d, is given by

18 (x) = |x|P2.

If B> 0and p > 1, the Bessel capacity of a set E C R? is defined by
Bg ,(E) =inf{||f||ﬁ :GPx f(x)>1on E}

The Riesz capacity Rg ) is defined in a similar way, by replacing GP with 18, Tt
follows from the definitions that Rg ,(E) < CBg ,(E). Actually, it is also true that
the Bessel and Riesz capacities have the same null sets. See [16, p. 67]. It can be also
proved that when the d — Bp Hausdorff measure of E is finite, then Bg ,(E) = 0.
Conversely, if Bg ,(E) = 0, then for every ¢ > 0 the d — Bp + ¢ Hausdorff measure
of E is 0. See [16, Th 2.6.16].

Our main result is the following.

Theorem 1.1 Assume that « >0, 8 > 0, and f = G? % F with F € LP(R%), 1 <
p < +o0. If0 < B <d/p,then S f(x) converges pointwise to f(x) as R — 400
with a possible exception of a set of points with Hausdor{f dimension at most d — Bp,
provided that one of the following conditions holds:

(1) eithera > (d—1)|1/p—1/2];
() ora>d(1/2—1/p)—1/2anda+ B> (d—1)/2.

Ifo >d(1/2—1/p) —1/2 and B > d/ p, then the convergence is pointwise every-
where and uniform.

As mentioned in the Introduction, almost everywhere convergence of Bochner—
Riesz means has been considered in [3] and [8], and the case @ = 0 of our Theorem
is contained in [4] and [9]. The cases p = 1 and p = 2 are already contained in [6],
and also the case p = oo is already known. Indeed, if p = oo and B > 0, then
f = GP x F is bounded and uniformly continuous, and if & > (d — 1)/2 then SE*f
converges to f uniformly. The assumption « > d(1/2—1/p) —1/2 in Theorem 1.1
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is necessary in order to define the Bochner—Riesz means in Lp(Rd). Observe also
that when p < 2d/(d — 1) this condition reducestoa + 8 > (d — 1) /2.

The main point of the proof of the Theorem is an estimate for the maximal
Bochner—Riesz operator: for every f with B derivatives in L?(R?) there exists a
function H in L?(RY) such that

sup | S% # £ ()| < H * [x|P~4.
R>0

Convergence up to a set of Riesz capacity zero follows from this.

2 Proof of Theorem 1.1

We split the proof of Theorem 1.1 into a series of lemmas.

Lemma 2.1 If 1 < p < 400 and o > d(1/2 — 1/p) — 1/2, then for every F €
LP(RY) the convolution S% * GP x F is well defined and it is commutative and
associative:

S%*(Gﬁ*F)z(S%*G’S)*FzG’S*( %*F)

Proof The statement follows from Young’s inequality: given 1 < p, g, r < oo with
I/p+1/g=14+1/r,if fe LP(RY) and g € LI(RY), then f % g € L"(R?). It
suffices to observe that the Bessel kernel G is an integrable function and that the
Bochner—Riesz kernel S% is in L4 (RY), with g > 2d/Qa +d + 1). O

Lemma 2.2 If a > (d — 1)/2, then the maximal operator S% f = supg_|S% * f|
is of weak type in L"(RY). If 1 < p < 400 and o > (d — 1)|1/p — 1/2|, then this
maximal operator is bounded on LP (RY).

Proof This is a classical result of Stein. First one proves the extreme cases p = 1 or
p =00 and R(«) > (d — 1)/2, then the case p =2 and N («) > 0. The other cases
follow by complex interpolation. See [13, Theorem 5.1]. g

Lemma 23 [fa+ 8> (d—1)/2, then

min{|x|f 4, |x|~@=(@+D/2) if0<p<d,
sup|S% * GP (x)| < € { minflog(1 + 1/|x]), x| ¢~ @D/} jfg=d,
k=0 min{1, x| @~ @+D/2) ifB>d.

Proof First assume that 0 < 8 < d. By definition
—-B/2 1412 i
S%*Gﬂ(x)szd(l—i—lélz) PR(1— | R 6 P)% i€ ds.

Let ¢ + v = 1 be a partition of unity on Ry, with ¢ and ¥ smooth and non-
negative, and



Pointwise Convergence of Bochner—Riesz Means in Sobolev Spaces 139

p(p)=1 if0<

p<1/3 and ¢(p)=0 ifp>2/3,
vip)=1 if2/3<p

<1 and vY(p)=0 ifp<1/3.
Then

S% % GP (x) = fd $(|R7Te])(1+1617) P2 (1 — | R 16| 26 g

R
To estimate the first integral set
K@ =¢(E)(1 - 1575

Then, if Kr(x) = RIK (Rx) we can rewrite the first integral as

fRd S(|R7e])(1+1617) P2 (1 — |R™16]*)% 267 dg = K + GP (x).

Recall that the Hardy-Littlewood maximal function of a locally integrable function
is defined by

1
A f(x)=su
Je=sp g

/ | f(x—y)|dy,
B,

where B, denotes thi ball of radius » centred at the origin and |B,| is its volume.
Since the multiplier K is smooth with compact support, the kernel K (x) is bounded
and rapidly decreasing at infinity. This implies that

sup |Kg * GP (x)| < C. GP (x).
R>0

Since G#(x) < C|x|#~? and since the Hardy-Littlewood maximal function of a
radial homogeneous function is radial homogeneous, it also follows that

MGP(x)y<C|x)P~4 =C|x|P.

We now estimate the second integral. When |Rx| < 3 a crude estimate gives
[ v R e+ )0 R Py e
< [ wURT e+ 1R R as
R4

1
RI7F

<C
< Clx|P.
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To estimate the integral when |Rx| > 3, we introduce another smooth cut-off
function 0 < x < 1 such that x(p) =1if 0 < p <1 —2/|Rx| and x(p) =0 if
p = 1—1/|Rx|. Moreover we require that forall j =0,1,2,...,

d’ ,
'Wx(m‘scu)mxv.
Then
_ —-B/2 —1£|2\@ 27iEx
[ R+ 1) 0= Ry e
_ — -B/2 —1g)2\@ 2mig-x
= [ =R DR e+ 1) (1~ R e
+ [ R w(RED 1+ 16R) (1 - (R P emie ae,
In polar coordinates the first integral becomes
[ 0= xR e (R eD 1+ 162) 1 = R Py enie ag
1
=& [ (= @) (R 2 (=) [ dgap,
0

1o]=1

It is well known that

/ eZJTix~0 d@' < C|x|_(d_1)/2.
|0]=1

This is a standard estimate for oscillatory integrals with non-degenerate critical
points, which also follows from the decay of Bessel functions and the explicit for-
mula

f e2mixnt go _ 271|x|(2_d)/2J(d72)/2(277|x|)-
|0]=1

See for example [12, p. 347]. Therefore, if o« + 8 > (d — 1)/2 and |Rx| > 3,
’/Rd(l — xRNV (R (1 +167) 77 (1 - [RT1EF) 20 a

1
< CRUFDZZA =@/ / (1= x ()1 = p)*dp
0
— C|Rx|(d—l)/2—(x—/3|x|ﬂ—d

< Clx|P.
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To estimate the second integral, we introduce the Laplacian Az = — Z‘;:l 82/ 85}2.

Since this operator is self-adjoint and Ag‘ (€2TIE Yy = |27 x| 2k 26X e obtain

/Rd x(REDY (IR e (1+16P) P2 (1 = |R16[?) g ¥ g
— o 2wi&-x
= /R x([RENy(|R™e))(1+16P) P2 (1 - |R‘15|2)+A§<|62ﬂw> i

= [27x|*R7F /Rd Af(g(R™'E))e™ 8 de,

where we have set
g©) = x(1ENV (5N (R2+152) P2 (1 - 15P2)1.

Now, denoting by A’; the radial part of the Laplacian and setting go(|€]) = g(§), we
get

[ xR e (R 1+ 167) (1= [ e e
= 27x| kR /Rd (Afg)(R™'&)e™™ 5 dk
+o00 .
— |2ﬂx|_2de_ﬁ_2k/0 Alz)go(p)pd—l/ eZmex~9 de dp

|ol=1

Then, recalling the properties of the cut-off functions y and ¥, if k > (¢ — 1)/2 we
finally get

‘/R x([REw(|R™"e) (1 +187) "2 (1 — [R"e[*) ¥ ag

+o0
g C|x|—2k—(d—l)/zR(d+1)/2—ﬂ—2kf |A/;go(p)|p(d—l)/2 d,O
0

1-1/R|x|

< C|xI72k7(d71)/2R(d+1)/27/372k/ (1= p)*=%gp

1/3
< C|x|—2k—(d—l)/2R(d+l)/2—ﬁ—2k|Rx|_a+2k_l

— C|Rx|(d—l)/2—0t—ﬂ|x|ﬁ—d
< Clx|P.
We have proved that, if 0 < 8 < d, then for every x

sup|S% * GP ()| < Clx|P~.
R>0
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This estimate is the best possible if « + 8 =(d — 1)/2, orifa + 8 > (d — 1) /2 and
x| <L.IEA—-1/2—B<a<(d—1)/2and |x]| > 1, then

sup|S% *GP (x)| < Goth—d=D/2 sup|S% * G(d_l)/z_“|(x)
R>0 R>0

< CGUHF—@=D/2 4 |y |~a—(d+D)/2
< Clxl*()l*(d‘l’l)/z‘
The first inequality follows from the fact that Bessel kernels are positive, and the last

inequality follows from the fact that these kernels are integrable with an exponential
decay at infinity. If « > (d — 1) /2, then

|S%(x)| < CRA(1+ | Rx|) *~ V72,

Again by this estimate it follows that, if |x| > 1,

sup|S% * GP (x)| < Clx|7*~@+D/2,
R>0

Hence we have proved that, if 0 < 8 < d,

sup|S% * Gﬂ(X)| < Cmin{|x|ﬁ—d’ le_‘"—(d“)ﬂ}.
R>0

The proof of the cases § > d is similar. O
Lemma 24 Let 1 < p <+o00,a > 0,0 < B <d, and assume that one of the fol-
lowing properties holds:

(i) eithera > (d—D|1/p—1/2l;
(i) ora>d(1/2—1/p)—1/2anda+ B > (d — 1)/2.

Then for every function F € LP(R?) there exists a function H € L (R?) with
IH|, < CIF|, and such that

S%(GP % F)(x) = sup|Sg + GP  F(x)| < IP x H(x),
R>0

where IP(x) = |x|P~? is the Riesz kernel.

Proof First assume that o > (d — 1)|1/p — 1/2|. This assumption is stronger than
the one in Lemma 2.1, therefore S¢ (GP % F) is well-defined. Since the Bessel kernel
GP# is positive and it is dominated by 77, we can estimate the maximal function as

sup!S% * GP *F(x)| <cIP x sup|S% *F|(x).
R>0 R>0

As stated in Lemma 2.2, if « > (d — 1)|1/p — 1/2| and F € LP(R%), then
also supg-(|S% * F| € LP(RY). Hence, (i) follows with H = supg.|S% * F|.
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Now assume that o > d(1/2 — 1/p) — 1/2 and o + B > (d — 1)/2. Then, by
Lemma 2.3,

sup|S% * G? % F(x)| < |F|x sup|S% x GP|(x) < CI? % |F|(x).
R>0 R>0

Hence, (ii) follows with H = | F|. O

Proof of Theorem 1.1 As observed before, the case p = oo is already known. In-
deed, if p =00 and B > 0, then f = G# x F is bounded and uniformly continuous.
Hence, if @ > (d — 1)/2 then S§ * f converges to f uniformly. The case p =1
is already contained in [6], however it is also a consequence of the case p > 1. In-
deed, write f = GPxF=GP¢xGé+FwithO <¢ < B.If F isin Ll(Rd) then, by
the Hardy-Littlewood—Sobolev theorem of fractional integration [11, Theorem 5.1],
G¢ % F is in L?(RY) for every p <d/(d — ¢). Hence, assuming that the Theorem
holds with p > 1, then S% f converges up to a set with Hausdorff dimension at most
d — (B — &) p. Finally, letting ¢ — 0 and p — 1, one obtains convergence up to a set
of dimension at most d — 8. The case 1 < p < o0 and 0 < 8 < d/p follows from
Lemma 2.4 and the notion of capacity. The proof is standard, anyhow for complete-
ness we include some details. Let {F;,} be a sequence of functions in the Schwartz
class which converges to F in the metric of L” (R?) and let fo= GP « F,. Since also
fn is in the Schwartz class, limg_, 1 oo S * fu = fu pointwise everywhere. Then,
for every ¢t > 0,

{x:limsup‘S‘,’é*f(x)—f(x)’ >t]
R—+o00

c {x:;u%]S%*f(x)—S%*fn(x)] =12} Ufx | futo) = F@)] > 1/2).

The Bessel capacity of the second term can be estimated by

B, p({x: [ fur) = f(0)| > 1/2})

< Bpp({x: GP % |Fy = FI(x) > 1/2})

t\? »
< 3 | £ — Fllp-

Hence, this capacity tends to zero as n — +00. In case (i) when o > (d — 1)|1/p —
1/2|, the Bessel capacity of the first term can be estimated by

Bﬁ,p({x limsup |S% 5 £(x) — S% & fu(x)| > t/2}>

—> 400

< Bﬁ,p({x - GP « 2u%|3% «(F = Fy)|(x) > r/z})
>
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< (D) suw[sg x k= ||’
< sup|SR>(<(F F,,)|
2 R>0 p
t\7? »
<C<§> 1 Fn — Fllp-
Since || Fj, — F||, — 0 as n — 400, we obtain
Bﬁ,p({x : lim sup |S}"e x f(x) — f(x)| > t}) =0.
R— 400

In case (ii), when o > d(1/2—1/p)—1/2and e+ B > (d — 1) /2, the Riesz capacity
of the second term can be estimated by

Ry p([: imsup 5+ (1 = p| e > 1/2])
< Rpp({x: 17« |[(F — F)|(x) > Ct/2})

Ct\” »
s\z ) 1= Flp.

The last term tends to zero as n — +o0. Since the Riesz and Bessel capacities have
the same null sets, see [16, p. 67], in both cases we get

Bap({x: limsup |55 £ = f0] > 0})

IN
WK

By ({x: limsup S / () = £ ()] > 1/k})

~
Il

1

Il
e

Therefore, applying [16, Theorem 2.6.16]), we obtain that the Hausdorff dimension
of the set {x : limsupp_, | o, [S% * f(x) — f(x)| > 0} is at most d — Bp.

If 1 < p<2and B > d/p then, by the Hausdorff-Young inequality, the Fourier
transform of f is absolutely integrable. Indeed, if 1/p 4+ 1/g =1,

/Rd |f<s>|ds=/Rd(1 +1eP) [ F@)|as

1/p 1/q
< 1 2\=BP/2 ) < AN )
([ avery2ae) ([ 1ol as
1/p 1/p
2\—Bp/2 p
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Hence, by the integrability of the Fourier transform, the inversion formula for the
Fourier transform holds everywhere and the convergence of the Bochner—Riesz
means is uniform,

|55 £ () = (0| = V (1= [R7EF)T = 1) F @ explmisn de
R4
—1s12\a@ A
</Rd|(1—|R )% 1]/ ®)]de.

It remains to consider the case p > 2,a > d(1/2—1/p)—1/2 and 8 > d/p. In this
case @ + B > (d — 1)/2 and Lemma 2.3 applies. Hence, if 1/p + 1/g = 1, then

sup|S% * GP *F(x)’ < (sup|S}"e *GﬁD * | F|(x)
R>0 R>0

q l/q 1/p
g(/ [sup| 55 # GP )| dx) </ |F(x)|”dx> .
R?'R>0 R4

Uniform convergence everywhere now follows from the uniform boundedness of
this maximal function, via a standard density argument. g

Since functions with 8 derivatives in L” (R?) may be infinite on sets with Haus-
dorff dimension d — Bp, the dimension of the divergence set in the statement of the
Theorem cannot be decreased. When p > 2, part (i) of Theorem 1.1 can be easily
improved by using the bounds for the maximal Bochner—Riesz operator in [1, 5, 7],
and [10] for even dimensions. Finally, we want to remark again that our analysis is
not exhaustive and the ranges of the indexes are not optimal. However, at least for
radial functions, we can prove some definitive results:

Leta >0, 820 1< p<+oo, and2d/(d+1+2a+28) <p<2d/(d-—
1 — 2a). Then the Bochner—Riesz means with index o of radial functions with p
derivatives in L (R?) converge pointwise, with the possible exception of a set of
points §2 with the following properties:

(1) if Bp < 1, then the Hausdorff dimension of §2 is at most d — Bp;
(i) if 1 < Bp < d, then §2 either is empty or it reduces to the origin;
(iii) if Bp > d, then S2 is empty.

For these results, see [15]. The range of the indexes for non-radial functions can-
not be larger than for radial function. Figure 1 shows the largest possible region
of convergence for our problem. The dark shaded area corresponds to condition (i)
and (ii) of Theorem 1.1, whereas we have proved convergence in the light shaded
areas only for radial functions. In particular, observe the asymmetry between p < 2
and p > 2. When p < 2 the regularity B lowers the summability index «. On the
other hand, when p > 2 the indexes of summability « and of regularity 8 are unre-
lated.
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Fig. 1 The region of &
convergence
d-1 1 d+1,8 1 1
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Sub-Finsler Geometry and Finite Propagation
Speed

Michael G. Cowling and Alessio Martini

Abstract We prove a number of results on the geometry associated to the solutions
of first-order differential operators on manifolds. In particular, we consider distance
functions associated to a first-order operator, and discuss the associated geometry,
which is sometimes surprisingly different to Riemannian geometry.
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1 Introduction

Suppose that D is a first-order, formally self-adjoint differential operator on a man-
ifold M. Under what circumstances can we define a group of operators el’” (where
t € R) and when can we say that solutions to the corresponding differential equa-
tion (9; —iD)u = 0 propagate with finite speed? If D is an operator between vector
bundles, how do we measure the speed? The aim of this paper is to answer these
questions, under some assumptions on D, which are related to the Hormander con-
dition for families of vector fields. We do this precisely, and while many of the ideas
here are in the literature, we have not seen them put together in a coherent way as
we do here.

In particular, we establish when formally self-adjoint operators are essentially
self-adjoint, and produce sharp estimates for the propagation of solutions, which
involve a “sub-Finsler” distance when the operators act between vector bundles. We
also give a detailed description of the associated geometry.

M.G. Cowling (<) - A. Martini

School of Mathematics and Statistics, University of New South Wales, UNSW Sydney
NSW 2052, Australia

e-mail: m.cowling@unsw.edu.au

A. Martini
e-mail: a.martini @unsw.edu.au

M.A. Picardello (ed.), Trends in Harmonic Analysis, Springer INdAAM Series 3, 147
DOI 10.1007/978-88-470-2853-1_8, © Springer-Verlag Italia 2013



148 M.G. Cowling and A. Martini

Every first-order differential operator D between vector bundles has a symbol
o (D), which maps the cotangent space at a point x to the space of linear operators
from the fibre of one vector bundle to another. The mapping that sends a cotangent
vector £ to the operator norm of o (D)(£) is thus a seminorm P, on the cotangent
space 7M. When D is elliptic, the seminorm Py is a norm at each point x, but
when D is not elliptic, the seminorm may well have a non-trivial kernel, and the
dimension of this kernel may vary from point to point. Dual to the seminorm on
the cotangent space, there is an extended norm P} on the tangent space Ty M (by
“extended norm”, we mean that some vectors may have infinite norm). The annihi-
lator of the kernel of the seminorm P; in the tangent space is the space of tangent
vectors of finite norm. Thus in general, the geometry that we consider is similar to
sub-Riemannian geometry, but we must allow for the possibility that the dimension
of the space of vectors of finite norm is not constant. Further, when the bundles
are one-dimensional, the seminorm is euclidean (once the kernel is factored out),
but when the bundles are higher-dimensional, the norm is more general. Thus we
consider “sub-Finsler” geometry, an extension of sub-Riemannian geometry. We
define various natural distance functions, and show that under various hypotheses
they coincide; but surprisingly, they do not always do so, and we give a number of
examples that show that results that are obvious in more restricted circumstances
may in fact be false in our more general context. For example, we show that it may
not be possible to measure the length of a smooth curve by considering a smooth
parametrisation, and that the “right” distance to measure propagation may not be
euclidean. Because “obvious” results may be false, we feel that we are justified in
giving fairly complete proofs of most results; expert readers may skip over proofs,
in the knowledge that they are the proofs that may be expected, but we do suggest
looking at the counterexamples later in the paper.

As we commented above, most of the ideas that we consider are not new, but have
been considered in less general contexts. For example, our technique for establish-
ing finite propagation speed for first-order operators is well-known in the elliptic
context, but less so in general; there are, for instance, a number of proofs in the
subelliptic context that consider elliptic approximants to subelliptic operators rather
than working directly with subelliptic operators. Some of the analysis of distance
functions that we carry out is familiar in the context of “metric spaces”, but those
who work in the context do not seem usually to consider vector bundles.

We work in the generality of vector bundles, in order to work with self-adjoint op-
erators. Given complex vector bundles & and .%, with hermitean fibre inner products
(inner products on each fibre), and a differential operator D : C*°(&) — C® (%),
we define a new differential operator D : C*°(& & .F) — C>®(& & %) as the sum
of D and its formal adjoint D*: more precisely, D(f, g) = (D*g, Df). Then D
is formally self-adjoint, and P induces the same distance function as D. By study-
ing the propagation of solutions to (9; — iP)u = 0, we can say something about
the wave equation (E)t2 — Dt D)v = 0. Vector bundles are also a natural context for
considering systems of vector fields: to {X1, ..., X}, we associate the differential
operator sending a function f to the vector-valued function (X1 f, ..., X, f), that
is, from a section of a trivial bundle with fibre C to a section of a trivial bundle with
fibre C".
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1.1 Notation and Background

Throughout, M is an n-dimensional manifold, by which we mean a smooth o-
compact, and hence paracompact, manifold without boundary. Then M admits a
countable locally finite atlas (¢ )qea; here each U, € M and each ¢, is a smooth
bijection from U, to R” with smooth inverse. By choosing a partition of unity
(Na)aeca subordinate to the cover (Uy)qyea and then rescaling the ¢, to ensure that
@ (Supp(nq)) S Brn (0, 1), where Brn (x, ) denotes the open ball in R” with centre
x and radius 7, we may suppose that UaG A Vo =M, where Vy, = ¢y 1(B]Rn O, 1)).
Then )", ne = 1 and the n, are bump functions on M, by which we mean smooth
compactly-supported functions taking values in [0, 1]. We write O(M) and K(M),
or just ) and R, for the collections of all open subsets and all compact subsets of M.

We will endow M, and subsets thereof, with various extended distance functions
0: M x M — [0, 00]; by this, we mean that o satisfies the usual conditions for
a distance function, but may take the value co. One way to do this is to choose
a continuous “fibre seminorm” P on T*M, that is, P, is a ssminorm on each fibre
TiM,and P : T*M — [0, c0) is continuous. Dually, there is an extended fibre norm
P* on the tangent space T M, given by

Pl(v) = sup |§(v)|.
EeTiM
P)<1

We then say that a curve y : [a, b] — M is subunit if it is absolutely continuous and
P*(y’) < 1 almost everywhere in [a, b]. We define the (possibly infinite) distance
op(x,y) between points x and y in M to be the infimum of the set of lengths of the
intervals of definition of subunit curves starting at x and ending at y. We consider
both subunit and smooth subunit curves in the text, and show, under suitable hy-
potheses, that it does not matter which are used, but in general there is a distinction.
It is easier to work with P rather than P*, as describing the continuity requirements
on P* is more complex; further, when P and P* arise in the analysis of a first-
order differential operator, P has a simple description in terms of the symbol of the
operator.

In general, the topology induced by op may not be equivalent to the original
manifold topology of M. It is easier to work with distance functions that do give
rise to the original topology, and we give these a special name.

Definition 1.1 An extended distance function is said to be varietal if the topology
that it induces coincides with the manifold topology.

Given a distance function ¢ on M, a point x in M, and ¢ € RY, we write
Bo(x,e)={yeM:o(x,y)<e} and By (x,e)={yeM:o(x,y) <e};

the latter set need not be closed in the manifold topology, and, given a subset X of
M, we write X~ for the manifold closure of X. As usual, o(X, x) =infyex 0(y, x).
We define B, (X, ¢) and B, (X, ¢) analogously.



150 M.G. Cowling and A. Martini

We equip M with a smooth measure that is equivalent to Lebesgue measure in all
coordinate charts, and write dx, dy, ..., for the measure elements. Take a smooth
complex finite-rank fibre-normed vector bundle & on M. We use “function nota-
tion” for spaces of sections of &’; for instance, we write Lf;c (&) for the space of
(equivalence classes of) sections f of & such that | f|? is locally integrable on
M if p < oo, or | f]| is essentially bounded if p = oo, and L (&) for the space
of compactly-supported sections in Lf(’)c(é"). The former space is equipped with a
Fréchet structure: f,, — f in LY (&) if and only if

loc

/ |fm(x)_f(x)|de—>0 asm — 00
K

for all K € K(M) (recall that, in general, a Fréchet space structure involves a count-
able family of seminorms Qj such that f = 0 if and only if Q4 (f) = 0 for all
indices k); the latter is an inductive limit of Banach spaces. We write C (&) for the
space of continuous sections of &. Then convergence in C (&) means uniform con-
vergence on compacta. If & has a hermitean fibre inner product (-, -), then, for all
f, g € L>(&), we write (f, g) for their pointwise inner product, which is a function
on M, and ((f, g)) for their inner product:

(f.e)= /M(f(x>,g(x))dx.

We write .7 and 7" for the trivial bundles over M with fibres C and C", and &
for the trivial bundle over M with fibre R. Thus C°(.7) and C2°(JRr) denote the
usual space of smooth compactly-supported complex-valued functions on M, and
the subspace thereof of real-valued functions.

Suppose that ¢, : U, — R”" is a coordinate chart and & is a vector bundle over
M with fibre C". On R”, as on any contractible manifold, all vector bundles are
trivialisable [16, Corollary 3.4.8]. Thus, when we consider the restriction &'|;, of &
to Uy, there are invertible linear maps T from &, the fibre over x, to C", which vary
smoothly with x in M, so the map w +— (7w (w), T (w)w), where 7 is the projection
from & to M, is a vector bundle isomorphism of &|y, with the bundle U, x C"
over Uy. In fact, when & has a hermitean structure, then the 7, may be chosen to be
isometries. Furthermore, the map ¢, ® I is a vector bundle isomorphism from the
bundle U, x C" over Uy, to the bundle R” x C” over R". This isomorphism in turn
induces an identification t¢ , of the sections of &'|y, with the sections of the trivial
bundle R" x C" over R", which we identify with the C"-valued functions on R”.
For instance, ¢ o : C°(&|y,) — CEMR™ x C") is defined by

6,0 f(X) = ngl(x)f(wojl(x)) for every x € R".

At the risk of confusion, we usually just write 7, rather than t¢ ,. We also use T for
the map of other spaces of sections, such as LllOC (&). When we write 7, 1 £, where
f is a section over R”, we intend the section of & that vanishes outside U,,.

We use the letter « for constants; these may vary from one paragraph to the next.
We often highlight the parameters on which these constants depend.
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2 Differential Operators and Symbols

We denote by D (&, %) the space of smooth linear kth-order differential operators
from C*°(&) to C*°(.F), where & and .% are smooth complex finite-rank vector
bundles on M. In local coordinates and trivialisations of the bundles, as described
above, each D € Dy (&, %) may be written as

WD) =) ajx)d;(wf)(x) forevery x € R", (1)
1<k

where the J are multi-indices and the coefficients a;(x) are matrices that depend
smoothly on x in R". We also write

oD = Z ajoyj.

1<k

Note that Dy, (&, F)C ’Dkz(g, F)if ky < ks.

Each D € ©(&, %) has an associated symbol oy (D), which is a smooth section
of Hom(S¥(CT*M), Hom(&, .%)); that is, the symbol oy (D) at a point x € M is a
Hom(&, .#y)-valued symmetric k-linear form on C7,;*M. In local coordinates and
trivialisations, if D is given by (1), then

7o (0k(D)) () (%) = D &7a;(x) foreveryxeR", & eC" ()
|J|=k

where £9% denotes the symmetrised version of £ ® --- ® & (with k factors). The
mapping D +> oy (D) is C-linear, and its kernel is Dy_1 (&, .%#); furthermore, if
Dy € D, (&,.F) and Dy € Dy, (F,9), where ¢ is another vector bundle on M,
then Dy Dy € Dy, 44, (&£, ¥) and

Oky+ky (D2 D) (SG(MHQ)) =0, (D2) (Eekz)akl (Dl)(éOkl) 3)

forall £ e CT*M.

Recall that M is endowed with a smooth measure that is equivalent to Lebesgue
measure in all coordinate charts, and suppose that & and .# are endowed with
hermitean fibre inner products. Then each D € D (&,.%) has a formal adjoint
Dt € Dy(Z, &), which is uniquely determined by the identity

(Df. g)=({f. D*g)) %)

forall f € CX(&) and g € C°(%). This identity extends to sections f and g such
that supp f N supp g is compact, since (Df, g)) = (D(nf), ng)) for all bump func-
tions 7 equal to 1 on supp f N supp g. Clearly, the mapping D — D™ is conjugate-
linear and (D, D))" = DTD;F. Moreover, for all § € SK(CT*M),

ok (DT)(0) = (=1 (ox(D)(®))" ®)
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where the final * denotes the adjoint with respect to the hermitean inner products
along the fibres of & and .%; note that the symbol of the formal adjoint does not
depend on the choice of measure on M.

2.1 Zeroth-Order Differential Operators

Every D € ©¢(&, F) is a multiplication operator: it is given by multiplication by a
smooth section of Hom(&, .%), namely, the symbol (D). Formal adjunction of D
then corresponds to pointwise adjunction of the multiplier:

(nf. gy =(fn*g)) (6)

for all h € C®°(Hom(&, %)), all f € C*(&), and all g € C®°(F) such that
supp f N supp g Nsupp & is compact. Here are some special cases of (6).

First, if & =.% and h € C*°(7), then h corresponds to a scalar section of
Hom(&, &), whose pointwise adjoint corresponds to the pointwise conjugate /1, so

(hf, &) = (f hg).

Next, if , g € C*°(&) and f € C*°(7), then h corresponds to a smooth section
of Hom(.7, &), whose pointwise adjoint corresponds to the section h* = (-, h) of
&*, which we may identify with Hom(&’, .77); now

(fh,g)=((f.h*g)=({f. (g. W)).

Finally, if h € C*(&), f € C®°Hom(&, %)) and g € C*° (%), then h corre-
sponds to a smooth section of Hom(Hom(&', %), %), whose pointwise adjoint,
with respect to the Hilbert-Schmidt inner product on Hom(&, .%), is a section
of Hom(.%, Hom(&', %)), given, modulo the identification of Hom(&, .%) with
&* ® ., by the pointwise tensor product with 2*, and

(fh.g)=({f.h*®g)).

By the way, by using a partition of unity and local trivialisations, it is easily
shown that each smooth compactly-supported section 4 of Hom(&, .%) may be writ-
ten as a finite sum of sections of the form f* @ g for appropriate f € C°(&) and
g € CX(F).

2.2 First-Order Differential Operators

Suppose that D € ©1(&, F). Given any h € C*°(7), denote by m & (h) and m g (h)
the multiplication operators f +— hf on smooth sections of & and .%, and define

[D,m(h)] = Dmg(h) = mz () D. )
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In local coordinates and trivialisations, if D is given by (1), then

ra([D, m(h)]f)(x) = Z 0 (teh)(x)aj(x)t f(x) forevery x e R";
j=1

in other words, the commutator [D,m(h)]: C*®(&) — C*°(F) acts by multipli-
cation by o1(D)(dh) € C*°(Hom(&, .%#)). Observe that the correspondence h +—
o1(D)(dh) is a differential operator D? € ©1(.7, Hom(&, .¥)), given in local co-
ordinates by

1o (D7h)(x) =Y 0(t4h)(x)aj(x) forevery x € R".
j=1

Clearly D° is homogeneous, that is, D°1 = 0, and the map D +— D? is linear.
Moreover (7) may be rewritten as Leibniz’ rule for D, that is,

D(hf)=(D’h)f +hDf

for all f € C*(&) and h € C*°(.7). This identity, together with (4) and its zeroth-
order instances discussed in Sect. 2.1, easily implies that

(D°)*(f* ®g) =(D*g. f) — (2. Df) (®)
for all f € C°(&) and g € C*°(%), whereas from (5) it follows that
(0¥ = (D7)’

forall h € C*°(7).
For more on differential operators, see [21, Sect. IV], [4, Sect. 2.1], and [23,
Sect. IV.2]; see also [14, Sect. 10] for the first-order case.

3 Distributions and Weak Differentiability

Recall that CJ°(&’) denotes the LF-space of compactly-supported smooth sections
of &; its conjugate dual C°(&)’ is the space of &-valued distributions on M. As
usual, we identify a locally integrable section f € LllOc (&) with the distribution ¢ —
{(f, ¢)) and extend the inner product between sections of & to denote the duality
pairing between C°(&) and C(&).

Every differential operator D € Dy (&, %) then extends to an operator on distri-
butions: given any u € C° (&), we define Du € C°(F) by

{(Du, @) = <<u, D+(p>) for every ¢ € CJ°(F). 9)
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Since zeroth-order differential operators are multiplication operators, (9) includes
the definition of the “pointwise product” of smooth sections and distributions, in all
the variants discussed in Sect. 2.1. Moreover the identity

(s o)) = {(u. 7))

allows us to extend pointwise adjunction to Hom(&, .%)-valued distributions.
For a first-order operator D, with these definitions, we may extend the identities
of Sect. 2.2 to the realm of distributions. For instance, to show that

(D)’ h=—(Dh)" (10)

for all h € C2°(7)’, we note that it suffices to test this distributional identity on
sections of the form f* ® g where f € CX°(&) and g € C°(F); to do this, we
apply (8). Similarly it may be proved that

D(hf)=(D°h) f +hDf (11)

when h € C°(F) and f € C®(&), orwhen h € C®(7) and f € CX (&) .

For D € ©;(&, %), the definition of the D-derivative of an &-valued distribution
is based on that of the formal adjoint D™ and depends on the choice of measure on
M and on the hermitean structures on & and .%; the same holds for the definition
of the embedding of Llloc(é") in C°(&)'. However, Llloc(é") and Llloc(ﬁ) do not
depend on those structures: if we change the measure or inner products, then we
get the same linear spaces, with equivalent families of seminorms and so equivalent
Fréchet structures. Moreover, if f € Llloc(cf ) and Df € Llloc(éa ), then the section
in LlloC (%) that corresponds to the distributional derivative Df does not depend on
these structures.

We say that f € Ll (&) is weakly D-differentiable if Df € Ll (%).Given any

loc loc
p€[l,o0]land D € Dy (&, .F), we define the local Sobolev space Wg (&) by

loc

WP e (@) ={f €L (&):Df € L], (F)}],

loc loc

which is given a Fréchet structure by identifying it with a closed subspace of
Ll (&) x Lf () by the map f + (f, Df). Similarly, we define the Sobolev
space W1 (&) by

Wh(&E)={feLP(&):Df e LP(F)}.
The Banach space Wg (&) depends on the choice of measure on M and on the

hermitean structures on & and .%, while W} . (&) does not. Finally, W} ,(&)
denotes the closure of C2°(&) in Wg (&).
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3.1 Mollifiers and Smooth Approximation

Mollifiers, introduced by Friedrichs [10], allow us to approximate distributions, and
in particular, locally integrable functions, by smooth functions. We now describe the
application of this technique to sections of vector bundles on the manifold M.

For convenience, we first consider the case where M is R”", equipped with
Lebesgue measure and euclidean distance function, and .7 is the trivial bundle
R"™ x C over R”". Recall that all vector bundles on R” are trivialisable, and sections
of a trivial bundle over R" with fibre C" may be identified with functions from R”
to C". Hence it is easy to define mollifiers on R” globally, and mollifiers on general
manifolds and bundles may then be defined by local trivialisations and partitions of
unity.

Choose a bump function ¢ € C°(.77) with unit mass and support in the unit ball;
for all € € 0, 1], define ¢, (x) = ¢ "@(¢"'x) for all x € R". For a distributional
section f € CX(J7) of a trivial bundle with fibre C", we set

r

Jof(x)=ge* f(x) = Z((f, 9o (x — Jex))ex  foreveryx eR", (12
k=1

where {eq, ..., e} is the canonical basis of C".

Proposition 3.1 Suppose that & is the trivial bundle R" x C" over R", and that
1< p<oo. Forall f € CX(EY, the formula (12) defines smooth sections J f of
& that converge to f distributionally as ¢ — 0. Moreover, the following hold.

(i) (Supports) supp Je f C By, (supp f, €).
(i1) (Equicontinuity) The operators J. are bounded on Lf;c
10, 1].
(iii)) (Approximation) If p < oo and f € Lf;c(éa), then Jof — f in Lﬁ)c(ﬁ) as
& — 0; the same holds if p =00 and f € C(&).
(iv) (Upper bound) For all continuous fibre seminorms P on &, all K € A(R") and

all f e L% (&),

loc

(&), uniformly for ¢ in

limsup sup P(Je f)(x) < M}ng esssup P(f)(x).

e—>0 xekK WSK xeW

Proof These are well-known facts about convolution and approximate identities
in R", and we omit the proofs, except for part (iv).
For all x e R” and ¢ e RT,

5t = [ 0 f =y,

Since the functions ¢, are nonnegative and have unit mass, while P,: & — R is
convex, Jensen’s inequality implies that

P f(0) < /R WP = ) dy,



156 M.G. Cowling and A. Martini

whence
P () < /R 0P (x — y)dy
+ /R ee(P(f(r =) = Py (fx = ))dy. (13)

Suppose now that K € W, where K € £(R") and W € O(R"). Take £ € R such
that By, (K, &) € W. Since f € L{5.(&),
ess sup |f(x)| < 00;
x€Bg, (K.E)

further, P: & — R is continuous, so uniformly continuous when restricted to
Bp. (K, &) x {ve C" : |Jv| <R}, forall R € R™. Thus the second integral on the
right-hand side of (13) tends to 0 as ¢ — 0, while the first integral is bounded by
esssup,cw P(f)(x) when e < . Part (iv) follows. O

The interaction of mollifiers and differentiation is more interesting: for a differ-
ential operator D € Dy (&, %), it is reasonable to ask whether D J, f converges to
Df as ¢ — 0. When we are working on R” with trivial bundles & and .%, we al-
ready know that J.Df approximates Df. In this case, the problem reduces to the
study of the commutator operators [D, J,], given by

[D, Js]f = DJsf - Jst'

If D is translation-invariant, then [D, J.] = 0. For an arbitrary D, it is clear that
[D, J.1f — O distributionally as & — 0. Stronger forms of convergence to 0 may
be proved easily for first-order operators D.

Proposition 3.2 Suppose that & and F are the trivial bundles R" x C" and R" x C*
over R", that D € ©(&, %), and that 1 < p < 00. Then the following hold.

(1) (Equicontinuity) The operators [D, J;] are bounded from L{:)C (&) to Lf;c (F),
uniformly for ¢ in 10, 1].

(ii) (Vanishing) If p < 0o and f € Ll (&), then D, J,1f — 0 in LL (F) as
& — 0; the same holds if p =00 and f € C(&).

Proof Compare with [11, Appendix].
We may suppose that D has the form

Df(x) =b(x) f(x) + Zaj(x)ajf(x) = Dof(x)+ D1 f(x),

j=1

say, where the matrix-valued functions a; and b are smooth.
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Since Dy is a multiplication operator, it is bounded from Lf;c (&) to L{;C(ﬁ ) for
all p € [1, oo]. Hence, by Proposition 3.1, both DyJ, and J; Dy are bounded from
sz)c(é") to LY (%), uniformly for ¢ in ]0, 1], and

loc

DoJef — Dof and J.Dof — Dof

in L{:)C(gz) as ¢ — 0 if either p < oo and f € L{Z)C, or p=o0 and f € C. Hence

parts (i) and (ii) hold for [ Dy, J.], and it suffices to consider Dj.
If feC (&), then

Je f(x)= Aﬂ S =ye:(y)dy,

)
[Dla Js]f(x) = Dl-]gf(x) — Jngf(x)
- /R (Z[“f () —aj(x = ]d; fx = y)>%(y) dy
j=1
=Ce f(x),
say.
Define

n

Fe(x,y) =Y (pe(0dja;(x — y) + [a;(x) —a;(x — )]j0e ().
Jj=1

and observe that, when f € C°(&) and A € C,

n

Cef(x)= /R ) (Z[a,,(x) - aj(y)]ajf(y>>¢g(x —y)dy

j=1

29
- / (Z —[[aj(x) —a;(y)]ee(x — y)])f(y)dy

ey

n

ol
- _/R (Z 5[[“1‘ (@) —aj(»]ee(x — y)]) [£() = Af(0)]dy
" J

j=1
_ /R FeGe [ £ — y) = 1f ()] dy.

This formula extends to all f € C2°(&)’ by continuity, since F; is smooth and sup-
ported in the set {(x, y) e R" x R" : |y| < ¢}.
For x € R", define the quadrilinear form A(x) on C" x C" x C" x C* by

n

d
A (', u, v, w) = Z u’j g[uk (ar(x)v, w)],

jk=1 1
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where (w’, w) denotes Z;: 1 wl/ w;y, and write |A(x)| for the maximum of the ex-
pression |A(x)(u’, u, v, w)| as u’, u, v and w range over the unit spheres in C", C",
C" and C*. Then for v € C" and w € C%,

(Z[aj(x) —aj(x—y]0jp: (v, w)

Jj=1

1
:‘[) A(x—y+ty)(y,V(‘Pe)()’)a”yw)

< sup |A@| I V) )] Iv] w]
2€Bgn (x,]y1)

< sup |A@| IVl vl |wl,
ZE€BRn (x,]y])

where |Vl (y) =& 7"|Vg|(e~!y), and similarly

ZA(x —y)ej,ej, v, w)

j=1

D 0e(dja;(x — y)v| = |e: ()]

Jj=1

<nlps(y)|  sup )!A(z)\|v||w|,

ZEB]Rn ()C,|y‘

where the ¢; are the standard basis vectors in R".
Set ¥ =ng + |Vo| and ¥, (z) = e " (¢~ 'z). Then, taking operator norms,

|Fee, )| < D [8ja;0 = 0)]ee )| + Z[[aj(x—y)—aj(x)]aj%(y)]‘
j=1 j=1
< sup |A@|Ye().
z€Bgn (x,€)

Now 1 is continuous and supported in the unit ball, hence bounded, so
|Cef(0)] < ‘ /ﬂ; Fe(x,y)(f(x = y) = kf(x))dy‘

< sup |AQ)| Ve ()| f(x —y) = Af (x)] dy,

z€BRn (x,¢) Bpn (0,¢)

whence, from Minkowski’s inequality, for all K € K(R") and ¢ € 10, 1],

1/
(f |Csf(x)|”dx> ’
K

1/p
S sup |A(Z)| %(y)(/K|f(x—y)—)»f(x)|pdx> dy

ZGBRn (K,S) BRH (0,8)

1/p
<KnK.Dgy SUP (/K|f(x—y)—xf(x)|”dx> .

yeBgn (0,1)
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On the one hand, when A = 1, the integral on the right-hand side tends to 0 as y — 0,
and we obtain part (ii) in the case where p < 0o. On the other hand, when A =0, it
follows that

l/p 1/p
(/|quﬂpm) <mxﬂ¢</ |f@ﬂﬂu>
K B]RII(K,I)

which establishes part (i) in the case where p < oo. To prove parts (i) and (ii) when
p = oo, we replace the L? norm in the argument above by an essential supremum. [

We consider now the general case. Recall that there is a countable locally finite
atlas of smooth bijections ¢, : U, — R" on M; here U, € M and Ua6 A Va=M,
where Vy = ¢ L(Bgn (0, 1)). There is also a partition of unity (1y)eea on M for
which supp(ny) C Vy.

For each «, there is a trivialisation 7, taking sections of & over U, to sections
of a trivial bundle 7" on R", and similarly for .%. Sections of & with support
contained in V,, are then identified with sections of .7 with support contained in
the open unit ball.

Denote by E the set of all sequences (¢4)qca, Where each g, € ]0, 1], that is,
E =10, 1]A. Fore e E and f € Llloc(é”), define Jf’rf, which we usually write as
JF f, as follows:

IFF=> 10 ey Ta(na f): (14)

since supp 7, 1 Jey Ta(Ma f) € Uy, this sum is locally finite.
Given &, &’ € E, we write € < &’ when g4 < &, for all « € A. The ordering of E
gives a meaning to limit-like expressions along E, such as

limsup F(e) = inf sup F(e)
e—>0 EEEeiE_
e<e

for a function F': E — [—00, 00]. We show now that JJ f — fase — 0.

Theorem 3.3 Suppose that & and ¥ are vector bundles on a manifold M, that
D € ®1(&,.%), and that 1 < p < oo. Then the linear operators JF on Llloc(@@)
defined by (14) have the following properties.

(i) (Smoothing) If f € L}, (&), then JT f € C®(&).
(i) (Supports) If C is a closed subset of M and W is an open neighbourhood of C,

then there exists € € E such that supp JF f € W when supp f € C and e < €.
(iii) (Equicontinuity) If ¢ € L (.7), then there exists & € Ly, () such that

lcss £l <Nefiy

forall f e Ll (&) ande € E;if ¢ € L, then we may choose & € L.

loc
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(iv) (Approximation) If p < oo and f € LY (&), then

loc

limshlp HC(JJf—f)Hp =

forall ¢ € LS .(7); the same holds if p = oo and f € C(&).
(v) (Upper bound) If f € Lloc (&), then, for each continuous fibre seminorm P on
& and closed subset C of M,

limsup sup P (J§ f)(x) < 1nf esssup P(f)(x). (15)

e—>0 xeC WQC xeW

Further, the “commutators” D, JF 1, defined by
[D,JF)f=DJS" f— 377D,

have the following properties.

(vi) (Equicontinuity) If ¢ € LS (7)), then there exists € € L () such that

loc loc

l¢[D. 111, < UEFI

forall f € loC(15") and e € E;if { € L°, then we may choose & € L.
(vii) (Vanishing) If f € L (&) and p < oo, then

loc

limsup | ¢[D, J;]f“p =
e—0

Sforall ¢t € L°(T); the same holds if p =00 and [ € C(&).

loc

As operators on WDP (&), the JE have the following properties.

(), then there exists & € L{x () such that

loc

(viii) (Equicontinuity) If ¢ € LS®

loc

leDIg I, <UEf1p +1EDSN

forall f € WDp 0c(&) and e € E; if ¢ € L, then we may choose & € L°.
(ix) (Approximation) If f € WD 10c(&) and p < oo, then

limsup |[¢(DJF f — Df)”p =
e—0

forall ¢ € L5, (T); the same holds if p = oo, f € C(&), and Df € C(F).
(x) (Upper bound) If f € C(&) and Df € LIOC(J), then, for each continuous
fibre seminorm P on ¥ and closed subset C of M,

limsup sup P(DJJ f)(x) < u}nf esssup P(Df)(x).

e—>0 xeC WwoC xeW
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The alert reader will have already noticed that, in contrast to Propositions 3.1
and 3.2, equicontinuity and the limiting properties here refer to a topology on the
spaces of sections L{:)C (and C), defined by the “extended seminorms” f > £ f |y,
where ¢ ranges over Ly (), which is finer than the usual Fréchet topology when
M is not compact. Indeed, if M is not compact, then the finer topology, known as the
Whitney topology (at least in the case of C [15, Chap. 2]), is not metrisable, nor does
it yield a topological vector space structure: the mapping A +— Af is not continuous
unless the section f is compactly-supported. However, like the Fréchet topology, the
Whitney topology is independent of the measure on M and the hermitean structure
of the bundle.

Propositions 3.1 and 3.2 cannot be strengthened by just replacing the Fréchet
topology with the Whitney topology; the stronger approximation result of Theo-
rem 3.3 is due to the fact that the approximant J} f depends on the sequence & € E
whose components &, may be chosen independently.

A propos of limits along E, the following remark will be useful in the course of
the proof: if {Ag}gep is a collection of subsets of A which is locally finite, in the
sense that {8 € B : o € Ag} is finite for all o € A, then

lim sup sup Fg(&[a,) = sup limsup Fg(&la,) (16)
e—~>0 pBeB BeB &—0

for all functions Fg: 10, 1148 — [—o00, 00].

Proof First, the sum defining JJ is a locally finite sum of smooth, compactly-
supported sections of &, so part (i) clearly holds.

Next, for all closed subsets C of M, open neighbourhoods W of C, and « € A,
we may find &, € ]0, 1] such that

B (¢a(suppra N C), &) S pa(W),

and part (ii) follows from part (i) of Proposition 3.1.
Further, if ¢ € L°.(.7), then

loc

’C-Ié:[f| < Zlfa‘]safa(naf)’

pointwise almost everywhere, where the constants «, are independent of f. We
deduce from part (ii) of Proposition 3.1 that

Ve tama N, <xgfa(ma ],

and hence

leaZ £, <D rdlinafllp < supicy'lna flp
o acA



162 M.G. Cowling and A. Martini

"

for new constants /., x,, and k', and we take & to be sup, 4 k. 1o to prove part (iii).

Analogously, one shows that
le( s =), < sup i [ Jey 7o f) = 2ana 1],

n

for suitable constants ", whence

timsup ¢ (7 1 = f)], < sup o limsup [yt (e /) = v 1],

by (16), and part (iv) follows from part (iii) of Proposition 3.1.

Suppose now that f € L (&) and P is a continuous fibre seminorm on &. Write
P, for the corresponding seminorm on the fibres of the trivial bundle R" x C"
over R"; in other words, Py (7o f)(@(x)) = P(f)(x) for all x € U, for a section
f of & with support in Uy. Given any o € A, write K, for ¢, 1(B]§,l ©,2)), so
supp 7, UJ,ta(nf) € Ko when ¢ < 1, and given any 8 € A, denote by Ag the finite
set of indices « in A such that K, N Kg # .

Fix § € R*. Given any B € A, we may find a finite decomposition of K as
Kg1U---UKg iy, in which each Kpg ; is compact and the oscillation of 7y on an
open neighbourhood Wy ; of Kg ; is bounded by 6/|Ag|. Take yg, ; in Kg ;. Then,
by part (iv) of Proposition 3.1, for all closed subsets C of M and open neighbour-
hoods W of C,

limsup sup P(JFf)(x)< Y limsup sup  Pu(JiTa(10f))(0u (X))

e—0 xeKg ;NC weAp t—0 xeKg ;NC

<) esssup Po(ta(naf))(0a(x))

aeAﬂx€W$JﬂW

<2 s mu(x)esssup P(N)()

aeAﬂxEW%]

<> (na(yﬁj)+3/|Aﬁ|)eSSSHPP(f)(Z)

acAp

< (1 +8)esssup P(f)(z)

zeW

for each K ;. Since the restriction of P(Jg f) to Kg ; depends only on &|4,, and
the set {(B, j) 1 € Ag} = UﬂeAa{ﬁ} x {1, ..., kg} is finite forall o € A,

limsupsup P(JF f)(x)= sup limsup sup P(JFf)(x)
e—>0 xeC _ﬁEA e—0 xeKpg ;NC

< (1+8)esssup P(f)(2),
zeW

by (16), and part (v) follows from the arbitrariness of 6 and W.
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We now write D € ©1(&, %) in local coordinates, and decompose [D, JF] as
I} + 12, where

Iif=) 7 Je (D7) f)
=Y 1 [t(D). Je, |ta(na ).

The properties (vi) and (vii) of [D, J; ] follow from the analogous properties of /, el
and 13, which in turn are obtained from Propositions 3.1 and 3.2, by arguing as in
the proofs of parts (iii) and (iv) of this theorem and observing that

Y (D7na) f = (D“ Xa:na>f =0.

o

Finally, the decomposition
DI f=[D.JF)f + 7T Df

shows that part (viii) follows from parts (iii) and (vi), while part (ix) follows from
parts (iv) and (vii). Moreover, given any continuous fibre seminorm P on .7,

|P(DISTf) = P17 DF)| < P([D. JF1F).

and, by part (vii), the right-hand side tends to O uniformly as &€ — 0 whenever f is
continuous; therefore, under our assumptions,

limsup sup P(DJE"T £)(x) = limsup sup P(J;” T Df)

e—>0 xeC e—>0 xeC
for all subsets C of M, and part (x) follows from part (v). O
Not only is the Whitney topology finer than the Fréchet space topology on Lﬁm,
but also, when restricted to L”, it is finer than the usual Banach space topology

of L?. Hence the following density result is an immediate consequence of Theo-
rem 3.3.

Corollary 3.4 Suppose that D € ©1(&, %) and 1 < p < 00. Then C°(&) is dense
in W 10(€), and Wi N C®(&) is dense in W (&).

An analogous result when p = oo may be obtained by restricting to continuous
sections with continuous D-derivatives. The following weaker result, however, does
not require the continuity of the D-derivatives.

Corollary 3.5 Suppose that D € ©1(&,.%), f € C(&), Df € Ly, (), and, for
some continuous fibre seminorm P on %, |P(Df)|lcoc < 1. Then there exists a
sequence of C*°(&)-sections fn, that converges to f uniformly on compacta, such
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that || P(Dfm)|leo < 1 for all m and supp fi, € W for all open neighbourhoods W
of supp f once m is large enough. Moreover, if & = 7 and f is real-valued, then
the f,, may be chosen to be real-valued.

Proof By parts (iv) and (x) of Theorem 3.3, limsup,_, ¢ | /F f — fllooc =0 and

imsup | P(DIE )] < | PO, <1
e—

We fix a decreasing countable base {W,,},,en of open neighbourhoods of supp f,
and then choose, for all m € N, a sequence € in E such that the section g, = J f
satisfies ||gm — flloo <27 and || P(Dgm)lloo < 14+27™. We may also assume that
supp gm S W, by part (ii) of Theorem 3.3. The conclusion then follows by taking
fu= (14277 gy, -

3.2 Integration and Differentiation

Approximation using mollifiers allows us to extend results such as integration by
parts, Leibniz’ rule, and the chain rule to the realm of weakly differentiable sections
(see, for instance, [13, Chap. 7]). In what follows, p’ denotes the index conjugate to
p,thatis, 1/p"+1/p=1.

Proposition 3.6 (Integration by parts) Suppose that D € © (&, %) and that 1 <

p<oo.lf feW]

(&) and g € W[’;/"',loc (F), and moreover supp(f ® g) is com-
pact, then

loc

(Df. g) =((f. D*g)).

Proof By exchanging f with g and D with D if necessary, we may suppose that
p < 0.

Take a bump function n equal to 1 on supp(f ® g). By Corollary 3.4, there exists
asequence of C°(&)-sections f,, such that (f,,, Dfy) — (f, Df)in Lﬁ)c (EDF),
and then (1f,n, D(1f)) — (f, D(nf)) in L (€ ® F). Now

D(nf)=(Dn)f+nDf

by Leibniz’ rule (11) for a smooth function 7 and a distribution f, and moreover
D?n vanishes on supp(f ® g), so ((D?n) f, g)) = 0. Hence (9) implies that

(Df. gh =((D(f). g)) =lim((D(nfm). 8))
=lim((nfu. D" g)) = ({ns. D" g))

={{#.D"s)).

as required. g
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Proposition 3.7 (Leibniz’ rule) Suppose that D € ©1(&, F) and 1 < p < 00. Sup-
pose also thath € Wh, | (F) and f € W} | (&). Then hf € W}, | (&) and

7 ,loc Jloc Jloc

D(hf)=(D°h) f + hDf.

Proof By Holder’s inequality, if € L} (&) and (D°h) f + hDf € L} (F). We

must show that the .% -valued distributions D(4f) and (D°h) f + hDf coincide. In
fact, for all ¢ € C (%),

(D@, ¢))=({hs. DT o)) =((£.hDT¢)).

Leibniz’ rule (11) for a smooth section ¢ and a distribution 7, together with (10),
leads to the distributional equality

D (hg)=—(D°h)*¢ +hDT¢.

By the hypotheses, each summand in the right-hand side lies in L% (&), therefore
D% (hg) € LE(&) too, and

(D@ @) =((f. DT (he) + (D7h) ¢)) = ((hDF + (D7h) £. ¢)

by Proposition 3.6, since h¢ is compactly-supported and in L? (.%). U

loc

Proposition 3.8 (Chain rule) Suppose that D € (7, &) is homogeneous. If
I1<p<ooand f € Wg,loc(y) is real-valued, and the function g: R — C is con-
tinuously differentiable and g’ is bounded, then g o f € WDp’ () and

loc
D(go f)=(g'o f) Df.

Proof By Corollary 3.4, there exists a sequence of CS°(Jr)-sections f,, such that
(fm» Dfm) — (f, Df) in L’ (7 @ &); by extracting a subsequence, we may sup-

loc
pose that the convergence is also pointwise almost everywhere. Now g is Lipschitz
and f,, — fin Lf;c(ﬂ), andso go f;, = go fin L{Z)C(ﬂ). Moreover, by the chain
rule for C!-functions,

D(go fu)= (g/ © fm) Dfn = (g/ ° fm)(Dfm —Df)+ (g/ ° fm) Df.

Since ||g’ o filloo < IIg'loo < 00, the first summand converges to 0 in sz)c(é’);
moreover, since g’ is continuous, g’ o f;;, — g’ o f pointwise almost everywhere,
and therefore the second summand converges to (g’ o f) Df in Lﬁ (&) by the domi-
nated convergence theorem. Thus go f;;, — go f in WDPJOC(? ), and the conclusion

follows. O
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4 Reversible Sub-Finsler Geometry

Suppose that P is a continuous fibre seminorm on 7*M, and P* is the dual extended
fibre norm on 7M. Thus

P()= sup [E)| and Pf(v)= sup |&(v)|
vely M weTiM
P*(v)<1 P(w)<1

by the finite-dimensional Hahn—Banach theorem.
As a function on the tangent bundle, P* need not be continuous. However, it may
be approximated by continuous fibre norms on 7'M, as we are about to show.

Lemma 4.1 There exists a countable family & p of Riemannian metrics on M such

that
P*(v) = sup |v|, foreveryveTM (17)
gebp
or, equivalently,
P(&)= inf |£|, forevery& eT*M. (18)
gedp

Proof Recall that a Riemannian metric on M is given by a smooth fibre inner prod-
uct on T M, or, by duality, by a smooth fibre inner product on 7*M. From a geo-
metric point of view, proving (17) amounts to realising the closed unit ball of P*
at a point x € M (which is convex but may have no interior) as the intersection of
the closed unit balls of the metrics g in & p, which are ellipsoids, and proving (18)
amounts to realising the open unit ball of P at a point x € M (which is convex, but
may be unbounded) as the union of the open unit balls of the metrics g, which are
also ellipsoids. In general, this may require an infinite number of ellipsoids, as we
may see by considering the problem of realising a square as an intersection or union
of g balls. We consider the cotangent space problem only.
It is easy to show that a Riemannian metric that satisfies

P()<|&l, foreveryé eT*M (19)
exists. Indeed, if g is a Riemannian metric on M, then the function

x+— sup P(§)
EeTIM
&1<1

is locally finite, therefore it is majorised by a strictly positive function ¥ € C*°(.7),
and one simply needs to rescale g by /2.

Take a Riemannian metric g on M satisfying (19) and the countable atlas
(@a)aca- Recall that each ¢, maps Uy to R”, that V, = ¢ L(Bgn (0, 1)), and that
M =J,ea V- Each subbundle T#U, of T*M is trivialisable.
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Fix o € A, and choose a bump function ¢, with compact support in U, that is
equal to 1 on V,, and a countable set %, of smooth sections of T*U,, such that

lox):we?) ={EeTiM: |5, =1} (20)

for all x € Uy. To do this, it is sufficient to consider constant sections taking values
in a countable dense subset of the unit sphere with respect to a trivialisation of 7*U,,
given by a g-orthonormal frame.

Next, fix w € %,. Since P(w) is a continuous nonnegative function on Uy, there
is a sequence of smooth functions ¥, i : U, — R such that

P(@) + 27 <Ypr < P(w) +217%,

We now define, for all k € N, a smooth inner product (-, )¢,k and associated norm
| - lo.w.x along the fibres of T*U, by

1wk = Vo ([T ED. 7€), + 251 — (1), &2 — 7 (52)),)
= Yok ((1, 0 () (62, 0 (),
+2%((61.82)¢ — (1. 0 () (2. (), ))

for all £1,& € T)M and x € U,, where m(£) is the projection of £ in Ty M onto
Rw(x), that is, w(§) = (§, 0 (x))gw(x). Now

1€ lot,oo,k

ww,k(x)
forall £ € T)M and x € Uy, and so, from (19),

|n(5)]g < and |& _”(5)|g < 2|§|a,w,k

kww,k(x)

PE) < P(n(®) + P(§ —n(®))
< g 0@), [Po) +[6 -7 @),

|§|a,w,k

= Y (x)

< |$|a,w,k-

(P(w(x)) +27%)

Hence
P) < inf |&|o,w.k- 2n
keN
we%,

Moreover, for all x € Uy, from the definitions of ¥, x and (-, ")a.w k>

P(w@) +2"F > v, 1 (1) = |0 ()]

a,w,k”

More generally, for all £ € T U, such that |§], =1 and all k € N, we may
choose w € %, such that |§ — w(x)|g < 22, by (20). Then by construction,
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1€ — @) |wwr <3 x2 % and P(§ — w(x)) <272, hence
PE&) > |§|a,w,k - 21_k —3x 2_k — 2_2k

and the reverse of inequality (21) follows. Putting everything together, we deduce
that

PE&)= inf [§|a.0
(€)= Inf [€lao

we%y

forallx e Uy and £ e TS M.
For each o € A, choose a bump function ¢, with compact support in U, that is
equal to 1 on V,,, and define a Riemannian metric g4,,,x on M by setting

(6, 8) s = La )& Eaywi + (1 = Ca(0)) (5, 6)g

for all x € M and & € T, M the first summand is defined to vanish whenever x ¢
Uy. Then clearly P(§) < |€lg,,,, forall & € T*M. Moreover, if x € M, then x € V,
for some «, therefore |£|g,  , = |£]a,w.k for all & € T M. We now set

Gp={guwk:we¥. keN aeAl,
and the desired conclusion follows. ]

Define the finite subspace of P* in T M and the zero subspace of P in T*M by
F(P})={veT:M:P*(v)<oo} and Z(P)={£€T;P:P(E) =0}

Then F(P}) is the annihilator of Z(Py), so dim F(P}) = codim Z(Py), and the
function x > dim F'(P}) is lower-semicontinuous. When this function is continu-
ous, that is, when it is locally constant, P* has additional continuity properties. We
define F(P*) = UxeM F(P)).

Proposition 4.2 Suppose that x — dim F (P}) is continuous. Then F (P*) is closed
in TM, and P* restricted to F(P™) is continuous.

Proof Without loss of generality, we suppose that M is connected, so the function
x +— dim F(P}) is constant, that is, codim F'(P}) = k for some k and all x € M.

Write G for the kth grassmannian bundle over T*M, so G, is the set of k-
dimensional subspaces of T;"M, and define X = {S € G : P|s = 0}. Then X is
closed in G, because P is continuous, and X N G, = {Z(Py)} for all x € M. Since
G has compact fibres, X is the image of a continuous section of G, and this section
may be lifted locally to a continuous section of the frame bundle of 7*M. Thus
there is a continuous local frame {w, ..., w,} for T*M in the neighbourhood of
each point of M such that Z(Py) = span{wi |y, - .., wk|x}, whence

F(P;‘) =kerwi|y N---Nkerwg|y, :span{wz+1 x,...,a);l"|x},
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where {o], ..., w}} is the dual local frame for T M. This proves that F'(P*) is closed
in T M, and determines a continuous subbundle E of T M.

Denote by ¢*: T*M — E* the pointwise transpose of the inclusion map ¢: £ —
TM.Then Z(Py) = kert*|rx* M, hence P induces a continuous fibre norm Q on E*
such that Q o ¢* = P. It is then easily checked that the restriction of P* to E is the
dual norm of Q pointwise.

By the use of local trivialisations of E*, we may find, for all x € M, a neigh-
bourhood U of x and linear isomorphisms ¢,: Ef — E ;" for all y € U such that the
mapping (v, &) — t,(£) is continuous from U x E7 to E*. The continuity of Q and
the compactness of the unit sphere of Q, in E7 then imply that, for all positive ¢,
there is a neighbourhood V of x in M such that, forall y e V,

(1+6)7'0y01, <O <(1+8)Qy 01y
and correspondingly
¢ +5)_1P;|F(P;‘) < Pilrpy oty < (L+8)PYlrpy).
This proves the continuity of P*|p(px). g

Definition 4.3 A tangent vector v € T M is said to be P-subunit if P*(v) < 1.

Definition 4.4 We write I'*([a, b]) for the set of all curves y: la,b] - M of class
Ck: here k may be co. A curve y: [a, b] — M is said to be P-subunit if it is abso-
lutely continuous and y’(¢) is P-subunit for almost all ¢ € [a, b]. We write I” ﬁ“it(l )
for the set of all P-subunit curves defined on the interval 7/, and F},mit for the set
of all P-subunit curves when the interval of definition may vary. We write op for
the distance function induced by P, that is, op (x, y) is the infimum of the set of all
T € R* for which there exists y € Ip™([0, T']) such that y (0) = x and y(T) = y.

The infimum need not be attained: for instance, in R?\ {(0, 0)} with the euclidean
metric, there is no minimising curve joining (—1,0) and (1, 0).
Absolute continuity may be defined in various equivalent ways: here is one.

Definition 4.5 The curve y : [a, b] — M is said to be absolutely continuous if ¢, o
y is locally absolutely continuous for each ¢, in the atlas A. We write AC ([a, b])
for the set of all absolutely curves on the interval [a, b].

Suppose that P is a norm induced by a Riemannian metric g on M and g is the
distance function induced by g. If y € I ;.'n“([a, b)), then

0¢(y(s),y () <|s—1t| foreverys,t€a,bl. (22)

Conversely, a curve y: [a,b] — M that satisfies (22) is P-subunit: the derivative
y/(r) may be computed in exponential coordinates centred at y (¢), and the differ-
ence quotient is controlled by the Lipschitz constant.
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Thanks to Lemma 4.1, a similar result may be proved for an arbitrary fibre semi-
norm P. We use the family & p of Riemannian metrics defined in Lemma 4.1.

Proposition 4.6 The function o p is an extended distance function on M,

0g(x,y) <op(x,y) (23)

forallx,y € M and g € B p, and the topology induced by o p is at least as fine as the
manifold topology. Further, for a function y : [a, b] — M, the following conditions
are equivalent:

(i) y is a P-subunit curve;
(i) op(y(s),y (@) <|s—t|foralls,t €la,b];
(iii) og(y(s),y (@) <|s—t|foralls,t €la,blandall g € &p.

Proof For a Riemannian metric g € & p, inequality (23) follows easily from the fact
that, for each y € I'p""([0, T']) joining x to y, the g-norm of y'(¢) is at most 1 for
almost all ¢, so

T
Qg (x.y) <fo v/ ()] dr <T.

From (23), if op(x,y) =0, then g,(x, y) =0 and hence x = y; it follows im-
mediately that gop satisfies the other axioms for an (extended) distance function.
Moreover, again by (23), the topology induced by pp is no coarser than the topol-
ogy induced by gy, that is, the original topology of M.

Further, for a function y : [a, b] — M, condition (i) implies condition (ii) by the
definition of o p, while condition (ii) implies condition (iii) by (23). Finally, if con-
dition (iii) holds, then y is absolutely continuous and, for all g € &p, [y (1)], <1
for almost all 7 € [a, b]. As & p is countable, we may reverse the order of the quan-
tifiers on g and ¢, and deduce from Lemma 4.1 that P*(y'(¢)) < 1 for almost all
t € [a, b], which is condition (1). O

4.1 Topologies on M

By Proposition 4.6, the topology induced by g p is no coarser than the original mani-
fold topology of M ; recall (from Definition 1.1) that g p is varietal if the two topolo-
gies are equivalent. In general, the topology induced by op may be finer than the
original manifold topology of M. Unless otherwise specified, we do not assume that
op is varietal, and topological concepts such as compactness and convergence refer
to the original topology of M.

Lemma 4.7 Suppose that a sequence of curves yy, € I' ;;mit([a, b]) converges point-
wise to a curve y: [a,b] - M. Then y € F;“it([a, b)).
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Proof The characterisation of P-subunit curves in Proposition 4.6(iii) is preserved
by pointwise convergence. g

Recall that B, (K, R) denotes {x € M : op(K, x) < R}.

Proposition 4.8 Suppose that K is a compact subset of M and R € R*. If
By (K, R) has compact closure, then it is compact and coincides with the set of all
X € M for which there exists y € FI‘,’““([O, R]) such that y(0) € K and y(R) = x.
Moreover By, (K, R') is also compact for some R’ greater than R.

Proof Take a Riemannian metric g € &p. If B, (K, R) is relatively compact, then
B, (Bp (K, R), Re) is compact for sufficiently small positive e.

Take x € B, (K, R). We may then find y,, € F;,l“it([O, R(1 + &,)]) such that
¥Ym(0) € K and y,,, (1 + €,,)R) = x, where 0 < ¢, < ¢ and ¢, | 0. Hence the im-
ages of the y,, are all contained in Bg_ (Bp (K, R), Re). If we rescale these curves so
that they are all defined on [0, R], we obtain a sequence of curves y,,: [0, R] > M
which are (1 + ¢)-Lipschitz with respect to g,, and whose images are all contained
in Bg_ (Bp (K, R), Re). By the Arzela—Ascoli theorem, after taking a subsequence,
the 7, converge uniformly to a curve y: [0, R] — M for which y(0) € K and
y(R) =x.

Now, for all positive §, the rescalings of the curves 9, on [0, (1 + §) R] are even-
tually P-subunit (since &, — 0), therefore their limit, that is, the rescaling of y on
[0, (1 4+ 8)R], is also P-subunit, by Lemma 4.7. In other words, P*(y'(t)) < 1+34
for all positive § and almost all ¢ € [0, R]. It follows by exchanging quantifiers that
y is P-subunit.

Finally, take x in the closure of B (K, R). Then there is a sequence of P-subunit
curves yy, : [0, R] — M such that y,,(0) € K and y,,,(R) — x. As before, we may
extract a subsequence that converges uniformly to a P-subunit curve y : [0, R] —
M such that ¥ (0) € K and y(R) = x, and therefore x € B, (K, R). This shows that
B, (K, R) is closed, hence compact. The same argument proves that B, (K, R(1 +
g)) is compact too, since it is contained in the compact set B, (Bp (K, R),Re). O

If op is varietal, then the proof of Proposition 4.8 may be simplified.

Definition 4.9 For a compact subset K of M, we define
Rp(K)=sup{ReR": B, (K, R) € R(M)}. (24)
For a point x in M, we write Rp(x) instead of Rp ({x}).

By Proposition 4.8, the supremum is never a maximum and is always strictly
positive.
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4.2 Distance, Rectifiability and Length

The previous characterisation of P-subunit curves shows that (M, gop) is an (ex-
tended) length space, in the sense of Gromov (see, for instance, [22]).

Definition 4.10 Suppose that y : [a, b] — M is a continuous curve. The P-length
of y, written £p(y), is defined to be

m
sup{ng(m,-]),y(r,-)) meN, a=1<- <tw=bl. (25
j=1

To help state the next results, we define I'p([a, b]) and I"([a, b]) to be the sets
of all g p-continuous and all continuous curves y : [a, b] — M.

Proposition 4.11 Forall x,y € M, the distance op(x, y) is equal to
inf{ep(y) 1y € Ip(la,bl), y(@) =x, y(b) =y}. (26)

Proof Write gp(x,y) for the expression (26). On the one hand, op is an ex-
tended distance function and op > op since £p(y) = op(y(a), y(b)) for all
y € I'p([a, b]). On the other hand, if y € F},mit([O, T1), then y € I'p([a, b]) and
£p(y) < T, by Proposition 4.6, and the reverse inequality op < op follows. O

Next we show that the expression (26) does not change if we require only that
the curves y are continuous with respect to the manifold topology.

Proposition 4.12 If y € I'([a, b]) and £p(y) < 0o, then y € I'p([a, b]), and the
topology on y ([a, b]) induced by op and the relative topology coincide.

Proof Since y 1is continuous, y ([a, b]) is compact, hence Rp(y([a,b])) > 0 by
Proposition 4.8.
Fix now 7 € [a, b[. First, since £p(y) < 00,

inf sup op(y(®),y (1)) =0;
e>0; velr el
in fact, if the infimum n were positive, then we could find a decreasing sequence
(tm)men tending to ¢ such that op (y (t2k11), ¥ (t2k)) > n/2, and deduce that
j—1
Er(y) =Y or(ytus), y(tn) > j
k=0

SRS

for all j € N, which is a contradiction.
Therefore, for every positive §, there is a positive ¢ such that

y(If. 74+ ¢l) € Bp (1), )
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forallr € 1f,1+¢[. If § < Rp(y(la, b)), then B, (y (1), d) is closed, hence

yO ey(i.i+el)” S Bp(r(),9)

by the continuity of y, which means that op (¥ (7), ¥ (£)) < 8.

This proves that lim,_,7, op(y (¢), ¥ (£)) = 0. The proof when 7 € Ja, b] and t —
f— is similar. To conclude, recall that a continuous map from a compact space to
a Hausdorff space is closed; hence every topology on M that makes y continuous
induces the quotient topology induced by y on y ([a, b]). g

Corollary 4.13 Forall x,y € M, the distance op(x, y) is equal to
inf{¢p(y):y € I'([a, b)), y(@) =x, y(b) =y}
Proof This follows immediately from Propositions 4.11 and 4.12. U
We may express the length of an absolutely continuous curve as an integral.

Proposition 4.14 Suppose that y € AC([a, b]). Then

b
tp(y) = f Py (1)) dr. @7

If £p(y) < oo, then y is also o p-absolutely continuous and

P*(]//(I))ZHHI or(y(s), vy (@) (28)

s—1 |s — 1]

for almost all t € [a, b].

We remark that, in the general theory of absolutely continuous curves in metric
spaces (see, for example, [3, Sect. 4.1] or [2, Sect. 1.1]), the right-hand side of (28)
is known as the metric derivative of y .

Proof Note first that the corresponding statement for a Riemannian metric g on M
is easily proved. To do so, define £, like £ p in Definition 4.10, but with ¢ p replaced
by ¢g. By using exponential coordinates centred at y (¢), one sees that

)| i 22 6). ¥ (@)
8

s—t |s —¢]

(29)

for all points ¢ in [a, b] at which y is differentiable, and it follows from the theory
of absolutely continuous curves in metric spaces that

16}
Lo (V11,11 =/ !J/(r)|gdt (30)
3l
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whenever a < 1] < tp < b. From (17), (23) and (29), we deduce that

Py (1) < 11?5wa )

for all ¢ € [a, b] where y is differentiable.
Suppose now that £p(y) < oco. Then the function r: [a, b] — R, defined by
r(t) =£p(¥l[a,), 1s non-decreasing, so differentiable almost everywhere, and

b
/ r'(t)dt <r(b) —r(@) =Lp(y).

Now

or(y(1), ¥ (@) <lp(Vl.n) =rt2) —r(t)

whenever a < 11 <1, < b, so P*(y'(t)) < r'(¢) for almost all ¢ € [a, b] from (31),
and a fortiori

b
/ P*(y'(0)) dt < €p(y).

The same inequality holds trivially when the right-hand side is infinite.
Conversely, if T = fab P*(y’(1))dt < 00, then define 7: [a, b] — [0, T] by

t
F(1) :/ P*(y'(v))dr.

The function 7 is non-decreasing and surjective. Further, if a < #; <1, < b and
g € Gp, then

%) %)
eulr @) ym) < [yl de< [P @) ar =) -7,
141

I

by (17) and (30). In particular, if 7(¢;) = 7(f2) then y (t;) = y(t2), hence we may
define a function y: [0,T] - M by y =y or, and y is 1-Lipschitz with respect
to g, for every g € &p. By Proposition 4.6, this implies that y: [0, T] — M is
1-Lipschitz with respect to gp, hence 7 € F},mi[([O, T1) and

b
=t <T= [ P(/@)an

Again, this inequality holds trivially when the right-hand side is infinite, and we
have proved (27).
If £p(y) < oo, then P*(y'(-)) is integrable on [a, b] and

[5)

€P(V|[z1,z2])=/ P*(y'(r))dr

n
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whenever a < 1] < 12 < b; now (28) follows from the theory of absolutely continu-
ous curves in metric spaces. g

Corollary 4.15 Forall x,ye M,
b
op(x,y) =inf{/ P*(y’(t)) dr:ye AC([a,b]), y(@=x, y(b)= y}.
a

We conclude our discussion of curves and lengths by pointing out that any curve
of finite P-length may be reparametrised using arc-length, and then becomes a sub-
unit curve, from part (iii) of Proposition 4.6.

4.3 Completeness

We say that the fibre seminorm P is complete if the set B, (K, R) is relatively
compact for all compact subsets K of M and all positive R. By Proposition 4.8,
P is complete if and only if Rp(K) = oo for all compact subsets K of M.

Proposition 4.16 If P is complete, then the metric space (M, op) is complete. The
converse holds if op is varietal.

Proof Suppose that P is complete, and take a g p-Cauchy sequence (x,;,)men in M.
The set {x,; }men 1S 0 p-bounded, hence it is relatively compact, thus we may find a
subsequence (x,, )ken that converges to a point x € M in the manifold topology. By
completeness and Proposition 4.8, the function g p (x,, -) is lower-semicontinuous,
whence

op(xm,x) <liminfop (X, xu,),
k—o00

and the right-hand side tends to 0 as m tends to oo since (x;;)men is 0p-Cauchy,
hence op (x;, x) tends to 0.

Conversely, suppose that (M, g p) is complete and o p is varietal. Then each com-
pact subset K of M is g p-bounded, so B, (K, R) is also bounded for all positive R,
and it is closed because g p is continuous. Since (M, o p) is a complete locally com-
pact length space, closed o p-bounded subsets of M are compact [22, Theorem 1.5],
and we are done. O

Definition 4.17 The closed set {x € M : P, # 0}~ is said to be the support of the
fibre seminorm P.

Proposition 4.18 If P is compactly-supported, then it is complete.

Proof If x € M \ supp(P), then the only P-subunit vector in 7y M is the null vector.
Hence all P-subunit curves passing through M \ supp(P) are constant, and every
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point of M \ supp(P) has infinite o p-distance to every other point of M. Hence, for
all compact subsets K of M and all positive R,

B, (K,R)=K UBjy (K Nsupp(P), R),

and necessarily Bp (K N supp(P), R) C supp(P). Thus B, (K N supp(P), R) is
compact, by Proposition 4.8, and consequently B, (K, R) is compact. g

4.4 Subunit Vector Fields and Hormander’s Condition

We begin with a definition.

Definition 4.19 A smooth section of T M that is P-subunit everywhere in M is said
to be a P-subunit vector field.! We write X p for the set of all P-subunit vector fields
and L (X p) for the Lie algebra of vector fields generated by Xp.

Various extended distance functions may be defined as in Definition 4.4, by re-
stricting y to a subclass of F}}“i‘. For example, we might restrict out attention to
smooth P-subunit curves, or piecewise smooth P-subunit curves, or flow curves
along P-subunit vector fields. More precisely, the flow curves of a P-subunit vec-
tor field are smooth P-subunit curves, and any concatenation of flow curves of P-
subunit fields is a P-subunit curve; such a concatenation will be called a P-subunit
piecewise flow curve.

Definition 4.20 We write I'p° for the set of smooth P-subunit curves, Fgow for the
set of P-subunit piecewise flow curves, 0%’ for the extended distance corresponding
to the class I'g° and Q‘;,OW for the extended distance function corresponding to the

flow
class I'p".

It is not obvious that these three distance functions are the same, however
or <oF <oF. (32)

The second inequality is justified because we may obtain the distance function o3
either by taking the class of smooth P-subunit curves or by taking the class of
piecewise smooth P-subunit curves, that is, the P-subunit curves y : [a, b] — M for
which a finite subdivision {7, ..., t;} of [a, b] such that y|[,j7] 1] is smooth when
j =1,...,k. Indeed, for every positive &, there is a smooth increasing bijection
n: [a,b+¢e]— [a,b]suchthat n’ < 1and n(h)(n’l(tj)) =O0when j=0,...,kand
h > 1, so the reparametrisation y o n: [a, b + €] — M is P-subunit and smooth.

Example 4.21 Suppose that ¢: R — R is continuous but not differentiable any-
where, and that ¢(0) = 0. Given (p, ¢) € R2, define the seminorm Py : R? -

'We consider all vector fields to be smooth.
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[0, oo[ by

Py & m) = |& + 0] /(1+ 0@)?) .
Then

[, v)[ if (u, v) € R(1, (q))

P* u,v) =
(p.9) (. v) otherwise.

It is easy to check that the vector field 9/dx along the x axis does not extend to a P-
subunit vector field, because we require vector fields to be smooth. In fact, there are
no nonnull P-subunit vector fields. It follows that Q?DOW((O, 0), (1,0)) = oo, while
0% ((0,0), (1,0)) = 1.

Definition 4.22 The fibre seminorm P is said to satisfy Hormander’s condition if
{X|y: XeL(Xp)}=T M forevery x € M.

Proposition 4.23 [If P satisfies Hormander’s condition, then Q?;OW is varietal and a
fortiori op and o}’ are varietal too.

Proof Recall that L(Xp) is the linear span of the iterated Lie brackets of elements

of Xp. Hence, for every fixed x € M, there is a finite subset X of X p such that the

iterated commutators of elements of X up to some order, m say, evaluated at x, span

Ty M. Denote by ox the extended distance function corresponding to the class of

P—subunié curves that are concatenations of flow curves of vector fields in X. Then
ow

clearly 0p™" < 0x, so, by Chow’s theorem (see, for example, [20, Chap. 2]), for
some g € & p and constant k,

Bo(x,7) € Byy (x, Kl’l/m) C BQI}]’OW (x, Krl/m)

for all sufficiently small positive . Hence the Q‘},OW-balls centred in x are neigh-
bourhoods of x and, by the arbitrariness of x, the QI}J"W-open sets are open. The

conclusion follows from the inequalities (23) and (32). O

We remark that when the dimension of the spaces of finite vectors varies from
point to point, the Hormander condition depends on the seminorm P as well as on
the vector space of finite vectors. For example, take a smooth function ¢ : R — R,
and define the seminorm P, 4) on R? by

12
Py, v) = (u2 +(p2(p)v2) 2,

Then P satisfies Hormander’s condition if ¢(p) = p* where k € N, but not if ¢ is

. 2 . .
the smooth extension of p e /P toR (see the discussion in Sect. 8.7). However,
the spaces of finite vectors coincide everywhere for these two examples.

Definition 4.24 The fibre seminorm P is said to satisfy the Lipschitz seminorm
condition if, for every « € A, there is a countable family X of P-subunit vector
fields on U, and a constant L, which may depend on «, such that
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(1) |taX(x) — e X ()| < L|x —y|forall x,y € Brn(0,1) and X € X, and
() {X|y: XeX} ={veT M: P*(v) <l}forall x € V,.

Since the V,, are relatively compact in M and form a locally finite cover of M,
the Lipschitz seminorm condition for P does not depend on the choice of the atlas

{(pa }aeA .

Theorem 4.25 Suppose that P satisfies the Lipschitz seminorm condition, and that
yel ;,mit([O, T1). For all neighbourhoods W of y (T') there exists a neighbourhood
U of y (0) such that, for all x € U, there exists § € Fg"w([O, T1) for which §(0) = x
and §(T)e W.

Proof Fix a Riemannian metric g € & p.

With a view to a contradiction, suppose that y € F;,mit([O, T]) is “bad”, that is,
the conclusion does not hold for y. Clearly y|j0,7/2) or ¥ (- + T /2)l{0,1/2] is bad
too. Iteration of this bisection procedure, together with a compactness argument,
shows that we may suppose that y ([0, T]) € Bg_ (z,r) forsome z € M and r € RT
such that Bg_ (z,3r) C V, for some o € A; further iteration allows us to suppose that
T <r,so

([0, T1) € By (B, (v(0),T),T) C Va. (33)

Now take the countable family X of P-subunit vector fields X; and the Lipschitz
constant L corresponding to « as in Definition 4.24. There is a constant x such that

|t (V)| <k P*(v) forevery veTV,, (34)

where | - | denotes the euclidean norm on R”.

Take x € Bg_(y(O), T). We aim to construct §: [0, T] — M that is a piecewise
flow curve of fields in X, such that §(0) = x, and 6(7T) is arbitrarily near y(T')
whenever x is sufficiently near y (0). The image of any such § is contained in V
by (33), therefore from now on we work in the coordinates ¢,. For simplicity, we
continue to write y rather than ¢, o . Hence

t
Y (1) = y(0) + /0 Y/ () dr. 35)

By altering ¥’ on a negligible subset of [0, T], we may suppose that 3’ is a Borel
function, y’(¢) is P-subunit for all ¢ € [0, T'], and (35) still holds.

Fix ¢ € RT. By the density and smoothness properties of the family X, the func-
tion vy: [0, T] — N, given by

vo(t) =minfk e N: | Xi (v (1)) —y' ()| < e},

is well-defined and Borel. Fix N € Z* and set d = T/N and b(¢t) = |t/d]d. Then
the function vy : [0, T] — N, given by

vi(t) =min{k e N: | Xp(y (b)) — Xuon (v (bD)))| < g},
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is also well-defined and Borel; furthermore, since b takes its values in the finite set
{0,d,2d, ..., Nd} and the unit P*-ball at y(jd) is compact when j =0, ..., N,
the function v; takes a finite number of values too.

Set I; =[jd, (j + 1)d[, where j =0,..., N — 1. We define v5: [0, T] — N to
be the increasing rearrangement of vy on each of the intervals I}, that is, v2() =n
when [1;/q) N {v1 <n—1} <t —=b(@) < ||;7a) N {v1 <n}l,and set vo(T) = vi(T).
Hence v, takes a finite number of values and is piecewise constant. Concatenating
flow curves along fields in X, we define §: [0, T] — M by

t
S(1)=x + f X0 (8(0)) dr. (36)
0

We want now to estimate |y (T) — 6(T)|.
Set D; =16(jd) — y(jd)| when j =0, ..., N. Clearly

Dj1<Dj+ ‘/].(y/(f) - sz(f)(a(r))) dr|.

Decompose the integrand as
Y (1) = X0, (8(0)) = ¥'(1) = Xup(ny (¥ (D))
+ Xvo(o) (Y (1)) = Xopoy (¥ (G d))
+ Xuo0) (Y Gd)) = Xuy (1) (v (jd))
+ Xoo) (Y (d) = Xuyo) (v (jd))
+ X (Y (d)) = Xy o) (8(7)).

The norms of the first and third pieces are at most ¢, by definition of vy and vy.
The second and the fifth pieces are controlled by the Lipschitz seminorm condition,
together with inequalities

ly(@) —y(jd)| <kd and [8(z) —y(jd)| < Dj+«xd

for all T € I}, by (34), (35) and (36). The fourth piece vanishes after integration
over [}, because it is the difference of two simple functions, one of which is a
rearrangement of the other. Putting everything together,

Dj+1 < Dj+ed+ Lkd* +ed + L(D;j + kd)d
=(1+Ld)D; +2ed +2Lxd?,
and by induction,
D; < (1 + Ld)! Do +2(kd +¢/L)((1 + Ld)’ —1).
Sinced =T/N and (14 LT/N)N <elT,

8(T) = y(D)| <t |x —y(0)| +2(T/N +¢/L)(e"T - 1).
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Note now that T, ¥ and L do not depend on the parameters x, ¢ and N of the
construction. Hence by taking N sufficiently large, ¢ sufficiently small, and x suf-
ficiently near y (0), we may construct a subunit piecewise flow curve § for which
|6(T) — y(T)] is arbitrarily small. This contradicts the badness of y and proves the
desired result. 0

Corollary 4.26 Suppose that P satisfies the Lipschitz seminorm condition. For all
X,y €M suchthat x #y,

op(x,y) > 11m1anﬂ°W(x, 7). (37)

If Qf}fw is varietal, then op = Qi},"w. More generally, if o% is varietal, then
op(x,y) =09 (x,y), and both are equal to

inf{ep(y) 1y € I([a,bl), y(@) =x, y(b) =y} (38)

forallx,ye M.

Proof The inequality (37) is trivially satisfied when gp(x, y) = co. Otherwise, by
Theorem 4.25, for all open neighbourhoods W of y that do not contain x and all
T greater than pp(x,y), we may find § € I’}}OW([O, T1) such that §(0) = x and
6(T) € W. Since §([0, T]) is connected and § is not constant, §([0, T]) N W # {y};
hence we may find z € §([0, T]) N W \ {y} such that Qﬁow(x, 2<T.

In particular, if Qﬂow is varietal, then it is continuous, hence

oV (x,y) > op(x,y) > hmlanPW(x 2) =01 (x, )

by (32) and (37), and the equality op = Q‘}J"W follows. In fact, (32) and (37) also im-
ply that op(x, y) > liminf,_, , 0%’ (x, z) when x # y, therefore the same argument
proves that gp = 0%° whenever ¢¢° is varietal. It remains to note that the infimum
(38)isatleast op(x, y) by Corollary 4.13, and at most 0%’ (x, y) because £p(y) < T
forall y € I'g°([0, T]). O

It is interesting to compare the expressions for the distance as the infimum of the
lengths of curves in the preceding corollary, Proposition 4.11, and Corollary 4.13.
When the function x — dim Z(Py) is continuous, the equality of 0%’ (x, y) and (38)
may be obtained without the hypotheses of Corollary 4.26, thanks to the following
result.

Proposition 4.27 Suppose that x — dimZ(Py) is continuous and that y €
I'Y([a, b]). Then Lp(y) is the infimum of the set of all T € R* for which there
is a smooth diffeomorphism r : [0, T] — [a, b] such that y or is P-subunit.

Proof By Proposition 4.6, £p(y) = €p(y or) < T when y or € F},‘“it([O, T)).
Hence we are done if £p(y) = oco. Otherwise, by Propositions 4.2 and 4.14, the
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set {r € [a, b] : P*(y'(t)) < oo} is closed in [a, b] and has full measure, so is all of
[a, b]. This means that P*(y’(r)) < oo for all ¢ € [a, b], and hence t — P*(y'(¢))
is continuous by Proposition 4.2 again.

Take now ¢ € RT. We may find a smooth function &, : [a, b] — R such that

P*(y'())+e/2< he (1) < P*(y'(t)) +& foreveryt € [a,b],

and then define the smooth diffeomorphism s, : [a, b] — [0, s.(b)] by

t
sg (1) :/ he(t)dr.

Denote by r.: [0, s:(b)] — [a, b] the inverse of s.. Then y o r, is P-subunit since
(y ore) = (y' ore)/(he ore). The conclusion now follows because

b
520 = [ he(nydr > n)
a
as ¢ — 0 by Proposition 4.14. O

In Sect. 8.7, we show that Proposition 4.27 need not hold if x > dim Z(Py) is
not continuous.

S The Control Distance for a Differential Operator
Take D € (&, ). We define a continuous fibre seminorm Pp on T*M by
Pp(§) = |01(D)(§)|Op-

All the notions introduced in Sect. 4 in connection with the seminorm Pp may
be applied to D: we will speak, for example, of D-subunit vectors and D-subunit
curves, and the distance function gp, will be called the control distance function
associated to D and written op. These notions depend only on the seminorm Pp,
so by (5), they do not change if we replace D with D, or with the operator P €
D1(& @ F,E P F) given by

D(f,¢&)=(D"g, Df), (39)
which satisfies P = DT and

(0 adH®
al(Bxs)—(m(D)(é) 0 )

so Pp = Pp = Pp+.

We will also say that D is complete if Pp is complete. In particular, by Propo-
sition 4.18, D is complete if its symbol o1 (D) is a compactly-supported section of
Hom(CT*M,Hom(&, .%)).
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5.1 The Weak Differentiability of Lipschitz Functions

Recall from Sect. 4.4 that a D-subunit vector field is a smooth section X of 7'M that
is D-subunit at each point of M, and that QﬂOW > op because any concatenation of
flow curves of D-subunit fields is a D-subunit curve.

Lemma 5.1 Suppose that a representative of f € L1 (7) satisfies

loc

|fe)—fm| <L Lo™¥(x,y) foreveryx,yeM,

where L € RT. Then, for all D-subunit vector fields X, the distributional derivative
Xfisin L®°(T) and | Xf|lco < L.

Proof Compare with [12, Theorem 1.3]. Without loss of generality, we suppose that
L=1.

Take x € M, and a smooth bump function 7 that is equal to 1 in a neighbourhood
of x. It is enough to show that n X f € Lloc(ﬂ) and |7 X flco < 1. We may therefore
suppose that supp X is compact and contained in a coordinate chart. Moreover, since
weak derivatives are independent of the measure on M, we may suppose that the
measure coincides with Lebesgue measure in coordinates. It will then be sufficient
to show that

[(Xf 00| < gl

for all ¢ € C°(.7") with support contained in the coordinate chart.
Now

(Xf. ) ={f. X*3) / FOX(x) dy — / £V X) ()p() d.

Denote by (¢, x) — F;(x) the flow of X, so

<p(F—z(X3) ) 4

~ / f (@) Xg() dx = lim / f)
r—

i [ L) ) e
. det dF, (x) — 1
+lll_r)r(l)ff(X)¢(X)f dx.

Note that the last limit exists, since (ddet dF;(x)/dx)|;=0 = div X (x), hence

/f(Ft(x)) f(x)

(Xf, @) = hm @(x)det dF;(x)dx.

Further, ¢t — F;(x) is a flow curve of the D-subunit field X for all x. Therefore
ﬁOW(F,()C) x) < [t] and so | f(F;(x)) — f(x)| < |f]. Moreover, detdFy is identi-
cally equal to 1, and the desired conclusion follows. g
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Proposition 5.2 Suppose that a representative of f € L\ (k) satisfies

loc
|f) = fO)| < Lol (x,y) foreveryx,yeM,

where L € RT. Then f is weakly D? -differentiable and || |D floplloc < L

Proof Again, we suppose that L = 1.
Consider first the case where & = .% and D = D™. Given any section V €
C®° (&), define the differential operator Xy € ©1(7, .7) by

Xyh=iV*(D°h)V =(ic1(D)(dh)V, V);

this is the differential operator D° composed with the multiplication operator
g = iV*gV. This operator is homogeneous (that is, it annihilates constants) and
preserves real-valued functions by (10), because D = D therefore Xy corre-
sponds to a smooth vector field on M. Moreover, if | V| < 1, then

|[dn(Xv)| = [{io1 (DY), V)| < |or(D)(dh),

from which it follows that Xy is a D-subunit vector field; in this case, therefore,
Xyfel®(Z)and | Xy flleo < 1byLemma5.1.

More generally, we may define the operators Xy wh = iW*(D?h)V, and (10)
implies that (Xy wh)~ = Xw.vh. Since f is real-valued,

1 .
Xvavf =3 Xvewf = Xvf = Xwf)+ %(mef —Xyf—Xiwf),

$O | Xv,w flloo < 3 when max{||V]loo, [Wlloo} < 1
To prove that D? f € L°°, it will be sufficient to show that there is a constant «
such that

(D . )| <l

for each ¢ € C°(Hom(&, &)) supported in an open subset U of M in which & is
trivialisable. We may write ¢ as

v=) 0 Vi ®V;

ik
for a suitable choice of orthonormal frame {V|, ..., V;} of &|y and sections ¢; ; €
CE(Tu), so
(D7 o) =D (VD7 ) Vi pial) = =1 Y (Xviv, 00D,
Jk Jk
hence

(D £, 0)) 3Z||<p,k||1 3r%lglls.
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Thus D? f is an L°-section of Hom(&’, &) that satisfies (D? f)* = —D° f
pointwise almost everywhere. By using local trivialisations, it is easy to construct a
countable family of sections V,, € C°(&) such that ||V, ||oc < 1 and the set of the
Vi (x) of unit norm is dense in the unit sphere of &) for all x € M. Thus

D7 [y = sup [{((D7 ) Vin, V)| = sup | Xy, fI <1
meN meN

pointwise almost everywhere.
In the general case, if P is defined as in (39), then PT =D and op =0p,
therefore our last result implies that D° f € L* and || |D? fop lloc < 1. However,

o 0 (DNh
b h_<D"h o )

so weak D?-differentiability implies weak D?-differentiability, and D flop =
|D? f|op pointwise almost everywhere. The conclusion follows. O

Proposition 5.2 extends to complex-valued functions f, by decomposing f in
its real and imaginary parts; however in this way one obtains the weaker estimate
|D? flop < 2. The example where M = R2,&=9,D=29; —idy, and fx1,x2) =
X1 + ixp shows that this estimate cannot be improved; since |D? f|op = |D? flop,
the assumption that D = D™ does not help.

A partial converse of Proposition 5.2 is easily established under additional regu-
larity assumptions on f.

Proposition 5.3 Suppose that f € C' (&) and || [D? floplloo < L, where L € R+,
Then

|f(x) - f(y)| < Lop(x,y) foreveryx,ye M.
Proof Again, we suppose that L = 1.

Take a D-subunit curve y: [0, 7] - M from x to y. Then foy: [0,T] - Ris
absolutely continuous and

|(F o) ®] = [df o (v ©)| < |1 (DA )]y = D7 £ (¥ )], <1

for almost all 7 € [0, T'], since y'(¢) is D-subunit. Hence
T
) = fO)] </O ((Fory@ldr<T.

The conclusion follows from the arbitrariness of y. U

To remove the regularity assumptions on f from the previous statement, we need
an extra hypothesis on the o p-topology.
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Proposition 5.4 Suppose that f € W55 | (IR) and op is varietal. Then f has

a continuous representative. If also || |D° floplloo < L, where L € R, then this
continuous representative satisfies

|f(x) = fO)| < Lop(x,y) foreveryx,ye M.

Proof Since f is real-valued, the smooth approximants J f given by Theorem 3.3
are real-valued too, and form a bounded set in WD" toc (7).
Given any x € M, take R, in ]0, Rp({x})[ [ and write K, for the closed ball
B, (x, Ry). By Proposition 4.8, for all y € K, there exists a D-subunit curve
y: [0, T] - M joining x to y such that T = gp(x, y) < Ry, hence the points of
y lie in K. Now, arguing as in the proof of Proposition 5.3,

[Je f(X) = Je fW)| <op(x,y) suplD"Jef<z)|

zeKy

Since gp is varietal, the boundedness of the set {Jg f}ecg in Wg?,’loc(ﬁ ) implies
the local equiboundedness and equicontinuity of the J¢ f, so, by the Arzela—Ascoli
theorem, there exists a subsequence of the net (J; f)eck that converges uniformly
on compacta to a continuous function g: M — R. Further, f = g pointwise almost
everywhere since J f — f in L} (&), and by replacing f with g we may suppose
that f is continuous on M.

If moreover || |D floplloo < L almost everywhere, then Corollary 3.5 yields a
sequence of smooth real-valued functions f;,, that converges locally uniformly to f,
for which || |D? filoplleo < L. Since these f,, are L-Lipschitz with respect to op
by Proposition 5.3, their limit f is L-Lipschitz too. O

loc

In general, Propositions 5.3 and 5.4 do not extend to complex-valued functions f.
Indeed, suppose that M = C = R2,&=,and D =9, +i9,. Then a holomorphic
function f: C — C satisfies Df = 0 but may not be globally Lipschitz. However,
when D = DT, the propositions do extend, since, by (10),

|DaRef}op< (’Daf}op—i_ |Dgf|op)/2= |Dgf‘op

We present now a consequence of Proposition 5.2 that does not require op to be
varietal.

Proposition 5.5 Suppose that 1 < p < co. Then L NW[(E) S W] ((6). If D is
complete, then WDP (&) = WDP’O(éa).

Proof If f € WDP(@@) is compactly-supported, then it may be approximated in W};
by compactly-supported smooth sections of &, by parts (i), (ii), (iv), and (ix) of
Theorem 3.3, hence f € WS’O(é").

Suppose now that D is complete. Take a sequence of compact sets K;, in M such
that K, is contained in the interior of K,,4+1 and Um K,, = M, and define

gn() = (1=n""op (K, x))
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for all positive n. By Proposition 4.8, the g,, are upper-semicontinuous and com-
pactly-supported; moreover 0 < g, < 1, g, 1 1 pointwise and

lgm () — gm (M| <nlop(x,y),

so g, is weakly D -differentiable and || | D g |oplloo < n~!, by Proposition 5.2. If
u € W} (&), then, by Proposition 3.7,

D(gmu) = (Dggm)u + gmDu,
therefore g, u, D(gnu) € L? and (g,u, D(gnu)) — (u, Du) in L? by the domi-

nated convergence theorem. Since the g,,u are compactly-supported, they belong to
W} (&), and we conclude that u € W, (&) too. O

5.2 Equivalent Definitions of the Control Distance

Since the control distance function gp is the distance function associated with the
fibre seminorm Pp, various equivalent characterisations of op are contained in
Sect. 4. In particular, the results of Sect. 4.4 apply because of the following property.

Proposition 5.6 The fibre seminorm Pp satisfies the Lipschitz seminorm condition.

Proof Since Pp = Pp, it is not restrictive to suppose that D = DF. We may sup-
pose moreover that the local trivialisations of & are isometric. Take @ € A, and
choose a bump function 1 on R which is equal to 1 on Br» (0, 1), and a countable
dense set # of the unit sphere in C”. For every w € #, define V,, € C°(&) by
requiring that V,, is supported in U, and

Ta(V)(x) =n(x)w forevery x e R",
and then define the D-subunit field X,, by
Xwh =iV (D h)Vy = (io1 (D) (dh) Vi, V).
If D is expressed in coordinates, as in (1), then (2) implies that
o Xw(x) = (in(x)*(a; (x)w, u)))j for every x € R",

from which it is clear that the family {7y X}, 1s equi-Lipschitz, with a Lipschitz
constant depending on the derivatives of the smooth coefficients a; of D. Moreover,
for all x € Vg, the set {Vy|x}yey is dense in the unit sphere of &%, so

Pp(§) =|01(D)($)|,, = sup [E(Xuly)]
weW



Sub-Finsler Geometry and Finite Propagation Speed 187

for all x € Vi, and & € T,"M. The bipolar theorem [19, Sect. 20.8] implies that,
for all x € V,,, the set {ve T, M : Pg (v) < 1} is the closed convex envelope of
{£Xwlx : w € #}. Hence the set X of convex combinations with rational coeffi-
cients of elements of {+X,, : w € #'} is a countable family of compactly-supported
D-subunit fields, such that {ty X}xcx is equi-Lipschitz, and {X|,}xex is dense in
{veTM: Pj(v)<l1}forallx € V,. O

The following result is an immediate consequence of Proposition 4.23 and Corol-
lary 4.26.

Corollary 5.7 If Pp satisfies Hormander’s condition, then QﬂDOW is varietal, and,

flow

op(x,y) =05, y)=0p"(x,y) forall x,y € M; further, all are equal to
inf{¢p(y) 1y € I®(la.bl), y(@) =x, y(b) =y}.

Another characterisation of the control distance may be given in terms of smooth
functions with “bounded gradient”.

Proposition 5.8 Suppose that op is varietal. Then

op(x,y) =sup{|E(x) —E()|: £ € C®(TR),

|Dog|op”oo<1}' (40)
If D is complete, then the supremum may be restricted to & in C°(IR).

Proof The left-hand side of (40) is greater than or equal to the right-hand side,
without any assumptions on D, from Proposition 5.3. For the reverse inequality,
take x,y € M and A € 10, op (x, y)[, and define

f@= (A — QD(x,z))Jr for every z € M.

Then f is finite and continuous; moreover, by Proposition 5.2, f is weakly D? -
differentiable and || |D? floplloo < 1. Therefore, by Corollary 3.5, there is a se-
quence of real-valued smooth functions f,, such that |[D? f,,|op < 1 and f;, con-
verges locally uniformly to f; thus

| fin () = fuO)| = | Fx) = F)] = A,

and the first part of the conclusion follows by the arbitrariness of A. If D is com-
plete, then the function f is compactly-supported, and by Corollary 3.5 the smooth
approximants f;,, may also be chosen compactly-supported. g

Now we are going to show that the characterisation of pp given by Proposi-
tion 5.8 may hold even when op is not varietal.

Fix a Riemannian metric g on M. This induces a fibre inner product on CT*M.
For all m € N, define D,,, e 01(&® 7 ,.% & CT*M) by

Dy (f,8)=(Df,27™dg). 41)
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Then

D°h 0
on —
(Dm) h= < 0 p—m d/’l) )

SO
Pp,, (§) =max{Pp(&),27"|&|,} forevery& e T*M.

In particular, a vector v € T M is D-subunit if and only if it is D,,-subunit for all
m € N. Moreover, op,, < 2"0g, S0 0p,, is varietal for all m € N.

Proposition 5.9 Suppose that Dy, given by (41), is complete. Then

op(x,y) =supop, (x,y) foreveryx,ye M.
meN

Proof Recall from Proposition 4.6 that a curve is P-subunit if and only if it is 1-
Lipschitz with respect to ¢ p. From the definition of Dy, it is clear that op = op,,
for all m € N.

Fix x, y € M such that sup,, .y 0p,, (x, y) is finite, and take a finite T greater than
the supremum. For all m € N, we choose a D,,-subunit curve y,, : [0, T] — M such
that ,,(0) = x and y,(T) = y. If m < m’, then op,, < oD, by definition, hence
V' 18 also D, -subunit.

Consequently, all the curves y,, are 1-Lipschitz with respect to op,, and all take
their values in Bp, (x,T), which is compact because Dy is complete. By the Arzela—
Ascoli theorem, there is a subsequence of (y;,;)meN that converges uniformly to a
continuous curve y: [0,T] — M. Then y(0) = x and y(T) = y; further, y is 1-
Lipschitz with respect to all the gp,,, that is, y is Dy,-subunit for all m € N. Thus
y'(t) is D,,-subunit for almost every ¢ € [0, T] and all m € N, which implies that
y/(t) is D-subunit. Hence y is D-subunit, and op(x, y) < T. O

Corollary 5.10 Suppose that Dy, given by (41), is complete. Then, forall x,y € M,

op(x,y) =sup{|E(x) — £(»)| : & € C(TR).

||Do€|op||oo < 1}

Proof Fix x,y € M, and take A less than op(x, y). By Proposition 5.9, there exists
m € N such that A < op, (x,y). Since op,, is varietal and D,, is complete, there
exists £ € CZ°(JR) such that |£(x) — &(y)| > X and || [ D& |oplleo < 1 by Proposi-
tion 5.8. However,

|D31$|0p =max{’D“§|op, 2_m|d$|g} 2 |Daé|op’
$O [ 1D&loplloe < 1. O
In general, the completeness of Dy depends on the choice of the Riemannian

metric g in (41). However, if M is compact, then any Riemannian metric g gives
a complete Dy. Moreover, if Dy is complete for some g, then D is complete too.
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The following examples show that the completeness hypothesis is stronger than
necessary to ensure (40), but that it does not always hold.

Example 5.11 Suppose that M =10, 1[?and D = d/0x1. Then

lx1 —y1l  ifxp =yo,

‘x b = .
en(x. y) otherwise,

and (40) holds without pop being varietal or D being complete.
Example 5.12 Suppose that M = RZ\ {(0,0)} and D = 3/9x,. Then

QD((_laO)v (]?0)) = 0oQ.

However, for all smooth £: M — R, the condition that ||D&|. < 1 implies
that |&€(—1,1) — £(1,7)] < 2 when r # 0 by the mean value theorem, and hence
E(—1,0) — &(1, 0)| < 2 by continuity.

6 The L? Theory: Formal and Essential Self-adjointness

Given a differential operator D € Dy (&, .%), we denote for the moment by Dy its
restriction to compactly-supported smooth sections and by Dy its extension to dis-
tributions. Then D; may be thought of as a densely defined operator L?(&) --»
L*(%), and we may consider its Hilbert space adjoint (Dy)*: L2(F) --» L*(&).
It is easily checked that the domain of (Dy)* is the space W[ZJJr (F), that is,

[feL*(Z): D} f e L*(&)),

and (Dy)* is the restriction of D(}L to this domain. In particular, (D;)* 2 Ds*, SO
(Dy)* is densely defined, Dy is closable and

(Dy)™ = (Dy)** < (DY)".

The domains of (D;)~ and (D;F)* will be called the minimal and maximal domains
of D respectively; note that the maximal domain of D is le) (&), whereas the min-
imal domain of D is Wg’o(é”). If D is formally self-adjoint, that is, & = .% and
D = DT, then

(Ds)_ = (Ds)** - (Ds)*a

and clearly (Dg)™ and (D;s)* are the minimal and maximal closed symmetric exten-
sions of Dy respectively; the essential self-adjointness of Dy is thus equivalent to
the equality of the minimal and maximal domains of D.

Henceforth, we will write D, D* and D~ instead of Dy, (Ds)* and (Dy) ™.

We now rephrase the content of Proposition 5.5 when p = 2.
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Proposition 6.1 Suppose that D € (&, F). A compactly-supported section | €
L%(&) belongs to the maximal domain of D if and only if it belongs to its minimal
domain. If moreover D is complete, then the minimal and maximal domains of D
coincide.

Corollary 6.2 Suppose that D € (&, &) is complete and formally self-adjoint.
Then D is essentially self-adjoint.

7 Finite Propagation Speed

Take a formally self-adjoint element D € ©(&, &). We say that u; is a solution of

d .
o =iD*u, (42)

if t > u, is an L2(&)-valued map defined on a subinterval I of R, which is contin-
uously differentiable on 7 (as an L%(&)-valued map), takes its values in the domain
of D* and satisfies (42) for all ¢ € I; we say moreover that u, is energy-preserving
if t — ||lu; |2 is constant. _

If D admits a self-adjoint extension D, so

D~ <D= (D)*c D",
then u, = e b /18 an energy-preserving solution of (42) for all f in the domain

of D, since ei'? is unitary. In fact, u; = e f is defined for an arbitrary f € L?(&),
but need not be differentiable in #, and satisfies an integral version of the (42), that is,
t
Uu; =uo+iD*/ ug ds
0

[8, Lemma II.1.3]; however such a “mild solution” of (42) may be approximated by
“classical solutions” because the domain of D is dense in L2(&).

In any case, for an arbitrary D, compactly-supported solutions automatically pre-
serve energy.

Proposition 7.1 If u, is a solution of (42), defined on an interval 1, and supp u; is
compact for all t € I, then u, is energy-preserving.

Proof The function 7 > [|u, ||? is differentiable, with derivative
(D% ur. ) — i{fur, D ).
Since suppu;, is compact, u; is in the domain of D~ by Proposition 6.1, therefore
(e, D)) = (D711, 10) = (D" ).

and hence the derivative of 1 — ||u; ||% is identically null. O
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The relationship between preservation of energy and compactness of support may
be partially reversed.

Theorem 7.2 Suppose that K C W, where K € R(M) and W € O(M). There exists
g, depending on K and W, such that, for all energy-preserving solutions u; of (42)
defined on an interval I containing 0, if

suppug € K

then
suppu; C W

forallt e I N]—e¢, gl.

Proof See [14, Proposition 10.3.1].

Choose a bump function g that is equal to 1 on K and supported in W, and take
e less than || |D"g|op||gol. Choose also a smooth non-decreasing function ¢: R —
[0, 1] such that ¢(t) < 1 when ¢t < 1 and ¢(¢) =1 whent > 1.

Define functions h,: M — [0, 1] for all ¢ € [0, oo[ by

he(x) = p(g(x) + & '1).
Now h; depends smoothly on ¢, with derivative (relative to ¢) given by
hi(x)=e""¢'(gx)+&7'1) >0,
since ¢ is smooth and non-decreasing; further, by the chain rule,
Dhy(x) = ¢'(g(x) + &7 '1) D7 g(x) = & iy (x) D g(x).
Consequently,
hy —iDh; = h,(1 —ieD°g) >0 (43)

pointwise as a section of Hom(&, &), since ie D g is pointwise self-adjoint by (10),
and || |i8D08|0p||oo <L
Take u; as in the hypotheses. Then, by Leibniz’ rule,

D(h,ut) = (Dah,)ut +htDI/lt.
Now hsu; € L% and D(hsu;) € L? since u; € L2, Du; € L%, hy € L, and D°h, €

L>. Moreover hu; is compactly-supported, so belongs to the domain of D™ by
Proposition 6.1, and

(<htuta D*Mt» = ((D_(htut)a Mt)) = <<D*(htut)a Mt)),
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hence

d .
a«htuta ue)) = (heue, ug)) + i<<htD*Mt, ut>> - i((h,u,, D*Mt»

= ((hous, ug)) = i{((D” e )ug, ;) = 0

by Leibniz’ rule and (43). Therefore, for all positive ¢,

{(hyur, up)) = ((houo, uo)) = (uo, uo)) = (ur, us)),

since u, is energy-preserving, suppug € K and hg is equal to 1 on K. But then
hsu; = u, almost everywhere, since 0 < #; < 1. Note that b, = go(s_lt) < 1 on the
open set M \ supp g when ¢ < ¢; hence suppu; C suppg C W.

The case where t < 0 may be treated by replacing D with —D and u; with u_;. [

As a consequence, we establish the uniqueness of energy-preserving solutions of
(42) for small times and compactly-supported initial datum.

Corollary 7.3 Suppose that K is a compact subset of M. There exists € € RT, de-
pending on K, such that, for all f € L*>(&) for which supp f C K, two energy-
preserving solutions u; and v, of (42) that satisfy uo = vo = f coincide when
|t| < e. In particular, when |t| < ¢, the value of ei’Df does not depend on the self-
adjoint extension D of D.

Proof Take a relatively compact open neighbourhood W of K in M, and take &,
depending on K and W, as in Theorem 7.2.

Write w; for u; — v;. The wy is a solution of (42), and suppw; € W when |t| < ¢
by Theorem 7.2, therefore wy, is energy-preserving when |¢| < & by Proposition 7.1,
and the conclusion follows since |Jwgl|2 = 0. O

7.1 Propagation and the Control Distance

By using the control distance function op associated to D = D+ € D{(&, &), we
establish a quantitative version of Theorem 7.2. Recall Definition 4.9 of Rp(K).

Theorem 7.4 Suppose that K is a compact subset of M. If U is an energy-
preserving solution of (42) defined on an interval I containing 0 and

suppuo C K,

then
suppu;  Bp, (K, 1)
forallt e IN]1—Rp(K), Rp(K)I.
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Proof It suffices to prove that suppu, € B, (K, &) when |t| < ¢, since

» (K. 1)) = ﬂB (K, $).

5>t

Take any ¢ such that |f| < & < Rp(K). We now follow the proof of Theorem 7.2,
with one modification: we define g, which is no longer smooth, by

gx)=(1 —es_lQD(K,x))+ for every x € M.

Again by Proposition 4.8, B, (K, r) is compact when r < ¢, and hence g is upper-
semicontinuous; moreover 1t is clear that 0 < g < 1, that g =1 on K, that suppg <
B, (K, ¢) and that

lg(x) —g| <elopx, ),

so g is weakly D7 -differentiable and || | D g|opllco < ¢! by Proposition 5.2. The
steps of the proof of Theorem 7.2 may now be repeated, interpreting D -derivatives
in the weak sense, and using Propositions 3.7 and 3.8 whenever Leibniz’ rule and
the chain rule are invoked. O

A quantitative version of Corollary 7.3 on uniqueness of energy-preserving so-
Iutions may be derived as before. In fact, with a little more effort, we also establish
an existence result. To avoid boundary value problems, we restrict attention to the
interval |—-Rp(K), Rp(K)[.

Theorem 7.5 Suppose that K € K(M) and that f € Wg(é" ) is supported in K.
Then there exists an energy-preserving solution u; of (42) on the interval |—Rp (K),
Rp (K)[ such that ug = f; moreover, any other energy-preserving solution of (42)
with initial datum f coincides with u; on the intersection of their domains.

Proof Every energy-preserving solution u; such that suppug € K remains com-
pactly-supported when |t| < Rp(K) by Theorem 7.4, so uniqueness of the solution
on |[-Rp(K), Rp(K)[ is proved as in Corollary 7.3. It remains to show the exis-
tence of an energy-preserving solution on all intervals [—R, R] where R < Rp(K).

Note that, if D is complete, then D* is self-adjoint by Corollary 6.2, and u; =
et D f is the required solution. In the general case, take a bump function 7 that is
equal to 1 on a neighbourhood of B, (K, R), and define Dy € D(&, &) by

1 1
Dof == (an+D<nf>)—an+ ( n)f.

Then it is easily checked that Dy is formally self-adjoint and o1 (Dg) = no(D) is
compactly- supported therefore Dy is complete by Proposition 4.16, and we may
take u; = e P f, which is an energy-preserving solution of

EM[ = IDSM[
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for all r € R. Since o1(Dg) = no1(D) and |n| < 1, all Dy-subunit vectors are D-
subunit, hence ¢p < @p, and consequently, by Theorem 7.4,

suppu; € By, (K. R) € B, (K. R)

for all [¢] < R. Moreover, D and Dy coincide on a neighbourhood of B, (K, R) by
construction, therefore u, is a solution of (42) when |f| < R. Il

7.2 Second-Order Operators

Consider now the second-order equation

d 2
(a) U= _L*M[, (44)

for some positive L € D,(&, &). Suppose that Lisa positive self-adjoint extension
of L, denote the continuous extension of A — A~ !sin to R by sinc, and define u;
by

u; :cos(tzl/z)f+tsinc(tzl/2)g. (45)

It is well-known that u, satisfies (44) together with the initial conditions ug = f and
o = g, at least when f is in the domain of L and g is in the domain of L2,

Suppose that L factorises as L = DT D for some D € D1(&, F), and recall
that D =D @ D*.If D is any self-adjoint extension of ), then 192 preserves the
decomposition of L2(& @ .%) as L*(&)® L*(F), and Bz(f 0)= (Lf 0) for some
positive self-adjoint extension LofL.In particular,

(cos(tzl/z)f, 0) :cos( ( )1/2)(f 0) —cos(tB)(f 0)

1tB + e—lIB

= ——— 1.0,

because the cosine function is even, and moreover
d . 172 T1/2
a(t smc(tL )g) =cos(tL )g.

Therefore if supp f U supp g is compact and u, is defined by (45), then from Theo-
rem 7.4 we deduce that

suppu; C Bl_)(suppf Usupp g, |t|)

whenever |f| < Rp(supp f U suppg).
Note that

Pp (&) = [o1(D)E)] oy = (|02 (%))
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by (3) and (5), so the fibre seminorm Pp and the associated distance function may
be expressed directly in terms of the second-order symbol of L.

When Pp is complete, P is essentially self-adjoint by Corollary 6.2. In fact the
smoothness of solutions of symmetric hyperbolic systems with smooth coefficients
(see [1, Sect. 7.6] for an elementary proof), together with the finite propagation
speed, implies that the operators e’ 2 preserve C°(& @ %), and an argument of
Chernoff [6, Lemma 2.1] proves that D? is essentially self-adjoint too. In partic-
ular, if L = DT D, then L is essentially self-adjoint, and W7(&) € W3 (&) with
continuous inclusion, because

(Df. Df) = (fs L) < 1AL 1l2

for every f in the maximal domain of L. It is then not difficult to deduce that, for
all maps ¢ — u; in C%(I; L%(&)) that satisfy (44), the equality

v; = (ity,1Duy,)
defines a mild solution of

—v; =1y,

dt t t

and consequently v; = el * v (see [8, Propositions VI.3.2 and I1.6.4]). This implies
that (44) has a unique solution for given initial data ug = f and o = g, that is,

u = cos(t(L*)'?) f + tsinc(r(L*)'?)g.

8 Examples

This section contains examples that illustrate our theory. We begin with a discus-
sion of multilinear algebra, then pass to the examples. Most of these are concerned
with applications to differential operators, but the final example shows that smooth
subunit parametrisations of smooth curves may not enable us to compute length.

8.1 Preliminaries on Multilinear Algebra

Suppose that V is an n-dimensional vector space over C. As usual, if {vy, ..., v,} is
abasis of V and J = {ji, ..., jk}, where 1 < j; < --- < jr < n, then we define the
element v, of the exterior algebra @@} _ ARV by

Vg =Vj N ANVj.

When V is endowed with a hermitean inner product (-, -), there exists a unique
. . . 7
hermitean inner product (-, -) on the exterior algebra AV such that AKV L A¥'V
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when k # k' and, for every orthonormal basis {vy, ..., v,} of V, the multivectors
vy, where J varies over the k-element subsets of {1...,n}, form an orthonormal
basis of AKV when k=0,...,n

Given any «, B € AV, we define o VV 8 € AV by requiring that

(aVvB,y)y={(B,any) foreveryy e AV.

The map («, B) — « V B is sesquilinear (conjugate-linear in the first variable), and
moreover

(xAB,aVvy)=(aAaAB,y)=0,
SO
leAB+avyP=lanBl+lavyl

Suppose now a € A'V = V. Then we set & = |a|v; and extend v; to an orthonormal
basis {v,...,v,} of V.If B = Z,ijj for some by € C, where J ranges over the
subsets of {1, ..., n}, then

anB=lald bjvsny and avB=la|lD by,
Ve I

hence

laAB—aVBP?=lanBl*+lav B =lalIp’ (46)

8.2 Riemannian Manifolds

Let M be an n-dimensional manifold. The exterior algebra AM over the complex-
ified cotangent bundle CT*M is the bundle @Z’:O AKX M its sections are known as
differential forms. In particular, AOM = 7, A'M = CT*M, and the differential
d e D1(A°M, A'M) extends to the exterior derivative d € ©{(AM, AM), which
satisfies d2 = 0 and
da € C®°(A M) and d(@ A B)=da A+ (—Dfa AdB
for all @ € C®(A¥M) and all B € C®°(AM). Hence
[d, m(h)]a =d(ha) — hda =dh A «,
forallh € C*®°(7) and o € C*°(AM), that is,
o1 (d)(E)B=E NP,

whenx e M, £ e CTM,and B € A M.
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Suppose now that M is endowed with a Riemannian metric g. This defines a
hermitean fibre inner product on C7*M, which in turn extends to a hermitean fibre
inner product {-, -) on AM. The formal adjoint d* of the exterior derivative d is then
defined, and satisfies

o1(dh)Ep=-6VvB

where x € M, £ e CTM and B € A M, by (5). We set D = d+d*t. Then D is
formally self-adjoint and

o1(D)EB=EAB—EVB,

so, when & =& € T M is real,

lo1(D)(&)B| = €111,
by (46), and
Pp(§) = |o1(D)(®)],, = [5]-

Thus the control distance function op associated to D is just the Riemannian dis-
tance function g, on M.

Define A = D? = dd* + d*d. This is the Laplace operator on forms induced by
the Riemannian structure. Hence, according to Sect. 7.2, when (M, g) is complete,
the Riemannian distance also describes the propagation of the solution u; of the
second-order equation ii; = —Au; given by

Uy = cos(tAl/2)u0 +t sinc(tAl/z)L'to.

Since A preserves the degree of forms, such a solution u; is a k-form for all € R
whenever the initial data ug and 1 are both k-forms.

8.3 Hermitean Complex Manifolds
Suppose now that M is a complex manifold of real dimension 2n. The decomposi-
tion
CT*M =AM A%'M
given by the complex structure in turn induces a decomposition of A¥M, namely,
AM= P ArimM;
p+q=k

then P AP-9 M is an algebra bigrading of AM. Let 7, , € Hom(AM, AM) denote
the projection onto A”-9 M. The exterior derivative d decomposes as d + 9, where

do =mpy1qde and da=mp 41 de  forevery o € C®(APIM);
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then 9% =99 + 90 = 3> =0 and
AaAB) =0aAB+(=DfaAdp and daAB)=daAB+(—DrarndB
forall ¢ € C°°(AkM), B € C®(AM). As before,
[0,m(W)]e=0nhAa and [d,m(h)]e=0hAa,

SO

o1()E)B =m0 AR and 01(3)(E)B =m0,1& AP

For any choice of Riemannian metric g on M,
01(07)E)B=-moé VB and 01(07)(E)B=—m.1E VB,
by (5), hence also, when & = é, that is, £ is real,

lo1 (34 07)(E)B| = Im1,0€11B] and  |o1(3 + 3™)(E)B| = |mo,1£1B]

by (46). In particular, if g is compatible with the complex structure (that is, the
complex structure J : Tx M — Ty M is an isometry for every x € M), then for real &,

71,0617 = |m0,1£ 17 = €17/2,

so the distance functions associated to 8 + 8+ and d 4+ 8% coincide with the Rie-
mannian distance function on M multiplied by +/2 (that is, the propagation speed
with respect to the Riemannian distance is at most 1/+/2). The complex Laplacian
U] on forms is given by

D=(0@+3%)"=33"+3%;

when M is a Kéhler manifold, A = 2[], which is consistent with the result already
obtained for A.
See [9, 23] for more on the material in this subsection.

8.4 CR Manifolds

Let M be an n-dimensional manifold with a CR structure of codimension n — 2k,
that is, an involutive complex subbundle .Z of CT M of rank k such that %, ﬁ?x =
{0} for all x in M. The exterior algebra A%*M = A(Z") over the dual of &
may be identified with the quotient of AM by a suitable graded fibre ideal .#.
Correspondingly C>°(A%*M) may be identified with C*°(AM)/C>(.#). The ex-
terior derivative d passes to the quotient bundle, giving a differential operator
3 € D1(A%* M, A%* M) that satisfies

3t =0,
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o € € (AT M),
W@ AB)=0dpa AP+ (—DlaAdpp

forall o € C*(A% M) and all B € C>®(A**M).
Note that AOM = AOM = .7, 50 8, f = ndf, where 7 : CT*M — 7" is the
restriction morphism. Thus

[0p, m(h)]e =ph A and  01(3p)(E)B =& A B.

Any choice of hermitean fibre inner product on .Z induces a hermitean inner product
along the fibres of A%* M, and

01(3,)(E)B=—-nE VB,
so again, for all real &,
lo1 (3 + 3;,") &) B| = IwEIBI

that is, if D = 0), + 9, , then

Pp(§) =|m&]l.

If £ € T*M, then w& = 0 if and only if & vanishes on TM N (£ & £); in
other words, the Levi distribution TM N (£ @ £) is the subbundle spanned by
the D-subunit vectors. In particular, if M is a non-degenerate CR manifold and
n =2k + 1, then Pp satisfies Hormander’s condition; for a discussion of the higher-
codimensional case, see, for example, [5, Sect. 12.1].

Note moreover that the Kohn Laplacian [J, on the tangential Cauchy—Riemann
complex is given by

Op = D? = 5;,5;_ + 5;_5;7

For more information on CR manifolds, see, for example, [5, 7].

8.5 Sub-Riemannian Structures

Let E be areal vector bundle on M, endowed with a fibre inner product and a smooth
bundle homomorphism w: E — T M. Consider the adjoint morphism p*: T*M —
E*, and its complexification u*: CT*M — CE*. Define the differential opera-
tor D € ®1(7,CE*) by Df = u*(df). Then D° = D, modulo the identification
Hom(.7, CE*) = CE*; further Pp(§) = [u*(§)], P;(v) = inf{lw| : v = u(w)},
and the D-subunit vectors are the images under p of the w € E such that jw| < 1.

A commonly considered case is when E is a subbundle of TM and u is the
inclusion map. Then E is called the horizontal distribution [20, Sect. 1.4], and is the
set of the tangent vectors v for which Pz‘)(v) < 00.
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Another commonly considered case [12, 17] is when E is the trivial bundle "
with the standard inner product. In this case, there are (subunit) vector fields X ; =
w(Y;), where the Y; are the constant sections of £ corresponding to the standard
basis of R". Hence

Pr&?=Y [ &wpl =" lex )|’
J J
SO
D7 flo=1D1P = 301X, £ P,
J
and

P;S(v)2 :inf{Zci v= chXj|x} for every v € Ty M.
J J

8.6 Non-Riemannian Propagation

The fibre seminorm Pp on T*M associated to D € D (&, %) is defined to be the
pullback of an operator norm along the fibres of Hom(&, .%). In the previous exam-
ples, however, Pp is actually induced by some (possibly degenerate) inner product
on T*M. We present now a simple example showing that this is not always the
case.

Let M be R", take & =.% = .7", and define D by

D(flw--’fn):(ialflv--wianfn),

where 91, ..., d, are the partial derivatives on R”. Then

i§
o (D)(§) = ,
ién
so Pp(§) = || and Pz‘)(v) = |v[1; here, as usual, |§|o = max; |&;| and |v]; =

Zj |v;|. Consequently, op(x, y) = |x — y|1, hence gp is varietal and D is complete,
therefore D is essentially self-adjoint, and

eitD(flv"'vfn)(x): (fl(-xl _t7x27-"7-xn)7"'7fn(-x1’ ooy Xn—1,Xn _t))

Hence the condition supp(e'? f) C Bp, (supp f, |t]) given by Theorem 7.4 is opti-
mal. This shows that the natural distance describing the propagation of solutions of
(42) need not be Riemannian or even sub-Riemannian.
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8.7 Nonsmooth Arc-Length Reparametrisation

Construction of the Sub-Riemannian Structure Take M = R? with Lebesgue
measure.
Fix a smooth u : R?> — R. Define the smooth vector fields X, ¥ on R? by

%] 2 (a - )ﬁ a)

_— — —_— u —_—— s

P Jatsupz\ox 2 gy
= u(p) 2 (_u(p £i+i>
P 2T+ u(p)? Va+ 3u(p)? 2 9x  dy)’

where {3/0x,3/dy} denotes the standard basis of R?. With respect to the standard
Riemannian (that is, euclidean) structure of R2,

Ju|

241+ u?

at every point of R2. Indeed, if we define the “matrix field” M by

M|, = 1 ( 2 —u(p)ﬁ)
P V44 3u(p)? u(p)v/3 2 '

then M is pointwise orthogonal and

(X,Y) =0, |XI=1, and [|Y]|=

d u d
X=M—, Y=——M—
0x 2V/1+u? 9y

pointwise.
Define the differential operator D € ©{(.7, 72%) by Df = (Xf, Yf). Then

a1(D)]p&) = ((XIp, &), (Y1, §)),

hence the associated fibre seminorm on the cotangent bundle T*R? is given by

Pp|p(&)? = [o1(D)] @[5, = (X]p, )2+ (Y], £)°
= (£, H| ),

where

H=—+
4(1 +u?) 2\/§u 4u?

On the one hand, at points p where u(p) # 0, the matrix H|, is non-degenerate;
in this case, the norm P} on the tangent bundle is given by

1 (4 +u? 2J§u> _

Pply()* = (v, HI, '),
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where
gl L 4? —2V3u
T \-2V3u 4+u? )
and {X|p,Y|,} is an orthonormal basis for the corresponding inner product on
T,R2.

On the other hand, at points p where u(p) =0,

0
Pplp(§) = Kaéﬂ

hence PZ-‘) is the extended norm

Phlp(v) =

[(9/dx,v)| if (3/dy,v) =0,
00 otherwise,

and X|, =0/0x and Y|, = 0. In particular,
. 0 2 ifu(p)#0,
Pplp|l 72 ) = .
ax 1 ifu(p)=0.

A Choice of u  Let Q = {g; };nen be an enumeration of the rational numbers, and
set

A=JJam =27 g+ 27

meN

Then A is a dense open subset of R whose measure |A| is at most Y 27m=2,

that is, 1/2.

Since R\ A is closed in R, there exists a smooth function v: R — [0, 1] such
that v=1(0) =R \ A [18, Theorem 1.5]. In fact, after composing v with a smooth
function from R to [0, 1] that vanishes exactly on ]—o0, 0], we may suppose that v
vanishes to infinite order at all points of R \ A. Set then u(x, y) = v(x).

Hormander’s Condition Let Z be a D-subunit field. Then Z = ¢ X + ¢Y for
some real-valued functions ¢, ¥ with > 4+ ¥2 = 1. Since (Z, X) = ¢, we see that
@ is smooth, so ¢ X and Y are smooth too. Moreover, since || < 1, the smooth
field Y vanishes at least to the same order as Y, at every point of R?, and hence
Y'Y vanishes to infinite order at every point of (R \ A) x R.

Take now a system Zi, ..., Z, of D-subunit vector fields, and decompose Z; as
@;j X+ ;Y. Then any iterated Lie bracket of Z1, ..., Z; is the sum of an iterated Lie
bracket of 91X, ..., ¢- X and of iterated Lie brackets where some of the ;Y occur.
The first summand is then a smooth multiple of X, whereas the other summands
vanish to infinite order at every point of (R \ A) x A (indeed, the set of smooth
vector fields vanishing to infinite order at some p € M is an ideal of the Lie algebra
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of smooth vector fields). We conclude that the iterated Lie bracket of Zy,..., Z,,
evaluated at any point of (R \ A) x R, is a multiple of X.
Hence Hormander’s condition for Pp fails at all points of (R\ A) x R.

Topologies Define Z =2"'9/dx and W = u(+~/4 + u2)~'9/dy, and then set ¥ =
{Z, W}. Then X is a system of smooth D-subunit vector fields on R?. Write g%
for the distance function corresponding to the class of D-subunit curves that are
piecewise flow curves of Z or W. Clearly

fl
op <op <op" <ox.

‘We now show that oy is varietal, so all the other distance functions above are.

Take (x,y) € R? and r € RT. We want to prove that By ((x,y),r) is a neigh-
bourhood of (x, y). Since A is dense in R, there is x’ € A such that [x — x'| < r/8
and v(x’) # 0. We claim that every point (X, §) € R? such that

roro v }
84 4+ v(x)?
belongs to By ((x, y), r). The idea is to go from (x, y) to (x’, ) along the flow of Z,

then from (x’, y) to (x’, y) along the flow of W, and finally from (x’, ) to (X, ¥)
along the flow of Z. Such a curve is defined on an interval of length

Va4 +v(x)?
lv(x)]
hence its final point (X, y) belongs to the ball By ((x, y), 7).

’()E, y) — (x, y)|oo < min{

r r

4+2—r3

2x —x'| + |y—§|+2|x’—i|<%+ =

A Smooth Curve with Nonsmooth Arc-Length Let ¢: [0, 7] — R be abso-
lutely continuous, and define y (t) = (¢(¢), 0). Then

20p'(1)| ifp(t) € A,

ﬂﬂwﬂyanz{w%m if p(1) ¢ A,

at every point 7 where ¢ is differentiable.

The set A = <p_1(A) is open in [0, T'], but need not be dense. However, any
connected subset of [0, 7]\ A is mapped by ¢ onto a connected subset of R \ A,
which has at most one element because A is dense. Hence ¢ is locally constant
on the interior of [0, T] \ A, so Q‘L/ (t) = 0 for every interior point ¢ of [0, T] \ A.
The remaining points of [0, T'] \ A, that is, the boundary points, also belong to the
closure of A.

Suppose now that y is D-subunit and C'. Then |¢'(t)| < 1/2 forall ¢ € A. Since
¢’ is continuous, |¢’| < 1/2 on the closure of A, hence on all [0, T]. This means
that

T
!wn—wmﬂsﬁ ¢ (1)|dt < T/2,

thatis, T = 2|o(T) — ¢(0)].
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Suppose further that ¢ is non-decreasing, ¢(0) =0 and ¢(T)=1,s0 T > 2.

The length £p(y) does not depend on the parametrisation. Therefore, if we define
y(t) = (t,0) forall ¢ € [0, 1], then

1
p(y) =Ep(7) = /0 Pl (7)) dt

=2|[0. 11N A|+ ][0, 1]\ A|
=1+|[0,11NA|<3/2<2.

In summary, every D-subunit, C! reparametrisation of y is defined on an interval

of width at least 2. By contrast, the arc-length reparametrisation of y is D-subunit
and defined on an interval of width at most 3/2.
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On the Boundary Behavior of Holomorphic
and Harmonic Functions

Fausto Di Biase

Abstract We present old and new problems in the study of the boundary behav-
ior of holomorphic and harmonic functions. The key issue is the sharpness of the
natural approach regions that appear in qualitative results (such as the Fatou-type
theorems on the a.e. convergence) as well as in quantitative results (such as the
Hardy-Littlewood inequality). Roughly speaking, we address the following ques-
tion: Are there larger approach regions for which these results hold? The answer
turns out to depend on the meaning we assign to the notion of being larger.
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Boundary behavior - Independence results - NTA domains - Hardy spaces
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1 Starting from the Unit Disc

The unit disc D lies at the confluence of two subjects, or viewpoints, just as the
city of St. Louis sits at the confluence of two rivers. The first viewpoint is complex
analysis, where we look at D as the set

D={26C1|z|<l}.

Here D is a ground for holomorphic functions. The second viewpoint is potential
theory (and real-variables methods), where we look at D as the set

D:{xeRz:x%+x%<l}.

Here D is a ground for harmonic functions. Indeed, harmonic functions and holo-
morphic functions do exhibit a different behavior, but this is true in C much less
than in C". Moreover, the unit disc also serves as spring for the natural stream of
classical Fourier analysis.
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1.1 The First Viewpoint

We start with a basic theorem of Fatou [17], where D is seen from the first viewpoint.
In order to state this result, we need some terminology.

T The topological boundary of D is denoted by T. Thus T={z € C: |z| =1}.
(D) The set of all subsets of D is denoted by & (D).
O (D) The set of holomorphic functions on D is denoted by &' (D).

Definition 1.1 An approach region in D at w € T is an element of &?(ID) whose
closure (in the ambient space C) contains w. Let DD, be the set of all approach
regions in D at w.

According to this definition, an approach region need not be open. If A € D,
and ¢ : D — C, then the notion of the limit value lim4s;—,, ¢(z) can be defined in
the familiar fashion. Here the relevant part of A that matters is the one that lies close
to w: We call it a fail of A.

Definition 1.2 If A € D, a tail of A (at w) is a subset of A of the form
{zeD:zeA, |z—w|<r}
