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Dedicated to Alessandro Figà-Talamanca on
the occasion of his retirement



Preface

This book collects some of the scientific contributions of the participants in the
Conference in Harmonic Analysis held at the Istituto Nazionale di Alta Matematica
from May 30th to June 4th, 2011. It illustrates the wide range of research subjects
developed by the Italian research group in harmonic analysis, originally started by
Alessandro Figà-Talamanca, to whom the Conference was dedicated on the occasion
of his retirement.

In 1978, the mathematicians in this newly formed research group started a cycle
of conferences to present and share their research progress. These conferences were
held in different places almost every year until this Conference, the thirty-first of the
series, and the first whose Proceedings are published.

This book outlines some of the impressive ramifications of the mathematical de-
velopments that began when Figà-Talamanca brought the study of harmonic anal-
ysis to Italy; the research group that he nurtured has now expanded to cover many
areas, and therefore this book is addressed not only to experts in harmonic analysis,
summability of Fourier series and singular integrals, but also to experts in potential
theory, symmetric spaces, analysis and partial differential equations on Riemannian
manifolds, analysis on graphs, trees, buildings and discrete groups, Lie groups and
Lie algebras, and even far-reaching applications such as cellular automata and signal
processing and connections with mathematical logic.

In the last decades, Alessandro Figà-Talamanca has worked on harmonic analysis
on trees, and his influence on ongoing research is also underlined by the fact that
several contributions to the present volume, even those dealing with completely
different subjects, are related to trees or similar discrete structures.

Massimo PicardelloRome, Italy
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Jean-Philippe Anker, Pierre Martinot, Emmanuel Pedon, and Alberto G. Setti

Abstract We solve explicitly the shifted wave equation on Damek–Ricci spaces,
using the inverse dual Abel transform and Ásgeirsson’s theorem. As an application,
we investigate Huygens’ principle. A similar analysis is carried out in the discrete
setting of homogeneous trees.
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1 Introduction

In the book [17] Helgason uses Ásgeirsson’s mean value theorem (see Theorem
II.5.28) to solve the wave equation{

∂2
t u(x, t) = Δxu(x, t),

u(x,0) = f (x), ∂t |t=0 u(x, t) = g(x),
(1)

on Euclidean spaces Rd (see [17, Exercise II.F.1, p. 342] and its solution at pp. 574–
575) and the shifted wave equation{

∂2
t u(x, t) = {Δx + (d − 1)2/4}u(x, t),

u(x,0) = f (x), ∂t |t=0 u(x, t) = g(x),
(2)

on real hyperbolic spaces Hd(R) (see [17, Exercise II.F.2, p. 343] and its solution
at pp. 575–577). In this work we extend this approach both to Damek–Ricci spaces
and to homogeneous trees. Along the way we clarify the role of the inverse dual
Abel transform in solving the shifted wave equation.

Recall that Damek–Ricci spaces are Riemannian manifolds, which contain all hy-
perbolic spaces Hd(R), Hd(C), Hd(H), H 2(O) as a small subclass and share nev-
ertheless several features with these spaces. Before [17] the shifted wave equation
(2) on Hd(R) was solved explicitly in [24, Section 7]. Other hyperbolic spaces were
dealt with in [10, 19, 20] and Damek–Ricci spaces in [25]. All these approaches are
awkward in our opinion. On one hand, [10, 24] and [19, 20] rely on the method of
descent, i.e., on shift operators, which reduce the problem to checking formulae in
low dimensions. Moreover [10] involves classical compact dual symmetric spaces
and doesn’t cover the exceptional case. On the other hand, [25] involves compli-
cated computations and follows two different methods: Helgason’s approach for
hyperbolic spaces and heat kernel expressions [1] for general Damek–Ricci spaces.
In comparison we believe that our presentation is simpler and more conceptual.

Several other works deal with the shifted wave equation (2) without using explicit
solutions. Let us mention [7] (see also [18, Section V.5]) for Huygens’ principle
and the energy equipartition on Riemannian symmetric spaces of the noncompact
type. This work was extended to Damek–Ricci spaces in [4], to Chébli-Trimèche
hypergroups in [14] and to the trigonometric Dunkl setting in [5, 6]. The non-linear
shifted wave equation was studied in [2, 3, 28], first on real hyperbolic spaces and
next on Damek–Ricci spaces. These works involve sharp dispersive and Strichartz
estimates for the linear equation. Related Lp → Lp estimates were obtained in [21]
on hyperbolic spaces.

Our paper is organized as follows. In Sect. 2, we review Damek–Ricci spaces
and spherical analysis thereon. We give in particular explicit expressions for the
Abel transform, its dual and the inverse transforms. In Sect. 3 we extend Ásgeirs-
son’s mean value theorem to Damek–Ricci spaces, apply it to solutions to the shifted
wave equation and deduce explicit expressions, using the inverse dual Abel trans-
form. As an application, we investigate Huygens’ principle. Section 4 deals with the
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shifted wave equation on homogeneous trees, which are discrete analogs of hyper-
bolic spaces.

Most of this work was done several years ago. The results on Damek–Ricci
spaces were cited in [26] and we take this opportunity to thank François Rouvière
for mentioning them and for encouraging us to publish details. We are also grateful
to Nalini Anantharaman for pointing out to us the connection between our discrete
wave equation (16) on trees and recent works [8, 9] of Brooks and Lindenstrauss.

2 Spherical Analysis on Damek–Ricci Spaces

We shall be content with a brief review about Damek–Ricci spaces and we refer to
the lecture notes [26] for more information.

Damek–Ricci spaces are solvable Lie groups S = N � A, which are extensions
of Heisenberg type groups N by A ∼= R and which are equipped with a left-invariant
Riemannian structure. At the Lie algebra level,

s ≡ R
m ⊕

z︷︸︸︷
R

k︸ ︷︷ ︸
n

⊕ R︸︷︷︸
a

,

with Lie bracket

[
(X,Y, z),

(
X′, Y ′, z′)] =

(
z

2
X′ − z′

2
X,zY ′ − z′Y + [

X,X′],0

)

and inner product〈
(X,Y, z),

(
X′, Y ′, z′)〉 = 〈

X,X′〉
Rm + 〈

Y,Y ′〉
Rk + zz′.

At the Lie group level,

S ≡ R
m ×

Z︷︸︸︷
R

k︸ ︷︷ ︸
N

× R︸︷︷︸
A

,

with multiplication

(X,Y, z) · (X′, Y ′, z′) =
(

X + ez/2X′, Y + ezY ′ + 1

2
ez/2[X,X′], z + z′

)
.

So far N could be any simply connected nilpotent Lie group of step � 2. Heisenberg
type groups are characterized by conditions involving the Lie bracket and the inner
product on n, that we shall not need explicitly. In particular Z is the center of N and
m is even. One denotes by

n = m + k + 1
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the (manifold) dimension of S and by

Q = m

2
+ k

the homogeneous dimension of N .
Via the Iwasawa decomposition, all hyperbolic spaces Hd(R), Hd(C), Hd(H),

H 2(O) can be realized as Damek–Ricci spaces, real hyperbolic spaces correspond-
ing to the degenerate case where N is abelian. But most Damek–Ricci spaces are
not symmetric, although harmonic, and thus provide numerous counterexamples to
the Lichnerowicz conjecture [13]. Despite the lack of symmetry, radial analysis on
S is similar to the hyperbolic space case and fits into Jacobi function theory [22].

In polar coordinates, the Riemannian volume on S may be written as δ(r) dr dσ ,
where

δ(r) =

const︷ ︸︸ ︷
2m+1πn/2Γ

(
n

2

)−1(
sinh

r

2

)m

(sinh r)k

= 2nπn/2Γ

(
n

2

)−1

︸ ︷︷ ︸
const

(
cosh

r

2

)k(
sinh

r

2

)n−1

is the common surface measure of all spheres of radius r in S and dσ denotes
the normalized surface measure on the unit sphere in s. We shall not need the full
expression of the Laplace–Beltrami operator Δ on S but only its radial part

radΔ =
(

∂

∂r

)2

+
{

n − 1

2
coth

r

2
+ k

2
tanh

r

2

}
︸ ︷︷ ︸

δ′(r)
δ(r)

∂

∂r

on radial functions and its horocyclic part

Δf =
(

∂

∂z

)2

f − Q
∂

∂z
f (3)

on N -invariant functions, i.e., on functions f = f (X,Y, z) depending only on z. The
Laplacian Δ commutes both with left translations and with the averaging projector

f �(r) = 1

δ(r)

∫
S(e,r)

dx f (x),

hence with all spherical means

f �
x (r) = 1

δ(r)

∫
S(x,r)

dy f (y).
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Thus

(Δf )�x = (radΔ)f �
x . (4)

Finally Δ has a spectral gap. More precisely, its L2-spectrum is equal to the half-line
(−∞,−Q2/4].

Radial Fourier analysis on S may be summarized by the following commutative
diagram in the Schwartz space setting [1]:

S (R)even

H ↗ ≈ ≈ ↖ F

S (S)�
≈−→
A

S (R)even

Here

H f (λ) =
∫

S

dx ϕλ(x)f (x)

denotes the spherical Fourier transform on S,

A f (z) = e−(Q/2)z

∫
Rm

dX

∫
Rk

dY f (X,Y, z)

the Abel transform,

Ff (λ) =
∫
R

dz eiλzf (z)

the classical Fourier transform on R and S (S)� the space of smooth radial functions
f (x) = f (|x|) on S such that

sup
r�0

(1 + r)Me(Q/2)r

∣∣∣∣
(

∂

∂r

)N

f (r)

∣∣∣∣ < +∞

for every M,N ∈ N. Recall that the Abel transform and its inverse can be expressed
explicitly in terms of Weyl fractional transforms, which are defined by

W τ
μ f (r) = 1

Γ (μ + M)

∫ +∞

r

d(cosh τs) (cosh τs − cosh τr)μ+M−1

×
(

− d

d(cosh τs)

)M

f (s)

for τ > 0 and for μ ∈C, M ∈ N such that Reμ > −M . Specifically,

A = c1W
1/2

m/2 ◦ W 1
k/2 and A −1 = 1

c1
W 1−k/2 ◦ W

1/2
−m/2,
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where c1 = 2(3m+k)/2π(m+k)/2. More precisely,

A −1f (r) = 1

c1

(
− d

d(cosh r)

)k/2(
− d

d(cosh r/2)

)m/2

f (r)

if n is odd, i.e., k is even, and

A −1f (r) = 1

c1
√

π

∫ +∞

r

ds√
cosh s − cosh r

×
(

− d

ds

)(
− d

d(cosh s)

)(k−1)/2(
− d

d(cosh s/2)

)m/2

f (s)

if n is even, i.e., k is odd. Similarly, the dual Abel transform

A �f (r) = (f̃ )�(r), where f̃ (X,Y, z) = e(Q/2)zf (z), (5)

and its inverse can be expressed explicitly in terms of Riemann-Liouville fractional
transforms Rτ

μ, which are defined by

Rτ
μf (r) = 1

Γ (μ + M)

∫ r

0
d(cosh τs) (cosh τr − cosh τs)μ+M−1

×
(

d

d(cosh τs)

)M

f (s)

for τ > 0 and for μ ∈C, M ∈ N such that Reμ > −M .

Theorem 2.1 The dual Abel transform (5) is a topological isomorphism between
C∞(R)even and C∞(S)� ≡ C∞(R)even. Explicitly,

A �f (r) = c2

2

(
sinh

r

2

)−m

(sinh r)1−kR1
k/2

{(
cosh

.

2

)−1

R
1/2
m/2

[(
sinh

.

2

)−1

f

]}
(r)

and

(
A �

)−1
f (r) = 1

c2

d

dr

(
R

1/2
−m/2 ◦ R1

1−k/2

){(
sinh

.

2

)m

(sinh ·)k−1f

}
(r)

where c2 = 2n/2−1/2π−1/2Γ (n
2 ) = 21/2−n/2(n − 1)!Γ (n+1

2 )−1. More precisely,

(
A �

)−1
f (r) = 1

c2

d

dr

(
d

d(cosh r/2)

)m/2(
d

d(cosh r)

)k/2−1

×
{(

sinh
r

2

)m

(sinh r)k−1f (r)

}
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if n is odd, i.e., k is even, and

(
A �

)−1
f (r) = 1

c2
√

π

d

dr

(
d

d(cosh r/2)

)m/2(
d

d(cosh r)

)(k−1)/2

×
∫ r

0

ds√
cosh r − cosh s

(
sinh

s

2

)m

(sinh s)kf (s)

if n is even, i.e., k is odd.

Proof Everything follows from the duality formulae∫
R

dr A f (r)g(r) =
∫

S

dx f (x)A �g(x),

∫ +∞

0
d(cosh τr)W τ

μ f (r)g(r) =
∫ +∞

0
d(cosh τr)f (r)Rτ

μg(r),

and from the properties of the Riemann-Liouville transforms, in particular

Rτ
1/2 : r
C∞(R)even

≈−→ r
+1C∞(R)even

for every integer 
 � −1. �

Remark 2.2 In the degenerate case m = 0, we recover the classical expressions for
real hyperbolic spaces Hn(R) :

A f (r) = (2π)(n−1)/2

Γ (n−1
2 )

∫ +∞

r

d(cosh s) (cosh s − cosh r)(n−3)/2f (s),

A �f (r) = c3(sinh r)−(n−2)

∫ r

0
ds (cosh r − cosh s)(n−3)/2f (s),

where c3 = 2(n−1)/2Γ ( n
2 )√

πΓ ( n−1
2 )

= (n−2)!
2(n−3)/2Γ ( n−1

2 )2 ,

A −1f (r) = (2π)−(n−1)/2
(

− d

d(cosh r)

)(n−1)/2

f (r),

(
A �

)−1
f (r) = 2(n−1)/2 ( n−1

2 )!
(n − 1)!

d

dr

(
d

d(cosh r)

)(n−3)/2{
(sinh r)n−2f (r)

}
if n is odd and

A −1f (r) = 1

2(n−1)/2πn/2

×
∫ +∞

r

ds√
cosh s − cosh r

(
− d

ds

)(
− d

d(cosh s)

)n/2−1

f (s),
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(
A �

)−1
f (r) = 1

2(n−1)/2(n
2 − 1)!

d

dr

(
d

d(cosh r)

)n/2−1

×
∫ r

0

ds√
cosh r − cosh s

(sinh s)n−1f (s)

if n is even.

3 Ásgeirsson’s Mean Value Theorem and the Shifted Wave
Equation on Damek–Ricci Spaces

Theorem 3.1 Assume that U ∈ C∞(S × S) satisfies

ΔxU(x, y) = ΔyU(x, y). (6)

Then ∫
S(x,r)

dx′
∫

S(y,s)

dy′ U
(
x′, y′) =

∫
S(x,s)

dx′
∫

S(y,r)

dy′ U
(
x′, y′) (7)

for every x, y ∈ S and r, s > 0.

Proof The proof is similar to the real hyperbolic space case [17, Sect. II.5.6] once
one has introduced the double spherical means

U�,�
x,y (r, s) = 1

δ(r)

∫
S(x,r)

dx′ 1

δ(s)

∫
S(y,s)

dy′ U
(
x′, y′)

and transformed (6) into

(radΔ)rU
�,�
x,y(r, s) = (radΔ)sU

�,�
x,y(r, s). �

Ásgeirsson’s Theorem is the following limit case of Theorem 3.1, which is ob-
tained by dividing (7) by δ(s) and by letting s → 0.

Corollary 3.2 Under the same assumptions,∫
S(x,r)

dx′ U
(
x′, y

) =
∫

S(y,r)

dy′ U
(
x, y′).

Given a solution u ∈ C∞(S ×R) to the shifted wave equation

∂2
t u(x, t) = (

Δx + Q2/4
)
u(x, t) (8)

on S with initial data u(x,0) = f (x) and ∂t |t=0 u(x, t) = 0, set

U(x,y) = e(Q/2)tu(x, t), (9)



The Shifted Wave Equation on Damek–Ricci Spaces and on Homogeneous Trees 9

where t is the z coordinate of y. Then (9) satisfies (6), according to (3). By applying
Corollary 3.2 to (9) with y = e and r = |t |, we deduce that the dual Abel transform
of t �→ u(x, t), as defined in (5), is equal to the spherical mean f

�
x (|t |) of the initial

datum f . Hence

u(x, t) = (
A �

)−1(
f �

x

)
(t).

By integrating with respect to time, we obtain the solutions

u(x, t) =
∫ t

0
ds

(
A �

)−1(
g�

x

)
(s)

to (8) with initial data u(x,0) = 0 and ∂t |t=0 u(x, t) = g(x). In conclusion, general
solutions to the shifted wave equation{

∂2
t u(x, t) = (Δx + Q2/4)u(x, t)

u(x,0) = f (x), ∂t |t=0 u(x, t) = g(x)
(10)

on S are given by

u(x, t) = (
A �

)−1(
f �

x

)
(t) +

∫ t

0
ds

(
A �

)−1(
g�

x

)
(s).

By using Theorem 2.1, we deduce the following explicit expressions.

Theorem 3.3

(i) When n is odd, the solution to (10) is given by

u(x, t) = c4
∂

∂t

(
∂

∂(cosh t/2)

)m/2(
∂

∂(cosh t)

)k/2−1{ 1

sinh t

∫
S(x,|t |)

dy f (y)

}

+ c4

(
∂

∂(cosh t/2)

)m/2(
∂

∂(cosh t)

)k/2−1{ 1

sinh t

∫
S(x,|t |)

dy g(y)

}
,

with c4 = 2−3m/2−k/2−1π−(n−1)/2.
(ii) When n is even, the solution to (10) is given by

u(x, t) = c5
∂

∂|t |
(

∂

∂(cosh t/2)

)m/2(
∂

∂(cosh t)

)(k−1)/2

×
∫

B(x,|t |)
dy

f (y)√
cosh t − cosh d(y, x)

+ c5 sign(t)

(
∂

∂(cosh t/2)

)m/2(
∂

∂(cosh t)

)(k−1)/2

×
∫

B(x,|t |)
dy

g(y)√
cosh t − cosh d(y, x)

,

with c5 = 2−3m/2−k/2−1π−n/2.
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Remark 3.4 These formulae extend to the degenerate case m = 0, which corre-
sponds to real hyperbolic spaces Hn(R):

(i) n odd:

u(t, x) = c6
∂

∂t

(
∂

∂(cosh t)

)(n−3)/2{ 1

sinh t

∫
S(x,|t |)

dy f (y)

}

+ c6

(
∂

∂(cosh t)

)(n−3)/2{ 1

sinh t

∫
S(x,|t |)

dy g(y)

}
,

with c6 = 2−(n+1)/2π−(n−1)/2.
(ii) n even:

u(t, x) = c7
∂

∂|t |
(

∂

∂(cosh t)

)n/2−1 ∫
B(x,|t |)

dy
f (y)√

cosh t − cosh d(y, x)

+ c7 sign(t)

(
∂

∂(cosh t)

) n
2 −1 ∫

B(x,|t |)
dy

g(y)√
cosh t − cosh d(y, x)

,

with c7 = 2−(n+1)/2π−n/2.

As an application, let us investigate the propagation of solutions u to the shifted
wave equation (10) with initial data f,g supported in a ball B(x0,R). The following
two statements are immediate consequences of Theorem 3.3. Firstly, waves propa-
gate at unit speed.

Corollary 3.5 Under the above assumptions,

suppu ⊂ {
(x, t) ∈ S | d(x, x0) � |t | + R

}
.

Secondly, Huygens’ principle holds in odd dimension, as in the Euclidean setting.
This phenomenon was already observed in [25].

Corollary 3.6 Assume that n is odd. Then, under the above assumptions,

suppu ⊂ {
(x, t) ∈ S | |t | − R � d(x, x0) � |t | + R

}
.

In even dimension, u(x, t) may not vanish when d(x, x0) < |t | − R, but it tends
asymptotically to 0. This phenomenon was observed in several settings, for instance
on Euclidean spaces in [27], on Riemannian symmetric spaces of the noncompact
type [7], on Damek–Ricci spaces [4], for Chébli-Trimèche hypergroups [14], . . . .
Our next result differs from [4, 7, 14] in two ways. On one hand, we use explicit
expressions instead of the Fourier transform. On the other hand, we aim at energy
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estimates as in [27], which are arguably more appropriate than pointwise estimates.
Recall indeed that the total energy

E (t) = K (t) + P(t) (11)

is time independent, where

K (t) = 1

2

∫
S

dx
∣∣∂tu(x, t)

∣∣2

is the kinetic energy and

P(t) = 1

2

∫
S

dx
(−Δx − Q2/4

)
u(x, t)u(x, t)

= 1

2

∫
S

dx
{∣∣∇xu(x, t)

∣∣2 − Q2/4
∣∣u(x, t)

∣∣2}
the potential energy. By the way, let us mention that the equipartition of (11) into
kinetic and potential energies was investigated in [7] and in the subsequent works
[4, 5, 14] (see also [18, Sect. V.5.5] and the references cited therein).

Lemma 3.7 Let u be a solution to (10) with smooth initial data f , g supported in
a ball B(x0,R). Then

u(x, t), ∂tu(x, t), ∇xu(x, t) are O
(
e−(Q/2)|t |)

for every x ∈ S and t ∈ R such that d(x, x0) � |t | − R − 1.

Proof Assume t > 0 and consider the second part

v(x, t) =
(

∂

∂(cosh t/2)

)m/2(
∂

∂(cosh t)

)(k−1)/2

×
∫

B(x,t)

dy
g(y)√

cosh t − cosh d(y, x)

(12)

of the solution u(x, t) in part (ii) of Theorem 3.3. The case t < 0 and the first part
are handled similarly. As B(x0,R) ⊂ B(x, t), we have∫

B(x,t)

dy
g(y)√

cosh t − cosh d(y, x)
=

∫
B(x0,R)

dy
g(y)√

cosh t − cosh d(y, x)

and thus it remains to apply the differential operator

Dt =
(

∂

∂(cosh t/2)

)m/2(
∂

∂(cosh t)

)(k−1)/2
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to {cosh t − cosh d(y, x)}−1/2. Firstly

(
∂

∂(cosh t)

)(k−1)/2{
cosh t − cosh d(y, x)

}−1/2 = const
{
cosh t − cosh d(y, x)

}−k/2

and secondly

(
∂

∂(cosh t/2)

)m/2{
cosh t − cosh d(y, x)

}−k/2

=
∑

0�j� m
4

aj (cosh t/2)m/2−2j
{
cosh t − cosh d(y, x)

}−k/2−m/2+j
,

for some constants aj . As

cosh t − cosh d(y, x) = 2 sinh
t + d(y, x)

2
sinh

t − d(y, x)

2
� et ,

we conclude that Dt {cosh t − cosh d(y, x)}−1/2 and hence v(x, t) are O(e− Q
2 t ). The

derivatives ∂tv(x, t) and ∇xv(x, t) are estimated similarly. As far as ∇xv(x, t) is
concerned, we use in addition that

sinh d(y, x) = O
(
et

)
and

∣∣∇x d(y, x)
∣∣ � 1.

This concludes the proof of Lemma 3.7. �

Theorem 3.8 Let u be a solution to (10) with initial data f,g ∈ C∞
c (S) and let

R = R(t) be a positive function such that

{
R(t) → +∞
R(t) = o(|t |) as t → ±∞.

Then ∫
d(x,e)<|t |−R(t)

dx
{∣∣u(x, t)

∣∣2 + ∣∣∇xu(x, t)
∣∣2 + ∣∣∂tu(x, t)

∣∣2}
tend to 0 as t → ±∞. In other words, the energy of u concentrates asymptotically
inside the spherical shell

{
x ∈ S | |t | − R(t) � d(x, e) � |t | + R(t)

}
.

Proof By combining Lemma 3.7 with the volume estimate

volB
(
e, |t | − R(t)

) � eQ{|t |−R(t)} as t → ±∞,
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we deduce that the three integrals∫
d(x,e)<|t |−R(t)

dx
∣∣u(x, t)

∣∣2
,

∫
d(x,e)<|t |−R(t)

dx
∣∣∇xu(x, t)

∣∣2
,

∫
d(x,e)<|t |−R(t)

dx
∣∣∂tu(x, t)

∣∣2

are O(e−QR(t)) and hence tend to 0 as t → ±∞. �

4 The Shifted Wave Equation on Homogeneous Trees

This section is devoted to a discrete setting, which is similar to the continuous setting
considered so far. A homogeneous tree T = Tq of degree q + 1 > 2 is a connected
graph with no loops and with the same number q + 1 of edges at each vertex. We
shall be content with a brief review and we refer to the expository paper [12] for
more information (see also the monographs [15, 16]).

For the counting measure, the volume of any sphere S(x,n) in T is given by

δ(n) =
{

1 if n = 0,

(q + 1)qn−1 if n ∈N
�.

Once we have chosen an origin 0 ∈ T and a geodesic ω : Z → T through 0, let us
denote by |x| ∈ N the distance of a vertex x ∈ T to the origin and by h(x) ∈ Z its
horocyclic height (see Fig. 1).

The combinatorial Laplacian is defined on Z by

L Zf (n) = f (n) − f (n + 1) + f (n − 1)

2
,

Fig. 1 Upper half space
picture of T3
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and similarly on T by

L Tf (x) = f (x) − 1

q + 1

∑
y∈S(x,1)

f (y). (13)

The L2-spectrum of L T is equal to the interval [1 − γ,1 + γ ], where

γ = 2

q1/2 + q−1/2
∈ (0,1).

We have

L Tf (n) =
{

f (0) − f (1) if n = 0,

f (n) − 1
q+1f (n − 1) − q

q+1f (n + 1) if n ∈ N
�

(14)

on radial functions and

L Tf (h) = f (h) − q

q + 1
f (h − 1) − 1

q + 1
f (h + 1)

= γ qh/2L Z

h

{
q−h/2f (h)

} + (1 − γ )f (h) (15)

on horocyclic functions.
Again, radial Fourier analysis on T may be summarized by the following com-

mutative diagram

C∞(R/τZ)even

H ↗ ≈ ≈ ↖ F

S (T)�
≈−→
A

S (Z)even

Here

H f (λ) =
∑
x∈T

ϕλ(x)f (x) for every λ ∈R

denotes the spherical Fourier transform on T,

A f (h) = qh/2
∑
x∈T

h(x)=h

f
(|x|) for every h ∈ Z

the Abel transform and

Ff (λ) =
∑
h∈Z

qiλhf (h) for every λ ∈ R
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a variant of the classical Fourier transform on Z. Moreover τ = 2π
logq

, S (Z)even

denotes the space of even functions on Z such that

sup
n∈N�

nk
∣∣f (n)

∣∣ < +∞ for every k ∈N,

and S (T)� the space of radial functions on T such that

sup
n∈N�

nkqn/2
∣∣f (n)

∣∣ < +∞ for every k ∈N.

Consider finally the dual Abel transform

A �f (n) = 1

δ(n)

∑
x∈T
|x|=n

qh(x)/2f
(
h(x)

)
for every n ∈ N.

The following expressions are obtained by elementary computations.

Lemma 4.1

(i) The Abel transform is given by

A f (h) = q |h|/2f
(|h|) + q − 1

q

+∞∑
k=1

q |h|/2+kf
(|h| + 2k

)

=
+∞∑
k=0

q |h|/2+k
{
f

(|h| + 2k
) − f

(|h| + 2k + 2
)}

for every h ∈ Z

and the dual Abel transform by

A �f (n) = 2q

q + 1
q−|n|/2f (±n) + q − 1

q + 1
q−|n|/2

∑
−|n|<k<|n|

k has same parity as n

f (±k)

if n ∈ Z
�, resp. A �f (0) = f (0).

(ii) The inverse Abel transform is given by

A −1f (n) =
+∞∑
k=0

q−n/2−k
{
f (n + 2k) − f (n + 2k + 2)

}

= q−n/2f (n) − (q − 1)

+∞∑
k=1

q−n/2−kf (n + 2k) for every n ∈N
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and the inverse dual Abel transform by

(
A �

)−1
f (h) = 1

2
qh/2f (h) + 1

2
q−h/2f (1)

+ 1

2

(h−1)/2∑
k=1

qh/2−2k+1{f (h − 2k + 2) − f (h − 2k)
}

= q1/2 + q−1/2

2
q(h−1)/2f (h) − q − q−1

2
q− h

2
∑

0<k odd<h

qkf (k)

if h ∈ N is odd, respectively

(
A �

)−1
f (0) = f (0)

and

(
A �

)−1
f (h) = 1

2
qh/2f (h) + 1

2
q−h/2f (0)

+ 1

2

h/2∑
k=1

qh/2−2k+1{f (h − 2k + 2) − f (h − 2k)
}

= q1/2 + q−1/2

2
q(h−1)/2f (h) − q1/2 − q−1/2

2
q−(h−1)/2f (0)

− q − q−1

2
q−h/2

∑
0<k even<h

qkf (k)

if h ∈ N
� is even.

We are interested in the following shifted wave equation on T:{
γL Z

n u(x,n) = (L T
x − 1 + γ )u(x,n),

u(x,0) = f (x), {u(x,1) − u(x,−1)}/2 = g(x).
(16)

As was pointed out to us by Nalini Anantharaman, this equation occurs in the recent
works [8, 9]. The unshifted wave equation with discrete time was studied in [11]
and the shifted wave equation with continuous time in [23].

We will solve (16) by applying the following discrete version of Ásgeirsson’s
mean value theorem and by using the explicit expression of the inverse dual Abel
transform.

Theorem 4.2 Let U be a function on T such that

L T

x U(x, y) = L T

y U(x, y) for every x, y ∈ T. (17)
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Then ∑
x′∈S(x,m)

∑
y′∈S(y,n)

U
(
x′, y′) =

∑
x′∈S(x,n)

∑
y′∈S(y,m)

U
(
x′, y′)

for every x, y ∈ T and m,n ∈N. In particular∑
x′∈S(x,n)

U
(
x′, y

) =
∑

y′∈S(y,n)

U
(
x, y′). (18)

In order to prove Theorem 4.2, we need the following discrete analog of (4).

Lemma 4.3 Consider the spherical means

f �
x (n) = 1

δ(n)

∑
y∈S(x,n)

f (y) for every x ∈ T, n ∈N.

Then (
L Tf

)�

x
(n) = (radL )nf

�
x (n),

where radL denotes the radial part (14) of L T.

Proof We have

(
L Tf

)�

x
(n) =

{
f (x) − f

�
x (1) if n = 0,

f
�
x (n) − 1

q+1f
�
x (n − 1) − q

q+1f
�
x (n + 1) if n ∈ N

�. �

Proof of Theorem 4.2 Fix x, y ∈ T and consider the double spherical means

U�,�
x,y(m,n) = 1

δ(m)

∑
x′∈S(x,m)

1

δ(n)

∑
y′∈S(y,n)

U
(
x′, y′),

that we shall denote by V (m,n) for simplicity. According to Lemma 4.3, our as-
sumption (17) may be rewritten as

(radL )mV (m,n) = (radL )nV (m,n). (19)

Let us prove the symmetry

V (m,n) = V (n,m) for every m,n ∈N (20)

by induction on 
 = m + n. First of all, (20) is trivial if 
 = 0 and (20) with 
 = 1 is
equivalent to (19) with m = n = 0. Assume next that 
 � 1 and that (20) holds for
m + n � 
. On one hand, let m > n > 0 with m + n = 
 + 1 and let 1 � k � m − n.
We deduce from (19) at the point (m − k,n + k − 1) that
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V (m − k + 1, n + k − 1) − V (m − k,n + k)

= q
{
V (m − k,n + k − 2) − V (m − k − 1, n + k − 1)

}
. (21)

By adding up (21) over k, we obtain

V (m,n) − V (n,m) = q
{
V (m − 1, n − 1) − V (n − 1,m − 1)

}
, (22)

which vanishes by induction. On the other hand, we deduce from (19) at the points
(
,0) and (0, 
) that{

V (
 + 1,0) = (q + 1)V (
,1) − qV (
,0),

V (0, 
 + 1) = (q + 1)V (1, 
) − qV (0, 
).

Hence V (
 + 1,0) = V (0, 
 + 1) by using (22) and by induction. This concludes
the proof of Theorem 4.2. �

Let us now solve explicitly the shifted wave equation (16) on T as we did in
Sect. 3 for the shifted wave equation (10) on Damek–Ricci spaces. Consider first a
solution u to (16) with initial data u(x,0) = f (x) and {u(x,1) − u(x,−1)}/2 = 0.
On one hand, as (x,n) �→ u(x,−n) satisfies the same Cauchy problem, we have
u(x,−n) = u(x,n) by uniqueness. On the other hand, according to (15), the func-
tion

U(x,y) = qh(y)/2u
(
x,h(y)

)
for every x, y ∈ T

satisfies (17). Thus, by applying (18) to U with y = 0, we deduce that the dual
Abel transform of n �→ u(x,n) is equal to the spherical mean f

�
x (n) of the initial

datum f . Hence

u(x,n) = (
A �

)−1(
f �

x

)
(n) for every x ∈ T, n ∈N.

Consider next a solution u to (16) with initial data u(x,0) = 0 and {u(x,1) −
u(x,−1)}/2 = g(x). Then u(x,n) is an odd function of n and

v(x,n) = u(x,n + 1) − u(x,n − 1)

2

is a solution to (16) with initial data v(x,0) = g(x) and {v(x,1)− v(x,−1)}/2 = 0.
Hence

u(x,n) =
{

2
∑

0<k odd<n v(x, k) if n ∈ N
� is even,

g(x) + 2
∑

0<k even<n v(x, k) if n ∈ N
� is odd,

with v(x,n) = (A �)−1(g
�
x)(n). Using part (ii) of Lemma 4.1, we deduce the fol-

lowing explicit expressions.
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Theorem 4.4 The solution to (16) is given by

u(x,n) = 1

2
q−|n|/2

∑
d(y,x)=|n|

f (y) − q − 1

2
q−|n|/2

∑
d(y,x)<|n|

|n|−d(y,x) even

f (y)

+ sign(n)q1/2−|n|/2
∑

d(y,x)<|n|
|n|−d(y,x) odd

g(y) for every x ∈ T, n ∈ Z
�.

In other words,

u(x,n) =
Cn︷ ︸︸ ︷

M|n| − M|n|−2

2
f (x) +

Sn︷ ︸︸ ︷
sign(n)M|n|−1 g(x), (23)

where

Mnf (x) = q−n/2
∑

d(y,x)�n
n−d(y,x) even

f (y) (24)

if n � 0 and M−1 = 0.

Remark 4.5 Notice that the radial convolution operators Cn and Sn above corre-
spond, via the Fourier transform, to the multipliers

cosq nλ and
sinq nλ

sinq λ
,

where cosq λ = (qiλ + q−iλ)/2 and sinq λ = (qiλ − q−iλ)/2i.

As we did in Sect. 3, let us next deduce propagation properties of solutions u to
the shifted wave equation (16) with initial data f,g supported in a ball B(x0,N).

Corollary 4.6 Under the above assumptions,

1. u(x,n) = O(q−|n|/2) for every x ∈ T, n ∈ Z;
2. suppu ⊂ {(x,n) ∈ T×Z | d(x, x0) � |n| + N}.

Obviously Huygens’ principle doesn’t hold for (16), strictly speaking. Let us
show that it holds asymptotically, as for even dimensional Damek–Ricci spaces. For
this purpose, define as follows the kinetic energy

K (n) = 1

2

∑
x∈T

∣∣∣∣u(x,n + 1) − u(x,n − 1)

2

∣∣∣∣
2
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and the potential energy

P(n) = 1

4q

∑
x,y∈T

d(x,y)=2

∣∣∣∣u(x,n) − u(y,n)

2

∣∣∣∣
2

− (q − 1)2

8q

∑
x∈T

∣∣u(x,n)
∣∣2

= q + 1

8

∑
x∈T

(L̃x − γ̃ )u(x,n)u(x,n) (25)

for solutions u to (16). Here

L̃ f (x) = f (x) − 1

q(q + 1)

∑
y∈S(x,2)

f (y)

is the 2-step Laplacian on T and

γ̃ = (q − 1)2

q(q + 1)
∈ (0,1).

Lemma 4.7

(i) The L2-spectrum of L̃ is equal to the interval [γ̃ , (q +1)/q]. Thus the potential
energy (25) is nonnegative.

(ii) The total energy

E (n) = K (n) + P(n)

is independent of n ∈ Z.

Proof (i) Follows for instance from the relation

L̃ = q + 1

q
L T

(
2 − L T

)
and from the fact that the L2-spectrum of L T is equal to the interval [1 −γ,1 +γ ].

(ii) Notice that the shifted wave equation

γL Z

n u(x,n) = (
L T

x − 1 + γ
)
u(x,n)

amounts to

u(x,n + 1) + u(x,n − 1) = 1√
q

∑
y∈S(x,1)

u(y,n).

As ∑
x∈T

∑
y,z∈S(x,1)

u(y,n)u(z,n) = (q + 1)
∑
x∈T

∣∣u(x,n)
∣∣2 +

∑
y,z∈T

d(y,z)=2

u(y,n)u(z,n),
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we have on one hand

K (n) = q + 1

8q

∑
x∈T

∣∣u(x,n)
∣∣2 + 1

2

∑
x∈T

∣∣u(x,n ± 1)
∣∣2

+ 1

8q

∑
x,y∈T

d(x,y)=2

u(x,n)u(y,n) − 1

2
√

q

∑
x,y∈T

d(x,y)=1

Re
{
u(x,n)u(y,n ± 1)

}
.

(26)

On the other hand,

P(n) = 3q − 1

8q

∑
x∈T

∣∣u(x,n)
∣∣2 − 1

8q

∑
x,y∈T

d(x,y)=2

u(x,n)u(y,n). (27)

By adding up (26) and (27), we obtain

E (n) = 1

2

∑
x∈T

∣∣u(x,n)
∣∣2 + 1

2

∑
x∈T

∣∣u(x,n ± 1)
∣∣2

− 1

2
√

q

∑
x,y∈T

d(x,y)=1

Re
{
u(x,n)u(y,n ± 1)

}

and we deduce from this expression that

E (n) = E (n ± 1).

This concludes the proof of Lemma 4.7. �

Remark 4.8 Alternatively, part (ii) of Lemma 4.7 can be proved by expressing the
energies K (n), P(n), E (n) in terms of the initial data f , g and by using spectral
calculus. Specifically,

K (n) = 1

8

∑
x∈T

(Cn+1 − Cn−1)
2f (x)f (x)

+ 1

8

∑
x∈T

(Sn+1 − Sn−1)
2g(x)g(x)

+ 1

4
Re

∑
x∈T

(Cn+1 − Cn−1)(Sn+1 − Sn−1)f (x)g(x)



22 J.-P. Anker et al.

and

P(n) = 1

4

∑
x∈T

(1 − C2)C
2
nf (x)f (x)

+ 1

4

∑
x∈T

(1 − C2)S
2
ng(x)g(x)

+ 1

2
Re

∑
x∈T

(1 − C2)CnSnf (x)g(x).

Here we have used the fact that

q + 1

8
(L̃ − γ̃ ) = 1

8
(3 − M2) = 1

4
(1 − C2).

Hence

E (n) =
∑
x∈T

U+
n f (x)f (x) +

∑
x∈T

V +
n g(x)g(x) + 2 Re

∑
x∈T

W+
n f (x)g(x),

where

U+
n = 1

8
(Cn+1 − Cn−1)

2 + 1

4
(1 − C2)C

2
n,

V +
n = 1

8
(Sn+1 − Sn−1)

2 + 1

4
(1 − C2)S

2
n,

W+
n = 1

8
(Cn+1 − Cn−1)(Sn+1 − Sn−1) + 1

4
(1 − C2)CnSn.

By considering the corresponding multipliers, we obtain

U+
n = 1

4
(1 − C2), V +

n = 1

2
, W+

n = 0,

and conclude that

E (n) = 1

4

∑
x∈T

(1 − C2)f (x)f (x) + 1

2

∑
x∈T

∣∣g(x)
∣∣2 = E (0).

Let us turn to the asymptotic equipartition of the total energy E = E (n).

Theorem 4.9 Let u be a solution to (16) with finitely supported initial data f and g.
Then the kinetic energy K (n) and the potential energy P(n) tend both to E /2 as
n → ±∞.
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Proof Let us show that the difference K (n) − P(n) tends to 0. By resuming the
computations in Remark 4.8, we obtain

K (n) − P(n) =
∑
x∈T

U−
n f (x)f (x) +

∑
x∈T

V −
n g(x)g(x) + 2 Re

∑
x∈T

W−
n f (x)g(x),

with

U−
n = 1

8
(Cn+1 − Cn−1)

2 − 1

4
(1 − C2)C

2
n = −1

4
(1 − C2)C2n,

V −
n = 1

8
(Sn+1 − Sn−1)

2 − 1

4
(1 − C2)S

2
n = 1

2
C2n,

W−
n = 1

8
(Cn+1 − Cn−1)(Sn+1 − Sn−1) − 1

4
(1 − C2)CnSn = −1

4
(1 − C2)S2n.

As

‖C2nf ‖
∞ � q − 1

2
q−|n|‖f ‖
1 and

∥∥(1 − C2)f
∥∥


1 �
{

q − q−1

2
+ 2

}
‖f ‖
1 ,

the expression

∑
x∈T

U−
n f (x)f (x) = −1

4

∑
x∈T

C2nf (x)(1 − C2)f (x)

tends to 0. The expressions

∑
x∈T

V −
n g(x)g(x) = 1

2

∑
x∈T

C2ng(x)g(x)

and ∑
x∈T

W−
n f (x)g(x) = −1

4

∑
x∈T

S2nf (x)(1 − C2)f (x)

are handled in the same way. This concludes the proof of Theorem 4.9. �

Let us conclude with the asymptotic Huygens principle.

Theorem 4.10 Let u be a solution to (16) with finitely supported initial data and
let (Nn)n∈Z be a sequence of positive integers such that

{
Nn → +∞
Nn = o(|n|) as n → ±∞.
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Then the expressions∑
x∈T

|x|<|n|−Nn

∣∣u(x,n)
∣∣2

,
∑

x, y ∈ T

|x|, |y| < |n| − Nn
d(x, y) = 2

∣∣u(x,n) − u(y,n)
∣∣2

,

∑
x∈T

|x|<|n|−Nn

∣∣u(x,n + 1) − u(x,n − 1)
∣∣2

tend to 0 as n → ±∞. In other words, the energy of u concentrates asymptotically
inside the spherical shell{

x ∈ T | |n| − Nn � |x| � |n| + Nn

}
.

The proof is similar to the proof of Theorem 3.8.
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Abstract We give a direct, combinatorial proof that the logarithmic capacity is es-
sentially invariant under quasisymmetric maps of the circle.
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1 Introduction and Statement of the Results

It is a known fact that the logarithmic capacity of closed sets is essentially in-
variant under quasisymmetric maps of the unit circle. An orientation preserving
homeomorphism of the unit disc, identified with an increasing homeomorphism
ϕ : [0,1] → [0,1] via the map e2π it �→ e2πi(ϕ(t)+α) for some real α, is quasisym-
metric if

1

M
� ϕ(x + t) − ϕ(x)

ϕ(x) − ϕ(x − t)
� M (QS)

for some fixed M > 1. Sums are taken modulo integers. The reader should be aware
that quasisymmetric maps in [2] form a class more general than (QS): the maps
satisfying (QS) are those [5]

(i) having a quasi-conformal extension f mapping the unit disc onto itself;
(ii) such that f (0) = 0.
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The logarithmic capacity of a closed subset of the unit circle, identified with a subset
E of the unit interval, is comparable with its Bessel (2,1/2)-capacity Cap(E). Given
a positive Borel measure μ on [0,1], let

E (μ) =
∫ 1

0
Kμ(x)2 dx =

∫ 1

0

(∫ 1

0

dμ(y)

|x − y|1/2

)2

dx

be its energy. Here, too, differences are taken modulo integers. Then,

Cap(E) = inf

{
μ(E)2

E (μ)
: supp(μ) ⊆ E

}
.

Theorem 1.1 (Corollary of a Theorem of Beurling and Ahlfors [5]). There is a
constant C(M) depending on M only such that the inequalities

1

C(M)
�

Cap
(
ϕ−1(E)

)
Cap(E)

� C(M)

hold for all closed subsets E of [0,1].

An indirect proof goes as follows. Let f be a quasiconformal extension of ϕ

such that f (0) = 0: f leaves essentially invariant the capacities of closed sets in the
closed unit disc [2].

We will show that Theorem 1.1 can be rephrased as the stable version of Ben-
jamini and Peres’ result about the equivalence of classical and (a notion of) discrete
capacity. See [1, Chapter 2] for an excellent exposition of potential theory at the
level of generality that we need in this note (and wider).

Let T be the usual rooted dyadic tree. We can represent T as a tree with labels
(n, k), whose vertices are the dyadic subintervals J 0

(n,k) = [(k − 1)/2n, k/2n] of
[0,1] (with n � 0, 1 � k � 2n), and the edges are given by set inclusion: there is
an edge between the vertices (n, k) and (n + 1, k′) if J 0

(n+1,k′) ⊂ J 0
(n,k). The root of

T is o : (0,1). If α = (n, k), we call d(α) := the level of α. Consider a different
collection J of closed intervals Jα ⊆ [0,1] (with α ∈ T ) such that

• Jo = [0,1];
• Jα+ ∪ Jα− = Jα , where α±, the children of α, are the labels of the two halves

of J 0
α , the dyadic interval labeled by α.

Clearly, J and J 0 have the same combinatorial properties, a fact that will be used
below to simplify notation.

A half-infinite geodesic starting at the root is a sequence {ζn : n � 0} in T with
d(ζn) = n and J 0

ζn+1
⊂ J 0

ζn
. Given ζ 	= ξ in ∂T , let ζ ∧ξ ∈ T be their closest common

ancestor, that is, the element of T of highest level T common to both ζ and ξ . The
function ρ(ζ, ξ) := 2−d(ξ∧ζ ) defines a distance on ∂T .

A closed subset E of [0,1] can be identified with a subset of T ’s boundary ∂T

in the natural way, through the map ΛJ : ∂T → [0,1] that maps the geodesic ζ =
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{ζn}n�0 ∈ ∂T to the point ΛJ (ζ ) = ⋂
n�0 Jζn . The map ΛJ is clearly continuous.

In the case of J = J 0, it is a contraction: |ΛJ 0(ζ ) − ΛJ 0(ξ)| � ρ(ζ, ξ).

Theorem 1.2 Assume that J satisfies the quasi-symmetry condition

1

M
� |Jα|

|Jβ | � M (1)

whenever Jα and Jβ are intervals in J such that d(α) = d(β), and Jα and Jβ are
adjacent as intervals in [0,1] (modulo 1). Then CapT (Λ−1

J (E)) ≈ Cap(E).

To request condition (1) when Jα and Jβ are adjacent in [0,1] is more than
just requesting the same for α = γ− and β = γ+: the continuous topology of [0,1]
plays a rôle here. The tree capacity CapT is the (linear) one naturally defined on the
(unweighted) dyadic tree T . Given h : T → [0,∞) and ζ = {ζn : n � 0} in ∂T , let

Ih(ζ ) =
∞∑

n=0

h(ζn).

For F ⊆ ∂T ,

CapT (F ) := inf
{‖h‖2

�2(T )
: h � 0, Ih � 1 on F

}
.

Benjamini and Peres proved that Cap(E) ≈ CapT (Λ−1
J 0(E)) [4]. The same result,

in a more general setting, is proved in [3], whence we take our notation.

2 Proof of the Theorems

We first show that Theorem 1.2 implies Theorem 1.1. Indeed, let ϕ be quasisym-
metric and Jα = ϕ(J 0

α ). Then J satisfies the hypothesis of Theorem 1.2 and
ΛJ = ϕ ◦ ΛJ 0 . If E is a closed subset of [0,1],

Cap
(
ϕ−1(E)

) ≈ CapT

(
Λ−1

J 0

(
ϕ−1(E)

)) = CapT

(
Λ−1

J (E)
) ≈ Cap(E)

which is Theorem 1.1.
We now prove Theorem 1.2. Let μ � 0 be an atomless Borel measure on [0,1]

(atoms make energy infinite), that we may identify with a measure μ
 on ∂T by the
rule μ
(Λ−1

J (Jα)) := μ(Jα) (indeed, this defines μ
 uniquely). Consider the Bessel
potential

Kμ(x) =
∫

dμ(y)

|x − y|1/2
.
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For x ∈ [0,1], let P0(x) = {α ∈ T : x ∈ Jα} and let

P1(x) =
⋃

α∈P0(x)

{β : d(α) = d(β) and dG(α,β) � 3}

and

P2(x) =
⋃

α∈P0(x)

{β : d(α) = d(β) and 2 � dG(α,β) � 3}.

Here, dG is a graph distance which takes into account the adjacency relations of the
Jα’s in [0,1]:

min
{|z − y| : z ∈ J 0

α , y ∈ J 0
β

} = [
dG(α,β) − 1

]
2−d(α)

if d(α) = d(β). In other words, moving from Jα to Jβ across adjacent intervals at the
same level, we have to make dG(α,β) steps. We need the following basic properties
of P2(x):

(i)
∑

α∈P2(x) χJα
≈ 1;

(ii) min{|y − x| : y ∈ Jα, α ∈ P2(x)} ≈ max{|y − x| : y ∈ Jα, α ∈ P2(x)} ≈ |Jα|.
The proofs are easy and are left to the reader. Note that (i) is purely combinatoric,
while (ii) relies on the metric hypothesis (1): adjacent intervals have comparable
length. Using (i) and then (ii), we have

Kμ(x) ≈
∑

α∈P2(x)

∫
Jα

dμ(y)

|x − y|1/2

≈
∫ 1

0

∑
α∈P2(x)

|Jα|−1/2χ(y ∈ Jα)dμ(y)

=
∑

α∈P2(x)

|Jα|−1/2μ(Jα).

Replacing P2 by P1 makes the argument easier to understand. It is trivial that
∑

α∈P2(x)

|Jα|−1/2μ(Jα) �
∑

α∈P1(x)

|Jα|−1/2μ(Jα).

In the other direction, observe that, if α ∈ P1(x), then

Jα =
⋃

β∈P2(x),d(β)�d(α)

Jβ (2)

and, for each α in P1(x) and y ∈ Jα , there are boundedly many β’s in P2(x) such
that d(β) � d(α) and y ∈ Jβ ⊆ Jα . The second assertion is obvious. For the first
one, given α ∈ P1(α) \ P2(α), it is easy to see that Jα can be decomposed as the
union of Jβ ’s as in (2).
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Then, ∑
α∈P1(x)

|Jα|−1/2μ(Jα) �
∑

α∈P1(x)

|Jα|−1/2
∑

β∈P2(x),d(β)�d(α)

μ(Jβ)

=
∑

β∈P2(x)

μ(Jβ)
∑

α∈P1(x),d(α)�d(β)

|Jα|−1/2

≈
∑

β∈P2(x)

|Jβ |−1/2μ(Jβ).

The energy becomes

E (μ) =
∫ 1

0
Kμ(x)2 dx

≈
∫ 1

0

(∫ 1

0

∑
α∈P1(x)

|Jα|−1/2χ(y ∈ Jα)dμ(y)

)2

dx

=
∫ 1

0
dμ(y)

∫ 1

0
dμ(z)H(y, z),

where

H(y, z) =
∑

Jα�y,Jβ�z

|Jα|−1/2|Jβ |−1/2
∫ 1

0
χ

(
α,β ∈ P1(x)

)
dx. (3)

The kernel H(y, z) is estimated from above and below by a purely combinatorial
quantity. Let d(y∧̃z) = n ∈ N be the greatest integer such that there are elements
γ1, γ2 at level n with y ∈ Jγ1 , z ∈ Jγ2 and Jγ1 ∩ Jγ2 	= ∅ (γ1 and γ2 either coincide
or they label adjacent intervals in J ). After considering a handful of geometric
series (in which hypothesis (1) is crucial), it is easily verified that

H(y, z) ≈ d(y∧̃z) + 1. (4)

As the quantity d(y∧̃z) is purely combinatorial, it coincides for J and J 0, and
this remark by itself proves Theorem 1.1, without passing through Theorem 1.2.
However, we take a different route. It is proved in [4] (and, in greater generality,
in [3]) that ∫ 1

0
dμ(y)

∫ 1

0
dμ(y)

[
d(y∧̃z) + 1

] ≈ ET

(
Λ


J μ
)
,

where ET (·) is the energy associated with the tree capacity CapT :

ET (ν) :=
∫

∂T

dν(ζ )

∫
∂T

dν(ξ)
[
d(ζ ∧ ξ) + 1

]
.

Equivalence of energies, E (μ) ≈ ET (Λ

J μ), easily implies the equivalence of ca-

pacities in Theorem 1.2.
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The proofs of Theorems 1.1 and 1.2 presented here are of combinatorial nature: it
is then to be expected that they can be extended to a more general context. We think
that a general statement can be proved for quasisymmetric maps between Ahlfors
regular spaces, by means of some technical tools contained in [3]. We plan to return
to this issue in a forthcoming paper. It would also be interesting to see if there are
any relations between our approach to quasisymmetric maps in one dimension and
the interesting circle of ideas outlined in [6].

A downside of the approach we take here (which was first considered, we like
to stress, in [4]) is that we are able to deal with logarithmic capacity of subsets of
the unit circle only. Is there a result like Theorem 1.2, relating logarithmic and tree
capacities, that can applied to more general closed subsets of the complex plane?
And a last question: can one find estimates for the capacity of condensers, rather
than sets, showing that some features of classical potential theory in the complex
plane and of potential theory on trees are essentially equivalent?
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inequality, and depend on a quantitative evaluation of the uniform distribution of
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1 Introduction

The Koksma–Hlawka inequality gives an estimate of the error in a numerical inte-
gration

∣
∣
∣
∣
∣

∫

[0,1]d
f (x) dx − 1

N

N
∑

j=1

f (zj )

∣
∣
∣
∣
∣
� D(zj )V (f ).

Here D(zj ) is the discrepancy of the finite set of points {z1, . . . , zN } in [0,1)d ,
defined by

D(zj ) = sup
I

∣
∣
∣
∣
∣
|I | − 1

N

N
∑

j=1

χI (zj )

∣
∣
∣
∣
∣
,

where I is an interval of the form [0, t1] × [0, t2] × · · · × [0, td ] with 0 < tk < 1,
and |I | = t1t2 . . . td is its measure. The term V (f ) is the so-called Hardy–Krause
variation, and when f is smooth (say, C d ) this variation takes the form

V (f ) =
∑

α∈{0,1}d ,|α|�=0

∫

Qα

∣
∣
∣
∣

(
∂

∂x

)α

f (x)

∣
∣
∣
∣
dx.

The above sum is over all the non vanishing multiindices α = (α1, . . . , αd) taking
only the values 0 and 1, |α| = α1 + · · · + αd , (∂/∂x)α = (∂/∂x1)

α1 . . . (∂/∂xd)αd ,
Qα = {(x1, . . . , xd) ∈ [0,1]d : xj = 1 if αj = 0} is the |α|-dimensional face of
[0,1]d parallel to α1e1, . . . , αded ({e1, . . . , ed} is the canonical basis of Rd ) contain-
ing the vertex (1, . . . ,1), and dx is the |α|-dimensional Lebesgue surface measure
(see [5, 2.5], [6, 1.4], [7, 2.2]). There is an extensive literature on this type of esti-
mates, where the contribution to the magnitude of the error given by the irregularity
of the point distribution {z1, . . . , zN } is isolated from the contribution given by the
steepness of the variation of the function f . See e.g. [2–8]. In [1], one such result
has been proven, where the cube [0,1]d is replaced by a generic bounded Borel sub-
set Ω of Rd . More precisely, let {z1, . . . , zN } ⊂ [0,1)d be a distribution of N points
in the unit cube, and

P = {

zj + m : j = 1, . . . ,N, m ∈ Z
d
}

its periodic extension to the whole Euclidean space R
d . For any x = (x1, . . . , xd) ∈

R
d and t = (t1, . . . , td) ∈ (0,1)d , let

I (x, t) =
⋃

m∈Zd

([0, t1] × · · · × [0, td ] + x + m
)

be the periodic extension of the interval with opposite vertices x and x + t . Call I
the collection of all such possible periodic intervals I (x, t). Finally, let Td = R

d/Zd

be the torus. The main result in [1] is the following.
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Theorem 1.1 Let f be a smooth Z
d -periodic function on R

d , Ω a bounded Borel
subset of Rd , and P = {zj + m : j = 1, . . . ,N, m ∈ Z

d} a periodic distribution of
points as described above. Then

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
� DI (Ω,P)VTd (f ),

where DI (Ω,P) is the discrepancy

DI (Ω,P) = sup
I∈I

∣
∣
∣
∣
|I ∩ Ω| − 1

N
�(I ∩ Ω ∩ P)

∣
∣
∣
∣
,

with |A| and �(A) respectively the Lebesgue measure and cardinality of the set A,
and VTd (f ) is the total variation

VTd (f ) =
∑

α∈{0,1}d
2d−|α|

∫

Td

∣
∣
∣
∣

(
∂

∂x

)α

f (x)

∣
∣
∣
∣
dx,

where the sum is over all the multiindices α which take only the values 0 and 1, |α|
is the number of 1’s, and (∂/∂x)α = (∂/∂x1)

α1 . . . (∂/∂xd)αd .

The finite sequence {z1, . . . , zN } may present repetitions, but in this case the
sum

∑

z∈P∩Ω f (z) must be replaced by
∑N

j=1
∑

m∈Zd f (zj +m)χΩ(zj +m), and

similarly �(I ∩ Ω ∩ P) by
∑N

j=1
∑

m∈Zd χI∩Ω(zj + m).

When Ω is contained in [0,1)d , the discrepancy DI (Ω,P) is dominated by
2d sup ||(B ∩ Ω)| − N−1�(B ∩ Ω ∩ P)|, where the sup is over all the intervals B

contained in the unit cube. This reflects the difference between the discrepancy in
a torus and the one in a cube, and it is due to the fact that an interval in T

d can be
split into at most 2d intervals in [0,1)d .

One of the main features of Theorem 1.1 is the simplicity of its statement, in
particular in consideration of the fact that the set Ω is completely arbitrary. On the
other hand, observe that the total variation VTd (f ) takes into account not only the
behavior of f in Ω , but also the behavior outside Ω , which is irrelevant in the
estimate of

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
.

Furthermore, the discrepancy DI (Ω,P) is defined in terms of the family of peri-
odic intervals I , which a priori has no relation with Ω .

The aim of this paper is to show how Theorem 1.1 can be improved in order
to overcome the two issues mentioned above: variation of f outside Ω and intro-
duction of arbitrary “directions” in the discrepancy. The improved theorem yields
results closer to the original Koksma–Hlawka theorem when Ω is an arbitrary par-
allelepiped (Theorem 2.2) or a simplex (Theorem 3.2) in R

d , f is a smooth function
in R

d not necessarily periodic, and P is a Z
d -periodic distribution of points.
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For the sake of completeness, we sketch here the proof of Theorem 1.1 [1]. In
what follows, we denote by f̂ (n) = ∫

Td f (x)e−2πin·x dx the Fourier transform and
by g ∗μ(x) = ∫

Td g(x − y)dμ(y) the convolution. These operators are defined also
on distributions.

Lemma 1.2 Let φ be a non vanishing complex sequence on Z
d , and assume that

both φ and 1/φ have tempered growth in Z
d . Also let f be a smooth function on

T
d . Define

g(x) =
∑

n∈Zd

φ(n)−1e2πin·x,

Df (x) =
∑

n∈Zd

φ(n)f̂ (n)e2πin·x .

Finally, let μ be a finite measure on T
d . Then the following identity holds:

∫

Td

f (x) dμ(x) =
∫

Td

Df (x)g ∗ μ(x)dx.

Lemma 1.3 Let the function g on R
d be the superposition of the characteristic

functions of all the periodic intervals I (0, t) with t ∈ (0,1]d ,

g(x) =
∫

(0,1]d
χI (0,t)(x) dt.

Then the function g has Fourier expansion

g(x) =
∑

n∈Zd

(
d

∏

k=1

(

2δ(nk) + 2πink

)−1

)

e2πin·x,

where n = (n1, . . . , nd), δ(nk) = 1 if nk = 0 and δ(nk) = 0 if nk �= 0.

Lemma 1.4 If f is a smooth function on T
d , then

Df (x) =
∑

n∈Zd

(
d

∏

k=1

(

2δ(nk) − 2πink

)

)

f̂ (n)e2πinx

=
∑

α,β∈{0,1}d , α+β=(1,...,1)

(−1)|α|2|β|
∫

[0,1]|β|

(
∂

∂x

)α

f
(

x + yβ
)

dyβ,

where (∂/∂x)α = (∂/∂x1)
α1 . . . (∂/∂xd)αd and yβ = ∑d

j=1 βjyj ej and {ej }dj=1 is

the canonical basis of Rd , and dyβ = dy
β1
1 . . . dy

βd

d .

The proofs of the above lemmas are quite straightforward. For details, see [1].
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Proof of Theorem 1.1 Write μ = dx − N−1 ∑

z∈P δz, where δz is the point mass
centered at z. Apply Lemma 1.2 to the periodization ν of the measure χΩμ and
define g and Df as in Lemmas 1.3 and 1.4 respectively. Then, by Hölder inequality,

∣
∣
∣
∣

∫

Ω

f (x)dμ(x)

∣
∣
∣
∣
=

∣
∣
∣
∣

∫

Td

f (x)

(
∑

n∈Zd

χΩ(x + n)

)

dμ(x)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

Td

f (x) dν(x)

∣
∣
∣
∣
� ‖Df ‖L1(Td )‖g ∗ ν‖L∞(Td ).

The estimate for ‖Df ‖L1(Td ) follows from Lemma 1.4,

∫

Td

∣
∣Df (x)

∣
∣dx �

∑

α∈{0,1}d
2d−|α|

∫

Td

∣
∣
∣
∣

(
∂

∂x

)α

f (x)

∣
∣
∣
∣
dx.

The estimate for ‖g ∗ ν‖L∞(Td ) follows from Lemma 1.3,

∣
∣g ∗ ν(x)

∣
∣ =

∣
∣
∣
∣

∫

Rd

g(x − y)χΩ(y)dμ(y)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

Rd

∫

(0,1]d
χI (0,t)(x − y)dtχΩ(y)dμ(y)

∣
∣
∣
∣

�
∫

(0,1]d

∣
∣
∣
∣

∫

Rd

χ−I (−x,t)(y)χΩ(y)dμ(y)

∣
∣
∣
∣
dt

� sup
t∈(0,1]d

μ
(

Ω ∩ (−I (−x, t)
))

� sup
I∈I

∣
∣
∣
∣
|I ∩ Ω| − 1

N
�(I ∩ Ω ∩ P)

∣
∣
∣
∣
. �

2 Parallelepipeds

So far we have followed [1] almost verbatim. From now on we present some new
variants. The next proposition is a first intermediate step: it consists of a version
of Theorem 1.1 when Ω is an interval and VTd (f ) is replaced by a suitable total
variation relative to Ω .

Proposition 2.1 Let f be a smooth function on R
d , Ω a compact interval in [0,1)d ,

and P = {zj + m : j = 1, . . . ,N, m ∈ Z
d} a periodic distribution of points. Then

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∗
∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
� DI (Ω,P)V ∗

Ω(f ),
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where V ∗
Ω(f ) is defined as

V ∗
Ω(f ) =

∑

α∈{0,1}d

∑

β�α

2|α|−|β|
∫

Ωα

∣
∣
∣
∣

(
∂

∂x

)β

f (x)

∣
∣
∣
∣
dx.

The symbol
∑∗

z∈P∩Ω f (z) is defined as follows: if z belongs to a j -dimensional
face of the interval Ω , then the term f (z) in the sum must be replaced by 2j−df (z).
A multi-index β is less than or equal to another multi-index α if βj � αj for any
j = 1, . . . , d . Finally, Ωα is the union of all the |α|-dimensional faces of Ω parallel
to the directions α1e1, . . . , αded ({e1, . . . , ed} is the canonical basis).

Proof Since the problem is translation invariant, we may assume that Ω is contained
in (0,1)d . Let ϕ be a positive radial smooth function supported on the unit ball and
with integral 1, and let ϕε(x) = ε−dϕ(x/ε). Then, for ε small enough, the function
(f χΩ) ∗ ϕε (here the convolution is intended in R

d ) is supported in (0,1)d and can
therefore be thought of as the image in the unit cube of a smooth periodic function.
Now,

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∗
∑

z∈P∩Ω

f (z)

∣
∣
∣
∣

�
∣
∣
∣
∣

∫

Ω

(

f (x) − (f χΩ) ∗ ϕε(x)
)

dx

∣
∣
∣
∣

+ 1

N

∣
∣
∣
∣

∑

z∈P∩Ω

(f χΩ) ∗ ϕε(z) −
∗

∑

z∈P∩Ω

f (z)

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

Ω

(f χΩ) ∗ ϕε(x) dx − 1

N

∑

z∈P∩Ω

(f χΩ) ∗ ϕε(z)

∣
∣
∣
∣
. (1)

It is well known that (f χΩ) ∗ ϕε → f χΩ as ε → 0 in the L1 norm. Hence the
first term in the above sum goes to zero. As for the second term, observe that if
z ∈ P∩Ω belongs to a j -dimensional face of Ω , then

lim
ε→0

∫

Rd

χΩ(z − y)ϕε(y) dy = 2j−d .

Similarly,

lim
ε→0

(f χΩ) ∗ ϕε(z) − 2j−df (z) = 0.

Therefore the second term in (1) goes to zero. Now we apply Theorem 1.1 to the
smooth function (f χΩ) ∗ ϕε and obtain

∣
∣
∣
∣

∫

Ω

(f χΩ) ∗ ϕε(x) dx − 1

N

∑

z∈P∩Ω

(f χΩ) ∗ ϕε(z)

∣
∣
∣
∣

� DI (Ω,P)VTd

(

(f χΩ) ∗ ϕε

)

� DI (Ω,P)VTd (f χΩ). (2)
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Here VTd (f χΩ) is defined again as

VTd (f χΩ) =
∑

α∈{0,1}d
2d−|α|

∫

Td

∣
∣
∣
∣

(
∂

∂x

)α

(f χΩ)(x)

∣
∣
∣
∣
dx,

but now the integral
∫

Td |(∂/∂x)α(f χΩ)(x)|dx is intended as the total variation
of the finite measure (∂/∂x)α(f χΩ). That this is a measure follows by applying
Leibniz rule,

(
∂

∂x

)α

(f χΩ)(x) =
∑

β+γ=α

(
∂

∂x

)β

f (x)

(
∂

∂x

)γ

χΩ(x),

and observing that (∂/∂x)γ χΩ is the (signed) surface measure supported on
Ω(1,...,1)−γ . Thus, the last inequality in (2) follows from the identity

∂/∂xj

(

(f χΩ) ∗ ϕε

) = (

∂/∂xj (f χΩ)
) ∗ ϕε

and the inequality
∫

∣
∣
(

(∂/∂x)α(f χΩ)
) ∗ ϕε(x)

∣
∣dx

�
(∫

∣
∣(∂/∂x)α(f χΩ)(x)

∣
∣dx

)(∫
∣
∣ϕε(x)

∣
∣dx

)

.

Finally, again by Leibniz rule,

VTd (f χΩ) =
∑

α∈{0,1}d
2d−|α|

∫

Td

∣
∣
∣
∣

(
∂

∂x

)α

(f χΩ)(x)

∣
∣
∣
∣
dx

=
∑

α∈{0,1}d
2d−|α|

∫

Rd

∣
∣
∣
∣

∑

β+γ=α

(
∂

∂x

)β

f (x)

(
∂

∂x

)γ

χΩ(x)

∣
∣
∣
∣
dx

�
∑

α∈{0,1}d
2d−|α| ∑

β+γ=α

∫

Ω(1,...,1)−γ

∣
∣
∣
∣

(
∂

∂x

)β

f (x)

∣
∣
∣
∣
dx.

The desired estimate follows by setting α̃ = (1, . . . ,1) − α + β . �

A homogeneity argument allows to simplify the total variation V ∗
Ω(f ) in the

above proposition. We shall present this argument in the more general context of
integration over generic parallelepipeds.

Let Ω be any non degenerate compact parallelepiped in R
d , let W be a d × d

non singular real matrix taking the unit cube [0,1]d to a translated copy of Ω , and
let w1, . . . ,wd ∈R

d be its columns. For any multi-index α ∈ {0,1}d , define
(

∂

∂w

)α

f (x) =
(

∂

∂w1

)α1

. . .

(
∂

∂wd

)αd

f (x),
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where ∂/∂wj = wj · ∇ are the directional derivatives, and define Ωα as the union
of all the |α|-dimensional faces of Ω parallel to the directions α1w1, . . . , αdwd .

Theorem 2.2 Let f be a smooth function on R
d , Ω a compact parallelepiped, and

P = {zj + m : j = 1, . . . ,N, m ∈ Z
d} a periodic distribution of points. Then

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∗
∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
� D(Ω,P)VΩ(f ),

where

D(Ω,P) = sup
I∈I

∣
∣
∣
∣

∣
∣W(I) ∩ Ω

∣
∣ − 1

N
�
(

W(I) ∩ Ω ∩ P
)
∣
∣
∣
∣
,

is the discrepancy of P in Ω with respect to (periodic) parallelepipeds parallel
to Ω , and

VΩ(f ) =
∑

α∈{0,1}d

2d−|α|

|Ωα|
∫

Ωα

∣
∣
∣
∣

(
∂

∂w

)α

f (y)

∣
∣
∣
∣
dy

is the total variation of f in Ω . As before, the symbol
∑∗

z∈P∩Ω f (z) means that
if z belongs to a j -dimensional face of the parallelepiped Ω , then the term f (z) in
the sum must be replaced by 2j−df (z). The integration over Ωα is intended with
respect to the |α|-dimensional Lebesgue surface measure.

Observe that, since Ωα is composed by exactly 2d−|α| faces, in the definition of
total variation the integral is over all possible faces and it is normalized by dividing
by the measure of these faces. Also observe that, while in Proposition 2.1 one inte-
grates over the faces Ωα all the derivatives of the function f of order β � α, in this
theorem the integration is only for β = α.

Here we should emphasize that, via an affine transformation, we can reduce the
above problem to an error estimate in a numerical integration over the unit square
and then apply the original Koksma–Hlawka inequality. For simplicity, let us assume
that Ω = W([0,1]d): then this procedure gives the estimate

∣
∣
∣
∣

∫

Ω

f (x)dx − |Ω|
n(P,Ω)

∑

z∈P∩W([0,1)d )

f (z)

∣
∣
∣
∣

� sup
I

∣
∣
∣
∣

∣
∣W(I)

∣
∣ − |Ω|

n(P,Ω)
�
(

W(I) ∩ P
)
∣
∣
∣
∣

×
∑

α∈{0,1}d ,|α|�=0

1

|Ωα|
∫

Ωα

∣
∣
∣
∣

(
∂

∂w

)α

f (x)

∣
∣
∣
∣
dx, (3)

where I is an interval of the form [0, t1] × [0, t2] × · · · × [0, td ] with 0 < tk < 1,
n(P,Ω) is the number of points of P contained in W([0,1)d), and Ωα is the
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|α|-dimensional face of Ω parallel to the directions α1w1, . . . , αdwd containing the
vertex W(1, . . . ,1). The disadvantage of (3) with respect to Theorem 2.2 is in the
weight used in the Riemann sums. In Theorem 2.2 this weight is the inverse of N ,
which is the exact number of points of P per unit cube. In (3) the weight is the
inverse of n(P,Ω)/|Ω|, an extrapolation of the number of points per unit cube
based on the number of points of P contained in Ω . As we will see later, in our
application to simplices we will need a weight that is independent of the choice of
the parallelepiped Ω .

Proof Without loss of generality, assume that Ω = W([0,1]d). For any integer
m � 2, define the matrix V = mW . Observe that Ω̃ := V −1(Ω) = [0,m−1]d . Also,
define the function f̃ (x) = f (V x). Thus, the restriction to Ω̃ of f̃ is an “affine
image” of the restriction to Ω of the function f . Finally let P̃ be the periodic dis-
tribution of points obtained by a periodic extension of the set (V −1(P)) ∩ [0,1)d .
Call n(P̃) the cardinality of the set (V −1(P)) ∩ [0,1)d . Then

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∗
∑

z∈Ω∩P

f (z)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

Ω̃

f
(

V (y)
)|detV |dy − 1

N

∗
∑

z∈Ω̃∩V −1(P)

f
(

V (z)
)
∣
∣
∣
∣

= |detV |
∣
∣
∣
∣

∫

Ω̃

f̃ (y) dy − 1

N |detV |
∗

∑

z∈Ω̃∩P̃

f̃ (z)

∣
∣
∣
∣
.

In the last two lines above, the ∗ symbol in the summation signs refers to the faces
of the cube Ω̃ . Observe that we cannot immediately apply Proposition 2.1 to the last
line in the above identities, since N |detV | may be different from n(P̃). Anyhow,
Proposition 2.1 gives

∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∗
∑

z∈Ω∩P

f (z)

∣
∣
∣
∣

� |detV |
∣
∣
∣
∣

∫

Ω̃

f̃ (y) dy − 1

n(P̃)

∗
∑

z∈Ω̃∩P̃

f̃ (z)

∣
∣
∣
∣

+ |detV |
∣
∣
∣
∣

(
1

n(P̃)
− 1

N |detV |
) ∗

∑

z∈Ω̃∩P̃

f̃ (z)

∣
∣
∣
∣

� |detV |DI (Ω̃,P̃)V ∗̃
Ω

(f̃ )

+ |detV |
∣
∣
∣
∣

(
1

n(P̃)
− 1

N |detV |
) ∗

∑

z∈Ω̃∩P̃

f̃ (z)

∣
∣
∣
∣
.
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It turns out that the last term is negligible. Indeed,

n(P̃) = �
((

V −1(P)
) ∩ [0,1)d

) =
N

∑

j=1

∑

k∈Zd

χ[0,1)d
(

V −1(zj + k)
)

=
N

∑

j=1

∑

k∈Zd

χV ([0,1)d )(zj + k) = �
(

P∩V
([0,1)d

))

= mdN |Ω| + error term.

The error term is controlled by N times the number of unit cubes intersecting the
boundary of mΩ , thus

error term = O
(

Nmd−1).

It follows that

|detV |
∣
∣
∣
∣
∣

(
1

n(P̃)
− 1

N |detV |
) ∗

∑

z∈Ω̃∩P̃

f̃ (z)

∣
∣
∣
∣
∣

�
∣
∣
∣
∣

(
md |detW |

Nmd |detW | + O(Nmd−1)
− 1

N

)∣
∣
∣
∣

∣
∣
∣
∣
∣

∗
∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
∣

= O(m−1)

N

∣
∣
∣
∣
∣

∗
∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
∣
.

The right hand side tends to 0 as m → +∞. Thus we have

∣
∣
∣
∣
∣

∫

Ω

f (x)dx − 1

N

∗
∑

z∈P∩Ω

f (z)

∣
∣
∣
∣
∣
� lim

m→+∞|detV |DI (Ω̃,P̃)V ∗̃
Ω

(f̃ ).

Consider first the discrepancy factor:

|detV |DI (Ω̃,P̃)

= |detV | sup
I⊂I

∣
∣
∣
∣
|I ∩ Ω̃| − 1

n(P̃)
�(I ∩ Ω̃ ∩ P̃)

∣
∣
∣
∣

= sup
I⊂I

∣
∣
∣
∣

∣
∣V (I) ∩ Ω

∣
∣ − |detV |

N |detV | + O(Nmd−1)
�
(

V (I) ∩ Ω ∩ P
)
∣
∣
∣
∣
.

Note that, in general, V (P̃) does not coincide with P , but the above identity holds
because V (Ω̃ ∩ P̃) = Ω ∩ P . Thus, proceeding as before,
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|detV |DI (Ω̃,P̃) � sup
I⊂I

∣
∣
∣
∣

∣
∣V (I) ∩ Ω

∣
∣ − 1

N
�
(

V (I) ∩ Ω ∩ P
)
∣
∣
∣
∣

+ O
(

m−1) sup
I⊂I

1

N
�
(

V (I) ∩ Ω ∩ P
)

.

Since

sup
I⊂I

1

N
�
(

V (I) ∩ Ω ∩ P
)

� C|Ω|,

then

lim
m→+∞|detV |DI (Ω̃,P̃) = lim

m→+∞ sup
I⊂I

∣
∣
∣
∣

∣
∣V (I) ∩ Ω

∣
∣ − 1

N
�
(

V (I) ∩ Ω ∩ P
)
∣
∣
∣
∣

= sup
I⊂I

∣
∣
∣
∣

∣
∣W(I) ∩ Ω

∣
∣ − 1

N
�
(

W(I) ∩ Ω ∩ P
)
∣
∣
∣
∣
.

The last identity follows from the fact that, for every positive integer m, the collec-
tion of sets V (I)∩Ω coincides with the collection of sets W(I)∩Ω . Finally, let us
study the variation

V ∗̃
Ω

(f̃ ) =
∑

α∈{0,1}d

∑

β�α

2|α|−|β|
∫

Ω̃α

∣
∣
∣
∣

(
∂

∂x

)β

(f ◦ V )(x)

∣
∣
∣
∣
dx

=
∑

α∈{0,1}d

∑

β�α

2|α|−|β| |Ω̃α|
|Ωα|

∫

Ωα

∣
∣
∣
∣

(
∂

∂x

)β

(f ◦ V )
(

V −1(y)
)
∣
∣
∣
∣
dy

=
∑

α∈{0,1}d

∑

β�α

2|α|−|β| 2d−|α|m−|α|

|Ωα|
∫

Ωα

∣
∣
∣
∣

(
∂

∂v

)β

f (y)

∣
∣
∣
∣
dy

=
∑

α∈{0,1}d

∑

β�α

2|α|−|β| 2d−|α|m|β|−|α|

|Ωα|
∫

Ωα

∣
∣
∣
∣

(
∂

∂w

)β

f (y)

∣
∣
∣
∣
dy.

Finally, when m → +∞, all the terms in the innermost sum vanish, with the excep-
tion of the term with β = α. Thus,

lim
m→+∞V ∗̃

Ω
(f̃ ) =

∑

α∈{0,1}d

2d−|α|

|Ωα|
∫

Ωα

∣
∣
∣
∣

(
∂

∂w

)α

f (y)

∣
∣
∣
∣
dy.

�

3 Simplices

Our last variant of the Koksma–Hlawka inequality refers to simplices. Let now S be
a closed simplex in R

d , and let V0, . . . , Vd be its vertices. For any k = 0, . . . , d , let
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wk
1, . . . ,w

k
d , be the vectors joining the vertex Vk with the other vertices, in whatever

order. Call Wk the matrix with columns wk
1, . . . ,w

k
d . Let Ωk be the parallelepiped

determined by the vertex Vk and the vectors wk
1, . . . ,w

k
d . Finally, for every multi-

index α ∈ {0,1}d , let Sk
α be the (unique) |α|-dimensional face of S parallel to the

directions α1w
k
1, . . . , αdwk

d . In order to deduce a Koksma–Hlawka inequality for
simplices from the Koksma–Hlawka inequality for parallelepipeds, it suffices to de-
compose the characteristic function of the simplex S into a weighted sum of char-
acteristic functions of the parallelepipeds Ωk .

Lemma 3.1 There exists a constant Cd , depending only on the dimension d , such
that for every simplex S there exist smooth functions φ0, . . . , φd satisfying the fol-
lowing conditions:

(i) For every k = 0, . . . , d , we have φk(Vk) = 1, and the support of φk is contained
in the open half space determined by the facet of S opposite to Vk .

(ii)
∑d

k=0 φk(x) = 1 for every x ∈ S.
(iii) For all k = 0, . . . , d , and for all multiindices α ∈ {0,1}d ,

sup
x∈S

∣
∣
∣
∣

(
∂

∂wk

)α

φk(x)

∣
∣
∣
∣
� Cd.

Proof When S is the standard simplex, the lemma follows from a simple partition of
unit argument. An affine transformation takes the general simplex onto the standard
simplex, without changing the norms in point (iii). �

Theorem 3.2 Let f be a smooth function on R
d , let S be a compact simplex, and

let P = {zj + m : j = 1, . . . ,N, m ∈ Z
d} be a periodic distribution of points. Then

∣
∣
∣
∣
∣

∫

S

f (x) dx − 1

N

∗
∑

z∈P∩S

f (z)

∣
∣
∣
∣
∣
� D(S,P)VS(f ),

where

D(S,P) = max
k=0,...,d

D(Ωk,P)

can be defined as the discrepancy of P with respect to the d + 1 parallelepipeds
associated with the simplex S, and

VS(f ) = Cd

d
∑

k=0

∑

α∈{0,1}d

∑

β�α

1

|Sk
α|

∫

Sk
α

∣
∣
∣
∣

(
∂

∂wk

)β

f (x)

∣
∣
∣
∣
dx

is the total variation of f in the simplex S. As before, the symbol
∑∗

z∈P∩Ω f (z)

means that if z belongs to a j -dimensional face of the simplex S, then the term f (z)

in the sum must be replaced by 2j−df (z). The integration over Sk
α is intended with

respect to the |α|-dimensional Lebesgue surface measure. Finally, a multi-index β

is less than or equal to another multi-index α if βj � αj for any j = 1, . . . , d .
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Proof By a partition of unit as in the previous lemma, we can write

∣
∣
∣
∣

∫

S

f (x) dx − 1

N

∗
∑

z∈P∩S

f (z)

∣
∣
∣
∣

=
∣
∣
∣
∣
∣

d
∑

k=0

(∫

S

f (x)φk(x) dx − 1

N

∗
∑

z∈P∩S

f (z)φk(z)

)
∣
∣
∣
∣
∣

�
d

∑

k=0

∣
∣
∣
∣

∫

Ωk

f (x)φk(x) dx − 1

N

∗
∑

z∈P∩Ωk

f (z)φk(z)

∣
∣
∣
∣
.

By Theorem 2.2, each term of the above sum is bounded by

sup
I∈I

∣
∣
∣
∣

∣
∣Wk(I) ∩ Ωk

∣
∣ − 1

N
�
(

Wk(I) ∩ Ωk ∩ P
)
∣
∣
∣
∣

×
∑

α∈{0,1}d

2d−|α|

|Ωk
α|

∫

Ωk
α

∣
∣
∣
∣

(
∂

∂wk

)α

(f φk)(x)

∣
∣
∣
∣
dx,

where Ωk
α is the union of all the |α|-dimensional faces of Ωk parallel to the direc-

tions α1w
k
1, . . . , αdwk

d . In the above sum, the term corresponding to α = (0, . . . ,0)

is just |f (Vk)|. When |α| �= 0, by the definition of the functions φk , the above inte-
grals over the faces of the parallelepipeds can be replaced by the integrals over the
faces of the simplex,

2d−|α|

|Ωk
α|

∫

Ωk
α

∣
∣
∣
∣

(
∂

∂wk

)α

(f φk)(x)

∣
∣
∣
∣
dx = 1

|α||Sk
α|

∫

Sk
α

∣
∣
∣
∣

(
∂

∂wk

)α

(f φk)(x)

∣
∣
∣
∣
dx.

Finally,

(
∂

∂wk

)α

(f φk)(x) =
∑

β+γ=α

(
∂

∂wk

)β

f (x)

(
∂

∂wk

)γ

φk(x).

Hence, by the previous lemma,

∑

α∈{0,1}d

2d−|α|

|Ωk
α|

∫

Ωk
α

∣
∣
∣
∣

(
∂

∂wk

)α

f (y)

∣
∣
∣
∣
dy

�
∣
∣f (Vk)

∣
∣ + Cd

∑

α∈{0,1}d
|α|�=0

∑

β�α

1

|α||Sk
α|

∫

Sk
α

∣
∣
∣
∣

(
∂

∂wk

)β

f (x)

∣
∣
∣
∣
dx.

�

As an example, let us write explicitly the total variation VS(f ) in the 2-
dimensional case. Let S be a triangle with vertices V1, V2 and V3. Call lk the length
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of the edge Sk opposite to Vk , and wk the vector joining the two vertices opposite
to Vk . Then the variation is

VS(f ) = C2
∣
∣f (V1)

∣
∣ + C2

∣
∣f (V2)

∣
∣ + C2

∣
∣f (V3)

∣
∣

+ C2
2

l1

∫

S1

(
∣
∣f (x)

∣
∣ +

∣
∣
∣
∣

∂f

∂w1
(x)

∣
∣
∣
∣

)

dx

+ C2
2

l2

∫

S2

(
∣
∣f (x)

∣
∣ +

∣
∣
∣
∣

∂f

∂w2
(x)

∣
∣
∣
∣

)

dx

+ C2
2

l3

∫

S3

(
∣
∣f (x)

∣
∣ +

∣
∣
∣
∣

∂f

∂w3
(x)

∣
∣
∣
∣

)

dx

+ C2
1

|S|
∫

S

(

3
∣
∣f (x)

∣
∣ + 2

∣
∣
∣
∣

∂f

∂w1
(x)

∣
∣
∣
∣
+ 2

∣
∣
∣
∣

∂f

∂w2
(x)

∣
∣
∣
∣
+ 2

∣
∣
∣
∣

∂f

∂w3
(x)

∣
∣
∣
∣

+
∣
∣
∣
∣

∂2f

∂w2∂w3
(x)

∣
∣
∣
∣
+

∣
∣
∣
∣

∂2f

∂w1∂w3
(x)

∣
∣
∣
∣
+

∣
∣
∣
∣

∂2f

∂w1∂w2
(x)

∣
∣
∣
∣

)

dx.
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A Dual Interpretation of the Gromov–Thurston
Proof of Mostow Rigidity and Volume Rigidity
for Representations of Hyperbolic Lattices

Michelle Bucher, Marc Burger, and Alessandra Iozzi

Abstract We use bounded cohomology to define a notion of volume of an SO(n,1)-
valued representation of a lattice Γ < SO(n,1) and, using this tool, we give a
complete proof of the volume rigidity theorem of Francaviglia and Klaff (Geom.
Dedicata 117, 111–124 (2006)) in this setting. Our approach gives in particular a
proof of Thurston’s version of Gromov’s proof of Mostow Rigidity (also in the non-
cocompact case), which is dual to the Gromov–Thurston proof using the simplicial
volume invariant.

Keywords Rigidity · Real hyperbolic manifold · Bounded cohomology · Maximal
representations

Mathematics Subject Classification (2010) 53C24 · 22E40 · 22E41

1 Introduction

Strong rigidity of lattices was proved in 1965 by Mostow [28] who, while searching
for a geometric explanation of the deformation rigidity results obtained by Selberg
[32], Calabi–Vesentini [14, 15] and Weil [35, 36], showed the remarkable fact that,
under some conditions, topological data of a manifold determine its metric. Namely,
he proved that if Mi = Γi\Hn, i = 1,2 are compact quotients of real hyperbolic n-
space and n � 3, then any homotopy equivalence ϕ : M1 → M2 is, up to homotopy,
induced by an isometry. Shortly thereafter, this was extended to the finite volume
case by G. Prasad [29].
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The methods introduced by Mostow emphasized the role of the quasi-isometries
of ˜Mi = H

n, their quasi-conformal extension to ∂Hn, ergodicity phenomena of the
Γi -action on ∂Hn, as well as almost everywhere differentiability results à la Egorov.

In the 1970’s, a new approach for rigidity in the real hyperbolic case was devel-
oped by Gromov. In this context he introduced �1-homology and the simplicial vol-
ume: techniques like smearing and straightening became important. This approach
was then further developed by Thurston [33, Chap. 6] and one of its consequences
is an extension to hyperbolic manifolds of Kneser’s theorem for surfaces [25]. To
wit, the computation of the simplicial volume ‖M‖ = Vol(M)/vn implies, for a
continuous map f : M1 → M2 between compact real hyperbolic manifolds, that

degf � Vol(M2)

Vol(M1)
.

If dimMi � 3, Thurston proved that equality holds if and only if f is homo-
topic to an isometric covering while the topological assertion in the case in which
dimMi = 2 is Kneser’s theorem [25].

The next step, in the spirit of Goldman’s theorem [20]—what now goes under
the theory of maximal representations—is to associate an invariant Vol(ρ) to an
arbitrary representation

ρ : π1(M) → Isom
(

H
n
)

of the fundamental group of M , satisfying a Milnor–Wood type inequality

Vol(ρ) � Vol(i).

The equality should be characterized as given by the “unique” lattice embedding i

of π1(M), of course provided dimM � 3. This was carried out in dimM = 3 by
Dunfield [17], following Toledo’s modification of the Gromov–Thurston approach
to rigidity [34].

If M is only of finite volume, a technical difficulty is the definition of the volume
Vol(ρ) of a representation. Dunfield introduced for this purpose the notion of pseu-
dodeveloping map and Francaviglia proved that the definition is independent of the
choice of the pseudodeveloping map [18]. Then Francaviglia and Klaff [19] proved
a “volume rigidity theorem” for representations

ρ : π1(M) → Isom
(

H
k
)

,

where now k is not necessarily equal to dimM . In their paper, the authors actually
succeed in applying the technology developed by Besson–Courtois–Gallot in their
seminal work on entropy rigidity [2]. An extension to representations of π1(M)

into Isom(Hn) for an arbitrary compact manifold M has been given by Besson–
Courtois–Gallot [3].

Finally, Bader, Furman and Sauer proved a generalization of Mostow Rigidity
for cocycles in the case of real hyperbolic lattices with some integrability condition,
using, among others, bounded cohomology techniques, [1].
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The aim of this paper is to give a complete proof of volume rigidity from the
point of view of bounded cohomology, implementing a strategy first described in
[24] and used in the work on maximal representations of surface groups [12, 13], as
well as in the proof of Mostow Rigidity in dimension 3 in [11].

Our main contribution consists on the one hand in identifying the top dimensional
bounded equivariant cohomology of the full group of isometries Isom(Hn), and on
the other in giving a new definition of the volume of a representation of π1(M),
when M is not compact; this definition, that uses bounded relative cohomology,
generalizes the one introduced in [13] for surfaces.

In an attempt to be pedagogical, throughout the paper we try to describe, in vary-
ing details, the proof of all results.

Let Voln(x0, . . . , xn) denote the signed volume of the convex hull of the points
x0, . . . , xn ∈ Hn. Then Voln is a G+ := Isom+(Hn)-invariant cocycle on Hn and
hence defines a top dimensional cohomology class ωn ∈ Hn

c (G+,R). Let i : Γ ↪→
G+ be an embedding of Γ as a lattice in the group of orientation preserving isome-
tries of Hn and let ρ : Γ → G+ be an arbitrary representation of Γ . Suppose first
that Γ is torsion free. Recall that the cohomology of Γ is canonically isomorphic to
the cohomology of the n-dimensional quotient manifold M := i(Γ )\Hn.

If M is compact, by Poincaré duality the cohomology groups Hn(Γ,R) ∼=
Hn(M,R) in top dimension are canonically isomorphic to R, with the isomorphism
given by the evaluation on the fundamental class [M]. We define the volume Vol(ρ)

of ρ by

Vol(ρ) = 〈

ρ∗(ωn), [M]〉,
where ρ∗ : Hn

c (G+,R) → Hn(Γ,R) denotes the pull-back via ρ. In particular the
absolute value of the volume of the lattice embedding i is equal to the volume of the
hyperbolic manifold M , Vol(M) = 〈i∗(ωn), [M]〉.

If M is not compact, the above definition fails since Hn(Γ,R) ∼= Hn(M,R) = 0.
Thus we propose the following approach: since Voln is in fact a bounded cocycle, it
defines a bounded class ωb

n ∈ Hn
b,c(G

+,R) in the bounded cohomology of G+ with
trivial R-coefficients. Thus associated to a homomorphism ρ : Γ → G+ we obtain
ρ∗(ωb

n) ∈ Hn
b (Γ,R); since ˜M = H

n is contractible, it follows easily that Hn
b (Γ,R)

is canonically isomorphic to the bounded singular cohomology Hn
b (M,R) of the

manifold M (this is true in much greater generality [5, 21], but it will not be used
here). To proceed further, let N ⊂ M be a compact core of M , that is the complement
in M of a disjoint union of finitely many horocyclic neighborhoods Ei , i = 1, . . . , k,
of cusps. Those have amenable fundamental groups and thus the map (N, ∂N) →
(M,∅) induces an isomorphism in cohomology, Hn

b (N, ∂N,R) ∼= Hn
b (M,R), by

means of which we can consider ρ∗(ωb
n) as a bounded relative class. Finally, the

image of ρ∗(ωb
n) via the comparison map c : Hn

b (N, ∂N,R) → Hn(N,∂N,R) is an
ordinary relative class whose evaluation on the relative fundamental class [N,∂N ]
gives the definition of the volume of ρ,

Vol(ρ) := 〈(

c ◦ ρ∗)(ωb
n

)

, [N,∂N ]〉,
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which turns out to be independent of the choice of the compact core N . When M

is compact, we recover of course the invariant previously defined. We complete the
definition in the case in which Γ has torsion by setting

Vol(ρ) := Vol(ρ|Λ)

[Γ : Λ]
where Λ < Γ is a torsion free subgroup of finite index.

Theorem 1.1 Let n � 3. Let i : Γ ↪→ Isom+(Hn) be a lattice embedding and let
ρ : Γ → Isom+(Hn) be any representation. Then

∣

∣Vol(ρ)
∣

∣ �
∣

∣Vol(i)
∣

∣ = Vol(M), (1)

with equality if and only if ρ is conjugated to i by an isometry.

An analogous theorem, in the more general case of a representation ρ : Γ →
Isom+(Hm) with m � n, has been proven by Francaviglia and Klaff [19] with a
different definition of volume.

Taking in particular ρ to be another lattice embedding of Γ , we recover Mostow–
Prasad Rigidity theorem for hyperbolic lattices:

Corollary 1.2 [28, 29] Let Γ1, Γ2 be two isomorphic lattices in Isom+(Hn). Then
there exists an isometry g ∈ Isom(Hn) conjugating Γ1 to Γ2.

As a consequence of Theorem 1.1, we also reprove Thurston’s strict version of
Gromov’s degree inequality for hyperbolic manifolds. Note that this strict version
generalizes Mostow Rigidity [33, Theorem 6.4]:

Corollary 1.3 [33, Theorem 6.4] Let f : M1 → M2 be a continuous proper map
between two n-dimensional complete finite volume hyperbolic manifolds M1 and
M2 with n � 3. Then

deg(f ) � Vol(M2)

Vol(M1)
,

with equality if and only if f is homotopic to a local isometry.

Our proof of Theorem 1.1 follows closely the steps in the proof of Mostow Rigid-
ity. In particular, the following result is the dual to the use of measure homology
and smearing in [33]. We denote by ε : G → {−1,1} the homomorphism defined by
ε(g) = 1 if g is orientation preserving and ε(g) = −1 if g is orientation reversing.

Theorem 1.4 Let M = Γ \Hn be a finite volume real hyperbolic manifold. Let ρ :
Γ → Isom(Hn) be a representation with non-elementary image and let ϕ : ∂Hn →
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∂Hn be the corresponding equivariant measurable map. Then for every (n+1)-tuple
of points ξ0, . . . , ξn ∈ ∂Hn,
∫

Γ \ Isom(Hn)

ε
(

ġ−1)Voln
(

ϕ(ġξ0), . . . , ϕ(ġξn)
)

dμ(ġ) = Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn),

(2)
where μ is the invariant probability measure on Γ \ Isom(Hn).

This allows us to deduce strong rigidity properties of the boundary map ϕ from
the cohomological information about the boundary that, in turn, are sufficient to
show the existence of an element g ∈ Isom+(Hn) conjugating ρ and i.

To establish the theorem, we first prove the almost everywhere validity of the
formula in Theorem 1.4. Ideally, we would need to know that Hn

b,c(G
+,R) is 1-

dimensional and has no coboundaries in degree n in the appropriate cocomplex.
However in general we do not know how to compute Hn

b,c(G
+,R), except when

G+ = Isom+(H2) or Isom+(H3) and hence there is no direct way to prove the
formula in (2). To circumvent this problem, we borrow from [7] (see also [9]) the
essential observation that Voln is in fact a cocycle equivariant with respect to the
full group of isometries G = Isom(Hn), that is,

Voln(gx1, . . . , gxn) = ε(g)Voln(x1, . . . , xn).

This leads to consider R as a non-trivial coefficient module Rε for G and in this
context we prove that the comparison map

Hn
b,c(G,Rε)

∼=
Hn

c (G,Rε)

is an isomorphism. By a slight abuse of notation, we denote again by ωb
n ∈

Hn
b,c(G,Rε) and by ωn ∈ Hn

c (G,Rε) the generator defined by Voln.
Using this identification and standard tools from the homological algebra ap-

proach to bounded cohomology, we obtain the almost everywhere validity of the
formula in Theorem 1.4. Additional arguments involving Lusin’s theorem are re-
quired to establish the formula pointwise. This is essential because one step of the
proof (see the beginning of Sect. 4) consists in showing that, if there is the equal-
ity in (1), the map ϕ maps the vertices of almost every positively oriented maximal
ideal simplex to vertices of positively (or negatively—one or the other, not both)
oriented maximal ideal simplices. Since such vertices form a set of measure zero in
the boundary, an almost everywhere statement would not be sufficient.

2 The Continuous Bounded Cohomology of G = Isom(Hn)

Denote by G = Isom(Hn) the full isometry group of hyperbolic n-space, and by
G+ = Isom+(Hn) its subgroup of index 2 consisting of orientation preserving
isometries. As remarked in the introduction there are two natural G-module struc-
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tures on R: the trivial one, which we denote by R, and the one given by multiplica-
tion with the homomorphism ε : G → G/G+ ∼= {+1,−1}, which we denote by Rε .

Recall that if q ∈ N, the continuous cohomology groups H
q
c (G,R), respectively

H
q
c (G,Rε)—or in short H •

c (G,R(ε)) for both—of G with coefficient in R(ε), is by
definition given as the cohomology of the cocomplex

Cc

(

Gq+1,R(ε)

)G = {

f : Gq+1 → R(ε)

∣

∣f is continuous and

ε(g) · f (g0, . . . , gq) = f (gg0, . . . , ggq)
}

endowed with its usual homogeneous coboundary operator

δ : Cc

(

Gq+1,R(ε)

)G → Cc

(

Gq+2,R(ε)

)G

defined by

δf (g0, . . . , gq+1) :=
q+1
∑

j=0

(−1)j f (g0, . . . , gj−1, gj+1, . . . , gq+1).

This operator clearly restricts to the bounded cochains

Cc,b

(

Gq+1,R(ε)

)G =
{

f ∈ Cc

(

Gq+1,R(ε)

)G ∣

∣

‖f ‖∞ = sup
g0,...,gq∈G

∣

∣f (g0, . . . , gq)
∣

∣ < +∞
}

and the continuous bounded cohomology H
q
c,b(G,R(ε)) of G with coefficients in

R(ε) is the cohomology of this cocomplex. The inclusion

Cc,b

(

Gq+1,R(ε)

)G ⊂ Cc

(

Gq+1,R(ε)

)G

induces a comparison map

c : Hq
c,b(G,R(ε)) −→ H

q
c (G,R(ε)).

We call cochains in Cc,(b)(G
q+1,R)G invariant and cochains in Cc,(b)(G

q+1,

Rε)
G equivariant and apply this terminology to the cohomology classes as well.

The sup norm on the complex of cochains induces a seminorm in cohomology

‖β‖ = inf
{‖f ‖∞

∣

∣f ∈ Cc,(b)

(

Gq+1,R(ε)

)G
, [f ] = β

}

,

for β ∈ H
q

c,(b)(G,R(ε)).
The same definition gives the continuous (bounded) cohomology of any topologi-

cal group acting either trivially on R or via a homomorphism into the multiplicative
group {+1,−1}. A continuous representation ρ : H → G naturally induces pull-
backs

H •
c,(b)(G,R) −→ H •

c,(b)(H,R) and H •
c,(b)(G,Rε) −→ H •

c,(b)(H,Rρ),
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where Rρ is the H -module R with the H -action given by the composition of ρ :
H → G with ε : G → {+1,−1}. Note that ‖ρ∗(β)‖ � ‖β‖.

Since the restriction to G+ of the G-action on R(ε) is trivial, there is a restriction
map in cohomology

H •
c,(b)(G,R(ε)) −→ H •

c,(b)

(

G+,R
)

. (3)

In fact, both the continuous and the continuous bounded cohomology groups can be
computed isometrically on the hyperbolic n-space H

n, as this space is isomorphic
to the quotient of G or G+ by a maximal compact subgroup. More precisely, set

Cc,(b)

((

H
n
)q+1

,R(ε)

)G = {

f : (Hn
)q+1 → R

∣

∣f is continuous (and bounded) and

ε(g) · f (x0, . . . , xq) = f (gx0, . . . , gxq)
}

and endow it with its homogeneous coboundary operator. Then the cohomology
of this cocomplex is isometrically isomorphic to the corresponding cohomology
groups ([22, Chap. III, Prop. 2.3] and [27, Cor. 7.4.10] respectively).

It is now easy to describe the left inverses to the restriction map (3) induced by
the inclusion. Indeed, at the cochain level, they are given by maps

p : Cc,(b)

((

H
n
)q+1

,R
)G+ −→ Cc,(b)

((

H
n
)q+1

,R
)G

and

p̄ : Cc,(b)

((

H
n
)q+1

,R
)G+ −→ Cc,(b)

((

H
n
)q+1

,Rε

)G

defined for x0, . . . , xq ∈ H
n and f ∈ Cc,(b)((H

n)q+1,R)G
+

by

p(f )(x0, . . . , xq) = 1

2

(

f (x0, . . . , xq) + f (τx0, . . . , τxq)
)

,

p̄(f )(x0, . . . , xq) = 1

2

(

f (x0, . . . , xq) − f (τx0, . . . , τxq)
)

,

where τ ∈ G � G+ is any orientation reversing isometry. In fact, it easily follows
from the G+-invariance of f that p(f ) is invariant, p̄(f ) is equivariant, and both
p(f ) and p̄(f ) are independent of τ in G� G+. The following proposition is im-
mediate:

Proposition 2.1 The cochain map (p, p̄) induces an isometric isomorphism

H •
c,(b)

(

G+,R
) ∼= H •

c,(b)(G,R) ⊕ H •
c,(b)(G,Rε).

The continuous cohomology group H •
c (G+,R) is well understood since it can,

via the van Est isomorphism [22, Corollary 7.2], be identified with the de Rham
cohomology of the compact dual to H

n, which is the n-sphere Sn. Thus it is gen-
erated by two cohomology classes: the constant class in degree 0, and the volume
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form in degree n. Recall that the volume form ωn can be represented by the cocycle
Voln ∈ Cc,b((H

n)n+1,Rε)
G (respectively Voln ∈ L∞((∂Hn)n+1,Rε)

G) given by

Voln(x0, . . . , xn) = signed volume of the convex hull of x0, . . . , xn,

for x0, . . . , xn ∈H
n, respectively ∂Hn. Since the constant class in degree 0 is invari-

ant, and the volume form is equivariant, using Proposition 2.1 we summarize this as
follows:

H 0
c

(

G+,R
) ∼= H 0

c (G,R) ∼= R and Hn
c

(

G+,R
) ∼= Hn

c (G,Rε) ∼= R ∼= 〈ωn〉.
All other continuous cohomology groups are 0. On the bounded side, the coho-
mology groups are still widely unknown, though they are conjectured to be iso-
morphic to their unbounded counterparts. The comparison maps for G and G+ are
easily seen to be isomorphisms in degrees 2 and 3 [11]. We show that the com-
parison map for the equivariant cohomology of G is indeed an isometric isomor-
phism up to degree n, based on the simple Lemma 2.2. Before we prove it, it will
be convenient to have yet two more cochain complexes to compute the continuous
bounded cohomology groups. If X = H

n or X = ∂Hn, consider the cochain space
L∞(Xq+1,R(ε))

G of G-invariant, resp. G-equivariant, essentially bounded mea-
surable function classes endowed with its homogeneous coboundary operator. It is
proven in [27, Cor. 7.5.9] that the cohomology of this cocomplex is isometrically
isomorphic to the continuous bounded cohomology groups. Note that the volume
cocycle Voln represents the same cohomology class viewed as continuous bounded
or L∞-cocycle on H

n, as an L∞-cocyle on ∂Hn or, by evaluation on x ∈ H
n or

x ∈ ∂Hn, as a continuous bounded or L∞-cocycle on G.

Lemma 2.2 For q < n we have

Cc

((

H
n
)q+1

,Rε

)G = 0,

L∞((

H
n
)q+1

,Rε

)G = 0,

L∞((

∂Hn
)q+1

,Rε

)G = 0.

Proof Let f : (Hn)q+1 → Rε or f : (∂Hn)q+1 → Rε be G-equivariant. The lemma
relies on the simple observation that any q + 1 � n points x0, . . . , xq either in H

n

or in ∂Hn lie either on a hyperplane P ⊂ H
n or on the boundary of a hyperplane.

Thus there exists an orientation reversing isometry τ ∈ G�G+ fixing (x0, . . . , xq)

pointwise. Using the G-equivariance of f we conclude that

f (x0, . . . , xq) = −f (τx0, . . . , τxq) = −f (x0, . . . , xq),

which implies f ≡ 0. �

It follows from the lemma that H
q
c,b(G,Rε) ∼= H

q
c (G,Rε) = 0 for q < n. Fur-

thermore, we can conclude that the comparison map for the equivariant cohomology
of G is injective:
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Proposition 2.3 The comparison map induces an isometric isomorphism

Hn
c,b(G,Rε)

∼=
Hn

c (G,Rε).

Proof Since there are no cochains in degree n − 1, there are no coboundaries in
degree n and the cohomology groups Hn

c,b(G,Rε) and Hn
c (G,Rε) are equal to the

corresponding spaces of cocycles. Thus, we have a commutative diagram

Hn
c,b(G,Rε) Ker

{

δ : Cc,b

((

H
n
)n+1

,Rε

)G → Cc,b

((

H
n
)n+2

,Rε

)G}

R ∼= Hn
c (G,Rε) Ker

{

δ : Cc

((

H
n
)n+1

,Rε

)G → Cc

((

H
n
)n+2

,Rε

)G}

.

The proposition follows from the fact that the lower right kernel is generated by the
volume form ωn which is represented by the bounded cocycle Voln, hence is in the
image of the vertical right inclusion. �

Since there are no coboundaries in degree n in Cc((H
n)q+1,Rε)

G, it follows that
the cohomology norm of ωn is equal to the norm of the unique cocycle representing
it. In view of [23], its norm is equal to the volume vn of an ideal regular simplex
in H

n.

Corollary 2.4 The norm ‖ωn‖ of the volume form ωn ∈ Hn
c (G+,R) is equal to the

volume vn of a regular ideal simplex in H
n.

As the cohomology norm ‖ωn‖ is the proportionality constant between simpli-
cial and Riemannian volume for closed hyperbolic manifolds [6, Theorem 2], the
corollary gives a simple proof of the proportionality principle ‖M‖ = Vol(M)/vn

for closed hyperbolic manifolds, originally due to Gromov and Thurston.

3 Relative Cohomology

3.1 Notation and Definitions

As mentioned in the introduction, we consider a compact core N of the complete
hyperbolic manifold M , that is a subset of M whose complement M � N in M is
a disjoint union of finitely many geodesically convex cusps of M . If q � 0 and σ :
Δq → M denotes a singular simplex, where Δq = {(t0, . . . , tq) ∈ Rq+1 : ∑q

j=0 tj =
1, tj � 0 for all j} is a standard q-simplex, we recall that the (singular) cohomology
Hq(M,M �N) of M relative to M �N is the cohomology of the cocomplex

Cq(M,M �N) = {

f ∈ Cq(M)
∣

∣f (σ ) = 0 if Im(σ ) ⊂ M �N
}
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endowed with its usual coboundary operator. (Here, Cq(M) denotes the space of
singular q-cochains on M .) We emphasize that all cohomology groups, singular or
relative, are with R coefficients. The bounded relative cochains C

q
b (M,M �N) are

those for which f is further assumed to be bounded, meaning that sup{|f (σ )| | σ :
Δq → M} is finite. The coboundary restricts to bounded cochains and the cohomol-
ogy of that cocomplex is the bounded cohomology of M relative to M �N , which
we denote by H •

b (M,M � N). The inclusion of cocomplexes induces a compar-
ison map c : H •

b (M,M � N) → H •(M,M � N). Similarly, we could define the
cohomology of N relative to its boundary ∂N and it is clear, by homotopy invari-
ance, that H •

(b)(N, ∂N) ∼= H •
(b)(M,M � N). We can identify the relative cochains

on (M,M �N) with the Γ -invariant relative cochains Cq(Hn,U)Γ on the univer-
sal cover Hn relative to the preimage U = π−1(M � N) under the covering map
π : Hn → M of the finite union of horocyclic neighborhoods of cusps. We will
identify H •

(b)(N, ∂N) with the latter cohomology group. Note that U is a countable
union of disjoint horoballs.

The inclusion (M,∅) ↪→ (M,M �N) induces a long exact sequence on both the
unbounded and bounded cohomology groups

· · · −→H •−1
(b) (M�N)−→H •

(b)(M,M�N)−→H •
(b)(M)−→H •

(b)(M�N)−→ · · ·
Each connected component Ej of M � N , 1 � j � k, is a horocyclic neighbor-
hood of a cusp, hence homeomorphic to the product of R with an (n − 1)-manifold
admitting a Euclidean metric; thus its universal covering is contractible and its fun-
damental group is virtually abelian (hence amenable). It follows that (see the intro-
duction or [5, 21]) H •

b (Ej ) ∼= H •
b (π1(Ej )) = 0 and hence H •

b (M�N) = 0, proving
that the inclusion (M,∅) ↪→ (M,M �N) induces an isomorphism on the bounded
cohomology groups. Note that based on some techniques developed in [8] we can
show that this isomorphism is isometric—a fact that we will not need in this note.

3.2 Transfer Maps

In the following we identify Γ with its image i(Γ ) < G+ under the lattice embed-
ding i : Γ → G+. There exist natural transfer maps

H •
b (Γ )

transΓ
H •

c,b(G,Rε) and H •(N, ∂N)
τdR

H •
c (G,Rε),

whose classical constructions we briefly recall here. The aim of this section will then
be to establish the commutativity of the diagram (6) in Proposition 3.1. The proof is
similar to that in [8], except that we replace the compact support cohomology by the
relative cohomology, which leads to some simplifications. In fact, the same proof as
in [13] (from where the use of relative bounded cohomology is borrowed) would
have worked verbatim in this case, but we chose the other (and simpler) approach,
to provide a “measure homology-free” proof.
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3.2.1 The Transfer Map transΓ : H•
b (Γ ) → H•

c,b(G,Rε)

We can define the transfer map at the cochain level either as a map

transΓ : V Γ
q → V G

q ,

where Vq is one of Cb((H
n)q+1,R), L∞((Hn)q+1,R) or L∞((∂Hn)q+1,R). The

definition is the same in all cases. Let thus c be a Γ -invariant cochain in V Γ
q . Set

transΓ (c)(x0, . . . , xn) :=
∫

Γ \G
ε
(

ġ−1) · c(ġx0, . . . , ġxn) dμ(ġ), (4)

where μ is the invariant probability measure on Γ \G normalized so that
μ(Γ \G) = 1. Recall that Γ < G+, so that ε(ġ) is well defined. It is easy to check
that the resulting cochain transΓ (c) is G-equivariant. Furthermore, the transfer map
clearly commutes with the coboundary operator, and hence induces a cohomology
map

H •
b (Γ )

transΓ
H •

c,b(G,Rε).

Note that if the cochain c is already G-equivariant, then transΓ (c) = c, showing that
transΓ is a left inverse of i∗ : H •

c,b(G,Rε) → H •
b (Γ ).

3.2.2 The Transfer Map τdR : H•(N,∂N) → H•
c (G,Rε)

The relative de Rham cohomology H •
dR(M,M � N) is the cohomology of the

cocomplex of differential forms Ωq(M,M � N) which vanish when restricted to
M �N . Then, as for usual cohomology, there is a de Rham Theorem

Ψ : H •
dR(M,M �N)

∼=
H •(M,M �N) ∼= H •(N, ∂N)

for relative cohomology. The isomorphism is given at the cochain level by integra-
tion. In order to integrate, we could either replace the singular cohomology by its
smooth variant (i.e. take smooth singular simplices), or we prefer here to integrate
the differential form on the straightened simplices. (The geodesic straightening of a
continuous simplex is always smooth.) Thus, at the cochain level, the isomorphism
is induced by the map

Ψ : Ωq(M,M �N) −→ Cq(M,M �N), (5)

sending a differential form ω ∈ Ωq(M,M � N) ∼= Ωq(Hn,U)Γ to the singular
cochain Ψ (ω) given by

σ �→
∫

π∗ straight(x0,...,xq )

ω,

where π : Hn → M is the canonical projection, the xi ∈ H
n are the vertices of a lift

of σ to H
n, and straight(x0, . . . , xq) : Δq → H

n is the geodesic straightening. Ob-
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serve that if σ is in U , then the straightened simplex is as well, since all components
of U are geodesically convex.

The transfer map transdR : H •
dR(M,M � N) → H •

c (G,Rε) is defined through
the relative de Rham cohomology and the van Est isomorphism. At the cochain
level the transfer

transdR : Ωq
(

H
n,U

)Γ −→ Ωq
(

H
n,Rε

)G

is defined by sending the differential q-form α ∈ Ωq(Hn)Γ to the form

transdR(α) :=
∫

Γ \G
ε
(

ġ−1) · (ġ∗α
)

dμ(ġ),

where μ is chosen as in (4). It is easy to check that the resulting differential form
transdR(α) is G-equivariant. Furthermore, the transfer map clearly commutes with
the differential operator, and hence induces a cohomology map

H •(N, ∂N) H •
c (G,Rε)

H •
dR(M,M �N)

∼= Ψ

transdR
H •(Ω•(

H
n,Rε

)G) =
Ω•(

H
n,Rε

)G
,

∼=

where the vertical arrow on the right is the van Est isomorphism and the horizontal
arrow on the right follows from Cartan’s lemma to the extent that any G-invariant
differential form on H

n (or more generally on a symmetric space) is closed.
Let ωN,∂N ∈ Hn(M,M � N) be the unique class with 〈ωN,∂N , [N,∂N ]〉 =

Vol(M). It is easy to check that

transdR(ωN,∂N) = ωn ∈ Ωn
(

H
n,Rε

)G ∼= Hn
c (G,Rε).

3.2.3 Commutativity of the Transfer Maps

Proposition 3.1 The diagram

H
q
b (Γ )

transΓ

H
q
b (N, ∂N)

∼=

c

H
q
c,b(G,Rε)

c

Hq(N, ∂N)
τdR

H
q
c (G,Rε)

(6)

commutes (here τdR = transdR ◦Ψ −1).
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Proof The idea of the proof is to subdivide the diagram (6) in smaller parts, by
defining transfer maps directly on the bounded and unbounded relative singular co-
homology of M and show that each of the following subdiagrams commute.

H
q
b (Γ )

transΓ

H
q
b (N, ∂N)

∼=
transb

c

H
q
c,b(G,Rε)

c

Hq(N, ∂N)
trans

H
q
c (G,Rε)

H
q
dR(N, ∂N)

transdR

∼= Ψ

Ωq(Hn,Rε)
G.

∼=Φ

(7)

3.2.4 Definition of the Transfer Map for Relative Cohomology

In order to define a transfer map, we need to be able to integrate our cochain on
translates of a singular simplex by elements of Γ \G. This is only possible if the
cochain is regular enough.

For 1 � i � k, pick a point bi ∈ Ei in each horocyclic neighborhood of a cusp in
M and b0 ∈ N in the compact core. Let β ′ : M → {b0, b1, . . . , bk} be the measurable
map sending N to b0 and each cusp Ei to bi . Lift β ′ to a Γ -equivariant measurable
map

β :Hn −→ π−1({b0, b1, . . . , bk}
) ⊂ H

n

defined as follows. Choose lifts b̃0, . . . , b̃k of b0, . . . , bk ; for each j = 1, . . . , k

choose a Borel fundamental domain Dj � b̃j for the Γ -action on π−1(Ej ) and
choose a fundamental domain D0 � b̃0 for the Γ -action on π−1(N). Now de-
fine β(γDj ) := γ b̃j . In particular β maps each horoball into itself. Given c ∈
Cq(Hn,U)Γ , define

β∗(c) : (Hn
)q+1 −→ R

by

β∗(c)(x0, . . . , xq) = c
(

straight
(

β(x0), . . . , β(xq)
))

. (8)

Remark that β∗(c) is Γ -invariant, vanishes on tuples of points that lie in the same
horoball in the disjoint union of horoballs π−1(Ei), and is independent of the chosen
lift of β ′ (but not of the points b0, . . . , bk). Thus, β∗(c) is a cochain in Cq(Hn,U)Γ
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which is now measurable, so that we can integrate it on translates of a given (q +1)-
tuple of point. We define

transβ(c) : (Hn
)q+1 −→ R

by

transβ(c)(x0, . . . , xq) :=
∫

Γ \G
ε
(

ġ−1) · (β∗(c)(ġx0, . . . , ġxq)
)

dμ(ġ),

where μ is as in (4). It is easy to show that the integral is finite. Indeed, let D

be the maximum of the distances between x0 and xi , for i = 1, . . . , q . Then for
ġ ∈ Γ \G such that ġx0 lies outside a D-neighborhood of the compact core N , each
ġxi clearly lies outside N and hence β∗(c)(ġx0, . . . , ġxq) vanishes for such ġ. It
follows that the integrand vanishes outside a compact set, within which it takes only
finitely many values. Furthermore, it follows from the Γ -invariance of c and β(c)

that transβ(c) is G-invariant.
Since transβ commutes with the coboundary operator, it induces a cohomology

map

trans : Hq(N,∂N) −→ H
q
c (G,Rε).

As the transfer map transβ restricts to a cochain map between the corresponding
bounded cocomplexes, it also induces a map on the bounded cohomology groups

transb : Hq
b (N, ∂N) −→ H

q
c,b(G,Rε),

and the commutativity of the middle diagram in (7) is now obvious.

3.2.5 Commutativity of the Lower Square

Denote by Φ : Ωq(Hn,Rε) −→ L∞((Hn)q+1,Rε) the map (analogous to the map
Ψ defined in (5)) sending the differential form α to the cochain Φ(α) mapping a
(q + 1)-tuple of points (x0, . . . , xq) ∈ (Hn)q+1 to

∫

straight(x0,...,xq )

α.

The de Rham isomorphism is realized at the cochain level by precomposing Φ with
the map sending a singular simplex in H

n to its vertices. To check the commutativity
of the lower square, observe that

transβ ◦Φ(α)(x0, . . . , xq) =
∫

Γ \G
ε
(

ġ−1) ·
(∫

straight(β(ġx0),...,β(ġxq ))

α

)

dμ(ġ),
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while

Φ ◦ transdR(α)(x0, . . . , xq) =
∫

Γ \G
ε
(

ġ−1) ·
(∫

straight(ġx0,...,ġxq )

α

)

dμ(ġ).

If dα = 0, the coboundary of the G-invariant cochain

(x0, . . . , xq−1) �−→
q−1
∑

i=0

(−1)i
∫

Γ \G
ε
(

ġ−1)

·
(∫

straight(ġx0,...,ġxi ,β(ġxi ),...,β(ġxq−1))

α

)

dμ(ġ)

is equal to the difference of the two given cocycles.

3.2.6 Commutativity of the Upper Triangle

Observe that the isomorphism H •
b (M,M � N) ∼= H •

b (Γ ) can be induced at the
cochain level by the map β∗ : C

q
b (Hn,U)Γ → L∞((Hn)q+1,R)Γ defined in (8)

(and for which we allow ourselves a slight abuse of notation). It is immediate that
we now have commutativity of the upper triangle already at the cochain level,

L∞((

H
n
)q+1

,R
)Γ

transΓ

C
q
b

(

H
n,U

)Γ

β∗

transb
L∞((

H
n
)q+1

,Rε

)G
.

This finishes the proof of the proposition. �

3.3 Properties of Vol(ρ)

Lemma 3.2 Let i : Γ ↪→ G be a lattice embedding. Then

Vol(i) = Vol(M).

Proof Both sides are multiplicative with respect to finite index subgroups. We can
hence without loss of generality suppose that Γ is torsion free. By definition, we
have

Vol(M) = 〈

ωN,∂N , [N,∂N ]〉,
Vol(i) = 〈(

c ◦ i∗
)(

ωb
n

)

, [N,∂N ]〉.
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The desired equality would thus clearly follow from ωN,∂N = (c ◦ i∗)(ωb
n). As the

transfer map τdR : Hn(N,∂N) → Hn
c (G) is an isomorphism in top degree and

sends ωN,∂N to ωn, this is equivalent to

ωn = τdR(ωN,∂N) = τdR ◦ c
︸ ︷︷ ︸

c ◦ transΓ

◦ i∗
(

ωb
n

) = c ◦ transΓ ◦ i∗
(

ωb
n

) = c
(

ωb
n

) = ωn,

where we have used the commutativity of the diagram (6) in Proposition 3.1 and the
fact that transΓ ◦ i∗ = Id. �

Proposition 3.3 Let ρ : Γ → G be a representation. The composition

R ∼= Hn
c,b(G,Rε)

ρ∗
Hn

b (Γ )
transΓ

Hn
c,b(G,Rε) ∼= R

is equal to λ · Id, where

|λ| = |Vol(ρ)|
Vol(M)

� 1.

Proof As the quotient is left invariant by passing to finite index subgroups, we can
without loss of generality suppose that Γ is torsion free. Let λ ∈ R be defined by

transΓ ◦ρ∗(ωb
n

) = λ · ωb
n. (9)

We apply the comparison map c to this equality and obtain

c ◦ transΓ ◦ρ∗(ωb
n

) = λ · c(ωb
n

) = λ · ωn = λ · τdR(ωN,∂N).

The first expression of this line of equalities is equal to τdR ◦ c ◦ ρ∗(ωb
n) by the

commutativity of the diagram (6). Since τdR is injective in top degree it follows that
(c ◦ ρ∗)(ωb

n) = λ · ωN,∂N . Evaluating on the fundamental class, we obtain

Vol(ρ) = 〈(

c ◦ ρ∗)(ωb
n

)

, [N,∂N ]〉 = λ · 〈ωN,∂N , [N,∂N ]〉 = λ · Vol(i) = λ · Vol(M).

For the inequality, we take the sup norms on both sides of (9), and get

|λ| = ‖ transΓ ◦ρ∗(ωb
n)‖

‖ωb
n‖

� 1,

where the inequality follows from the fact that all maps involved do not increase the
norm. This finishes the proof of the proposition. �

4 On the Proof of Theorem 1.1

The simple inequality |Vol(ρ)| � |Vol(i)| = Vol(M) follows from Proposition 3.3
and Lemma 3.2.
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The proof is divided into three steps. The first step, which follows essentially
Furstenberg’s footsteps [37, Chap. 4], consists in exhibiting a ρ-equivariant mea-
surable boundary map ϕ : ∂Hn → ∂Hn. In the second step we will establish that ϕ

maps the vertices of almost every positively oriented ideal simplex to vertices of
positively (or negatively—one or the other, not both) oriented ideal simplices. In the
third and last step we show that ϕ has to be the extension of an isometry, which will
provide the conjugation between ρ and i. The fact that n � 3 will only be used in
the third step.

4.1 Step 1: The Equivariant Boundary Map

We need to define a measurable map ϕ : ∂Hn → ∂Hn such that

ϕ
(

i(γ ) · ξ) = ρ(γ ) · ϕ(ξ), (10)

for every ξ ∈ ∂Hn and every γ ∈ Γ .
The construction of such boundary map is the sore point of many rigidity ques-

tions. In the rank one situation in which we are, the construction is well known and
much easier, and is recalled here for completeness.

Since ∂Hn can be identified with Isom+(Hn)/P , where P < Isom+(Hn) is a
minimal parabolic, the action of Γ on ∂Hn is amenable. Thus there exists a Γ -
equivariant measurable map ϕ : ∂Hn → M 1(∂Hn), where M 1(∂Hn) denotes the
probability measures on ∂Hn, [37]. We recall the proof here for the sake of the
reader familiar with the notion of amenable group but not conversant with that of
amenable action, although the result is by now classical.

Lemma 4.1 Let G be a locally compact group, Γ < G a lattice and P an amenable
subgroup. Let X be a compact metrizable space with a Γ -action by homeomor-
phisms. Then there exists a Γ -equivariant boundary map ϕ : G/P → M 1(X).

Proof Let C(X) be the space of continuous functions on X. The space

L1
Γ

(

G,C(X)
) :=

{

f : G → C(X)
∣

∣f is measurable, Γ -equivariant and

∫

Γ \G
∥

∥f (ġ)
∥

∥∞ dμ(ġ) < ∞
}

,

is a separable Banach space whose dual is the space L∞
Γ (G,M (X)) of measur-

able Γ -equivariant essentially bounded maps from G into M (X), where M (X) =
C(X)∗ is the dual of C(X). (Notice that since C(X) is a separable Banach space,
the concept of measurability of a function G → C(X)∗ is the same as to whether
C(X)∗ is endowed with the weak-* or the norm topology.) Then L∞

Γ (G,M 1(X)) is
a convex compact subset of the unit ball of L∞

Γ (G,M (X)) that is right P -invariant.
Since P is amenable, there exists a P -fixed point, that is nothing but the map
ϕ : G/P → M 1(X) we were looking for. �
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We are going to associate to every μ ∈ M 1(∂Hn) (in the image of ϕ) a point
in ∂Hn.

If the measure μ has only one atom of mass � 1
2 , then we associate to μ this

atom. We will see that all other possibilities result in a contradiction.
If the measure μ has no atoms of mass greater than or equal to 1

2 , we can apply
Douady and Earle’s barycenter construction [16, Sect. 2] that to such a measure as-
sociates equivariantly a point bμ ∈ H

n. By ergodicity of the Γ -action on ∂Hn×∂Hn,
the distance d := d(bϕ(x), bϕ(x′)) between any two of these points is essentially con-
stant. It follows that for a generic x ∈ ∂Hn, there is a bounded orbit, contradicting
the fact that the action is not elementary.

If on the other hand there is more than one atom whose mass is at least 1
2 , then

the support of the measure must consist of two points (with an equally distributed
measure). Denote by gx the geodesic between the two points in the support of the
measure ϕ(x) ∈ M 1(∂Hn). By ergodicity of the Γ -action on ∂Hn × ∂Hn, the car-
dinality of the intersection supp(ϕ(x)) ∩ supp(ϕ(x′)) must be almost everywhere
constant and hence almost everywhere either equal to 0, 1 or 2.

If | supp(ϕ(x)) ∩ supp(ϕ(x′))| = 2 for almost all x, x′ ∈ ∂Hn, then the geodesic
gx is Γ -invariant and hence the action is elementary.

If | supp(ϕ(x)) ∩ supp(ϕ(x′))| = 1, then we have to distinguish two cases: ei-
ther for almost every x ∈ ∂Hn there is a point ξ ∈ ∂Hn such that supp(ϕ(x)) ∩
supp(ϕ(x′)) = {ξ} for almost all x′ ∈ ∂Hn, in which case again ξ would be Γ -
invariant and the action elementary, or supp(ϕ(x))∪supp(ϕ(x′))∪supp(ϕ(x′′)) con-
sists of exactly three points for almost every x′, x′′ ∈ ∂Hn. In this case the barycen-
ter of the geodesic triangle with vertices in these three points is Γ -invariant and the
action is, again, elementary.

Finally, if | supp(ϕ(x)) ∩ supp(ϕ(x′))| = 0, let D := d(gx, gx′). By ergodicity
on ∂Hn × ∂Hn, d is essentially constant. Let γ ∈ ρ(Γ ) be a hyperbolic element
whose fixed points are not the endpoints of gx or gx′ . Then iterates of γ send a
geodesic gx′ into an arbitrarily small neighborhood of the attractive fixed point of γ ,
contradicting that gx is at fixed distance from gx′ .

4.2 Step 2: Mapping Regular Simplices to Regular Simplices

The next step is to prove Theorem 1.4. Then if Vol(ρ) = Vol(M), it will follow that
the map ϕ in Step 1 sends almost all regular simplices to regular simplices.

From Proposition 3.3 we obtain that the composition of the induced map ρ∗ and
the transfer with respect to the lattice embedding i is equal to ± the identity on
Hn

c,b(G
+,Rε). In dimension 3, it follows from [4] that H 3

c,b(Isom+(H3),R) ∼= R
and the proof can be formulated using trivial coefficients; this has been done in [11],
which is the starting point of this paper. In higher dimension it is conjectured, but
not known, that Hn

c,b(G
+,R) ∼= R.

We can without loss of generality suppose that transΓ ◦ρ∗ is equal to + Id. In-
deed, otherwise, we conjugate ρ by an orientation reversing isometry. We will now
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show that the isomorphism realized at the cochain level leads to the equality (11),
which is only an almost everywhere equality. Up to this point, the proof is elemen-
tary. The only difficulty in our proof is to show that the almost everywhere equality
is a true equality, which we prove in Proposition 4.2. Note however that there are
two cases in which Proposition 4.2 is immediate, namely 1) if ϕ is a homeomor-
phism, which is the case if Γ is cocompact and ρ is also a lattice embedding (which
is the case of the classical Mostow Rigidity Theorem), and 2) if the dimension n

equals 3. We give the alternative simple arguments below.
The bounded cohomology groups Hn

c,b(G,Rε) and Hn
b (Γ,R) can both be com-

puted from the corresponding L∞ equivariant cochains on ∂Hn. The induced map
ρ∗ : Hn

c,b(G,Rε) → Hn
b (Γ,R) is represented by the pullback by ϕ, although it

should be noted that the pullback in bounded cohomology cannot be implemented
with respect to boundary maps in general, unless the class to pull back can be
represented by a strict invariant Borel cocycle. This is our case for Voln and
as a consequence, ϕ∗(Voln) is also a measurable Γ -invariant cocycle. It hence
determines a cohomology class in Hn

b (Γ ) which, by [10, Corollary 3.7], repre-
sents ρ∗(ωn).

The composition of maps transΓ ◦ρ∗ is thus realized at the cochain level by

L∞((

∂Hn
)n+1

,Rε

)Γ −→ L∞((

∂Hn
)n+1

,Rε

)G

v �−→ {

(ξ0, . . . , ξn) �→∫

Γ \G ε
(

ġ−1
)

v
(

ϕ
(

ġξ0, . . . , ġξn

))

dμ(ġ)
}

.

Since the composition transΓ ◦ρ∗ is the multiplication by Vol(ρ)
Vol(M)

at the cohomology
level and there are no coboundaries in degree n (Lemma 2.2), the above map sends
the cocycle Voln to Vol(ρ)

Vol(M)
Voln. Thus, for almost every ξ0, . . . , ξn ∈ ∂Hn we have

∫

Γ \G
ε
(

ġ−1) · Voln
(

ϕ(ġξ0), . . . , ϕ(ġξn)
)

dμ(ġ) = Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn). (11)

Let (∂Hn)(n+1) be the G-invariant open subset of (∂Hn)n+1 consisting of (n + 1)-
tuples of points (ξ0, . . . , ξn) such that ξi �= ξj for all i �= j . Observe that the vol-
ume cocycle Voln is continuous when restricted to (∂Hn)(n+1) and vanishes on
(∂Hn)n+1

� (∂Hn)(n+1). Observe moreover that the volume of ideal simplices is
a continuous extension of the volume of simplices with vertices in the interior Bn

of the sphere Sn−1 = ∂Hn.

Proposition 4.2 Let i : Γ → G be a lattice embedding, ρ : Γ → G a representation
and ϕ : ∂Hn → ∂Hn a Γ -equivariant measurable map. Identifying Γ with its image
i(Γ ) < G via the lattice embedding, if

∫

Γ \G
ε
(

ġ−1) · Voln
(

ϕ(ġξ0), . . . , ϕ(ġξn)
)

dμ(ġ) = Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

for almost every (ξ0, . . . , ξn) ∈ (∂Hn)n+1, then the equality holds everywhere.
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Before we proceed with the proof, let us observe that it immediately follows from
the proposition that if ρ has maximal volume, then ϕ maps the vertices of almost
every regular simplex to the vertices of a regular simplex of the same orientation,
which is the conclusion of Step 2.

Proof if ϕ is a Homeomorphism Since ϕ is injective, both sides of the almost ev-
erywhere equality are continuous on (∂Hn)(n+1). Since they agree on a full measure
subset of (∂Hn)(n+1), the equality holds on the whole of (∂Hn)(n+1). As for its com-
plement, it is clear that if ξi = ξj for i �= j then both sides of the equality vanish. �

Proof if n = 3 Both sides of the almost equality are defined on the whole of
(∂H3)4, are cocycles on the whole of (∂H3)4, vanish on (∂H3)4

� (∂H3)(4) and
are Isom+(H3)-invariant. Let a, b : (∂H3)4 → R be two such functions and suppose
that a = b on a set of full measure. This means that for almost every (ξ0, . . . , ξ3) ∈
(∂H3)4, we have a(ξ0, . . . , ξ3) = b(ξ0, . . . , ξ3). Since Isom+(H3) acts transitively
on 3-tuples of distinct points in H

3 and both a and b are Isom+(H3)-invariant, this
means that for every (ξ0, ξ1, ξ2) ∈ (∂H3)(3) and almost every η ∈ ∂H3 the equality

a(ξ0, ξ1, ξ2, η) = b(ξ0, ξ1, ξ2, η)

holds. Let ξ0, . . . , ξ3 ∈ ∂H3 be arbitrary. If ξi = ξj for i �= j , we have a(ξ0, . . . , ξ3) =
b(ξ0, . . . , ξ3) by assumption. Suppose ξi �= ξj whenever i �= j . By the above, for ev-
ery i ∈ 0, . . . ,3 the equality

a(ξ0, . . . ,̂ξi, . . . , ξ3, η) = b(ξ0, . . . ,̂ξi, . . . , ξ3, η)

holds for η in a subset of full measure in ∂H3. Let η be in the (non empty) intersec-
tion of these four full measure subsets of ∂H3. We then have

a(ξ0, . . . , ξ3) =
3

∑

i=0

(−1)ia(ξ0, . . . ,̂ξi, . . . , ξ3, η)

=
3

∑

i=0

(−1)ib(ξ0, . . . ,̂ξi, . . . , ξ3, η) = b(ξ0, . . . , ξ3),

where we have used the cocycle relations for a and b in the first and last equality
respectively. �

Proof in the General Case Observe first of all that for all (ξ0, . . . , ξn) ∈ (∂Hn)n+1
�

(∂Hn)(n+1) the equality holds trivially.
Using the fact that ∂Hn ∼= Sn−1 ⊂ Rn, let us consider the function ϕ : ∂Hn →

∂Hn as a function ϕ : ∂Hn → Rn and for j = 1, . . . , n denote by ϕj its coordi-
nates. Since ∂Hn ∼= G/P , where P is a minimal parabolic, let ν be the quasi-
invariant measure on ∂Hn obtained from the decomposition of the Haar measure
μG with respect to the Haar measure μP on P , as in (17). According to Lusin’s
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theorem applied to the ϕj for j = 1, . . . , n (see for example [31, Theorem 2.24]),
for every δ > 0 there exist a measurable set Bδ,i ⊂ ∂Hn with measure ν(Bi,δ) � δ

and a continuous function f ′
j,δ : ∂Hn → R such that ϕj ≡ f ′

j,δ on ∂Hn
� Bj,δ .

Set f ′
δ := (f1,δ, . . . , fn,δ) → Rn and consider the composition fδ := r ◦ f ′

δ with
the retraction r : Rn → Bn to the closed unit ball Bn ⊂ Rn. Then, by setting
Bδ := ⋃n

j=1 Bj,δ , we see that ϕ coincides on ∂Hn
�Bδ with the continuous function

fδ : ∂Hn → Bn and ν(Bδ) � nδ.
Let D ⊂ G be a fundamental domain for the action of Γ on G. For every

measurable subset E ⊂ D , any measurable map ψ : ∂Hn → Bn and any point
(ξ0, . . . , ξn) ∈ (∂Hn)(n+1), we use the notation

I
(

ψ,E, (ξ0, . . . , ξn)
) :=

∫

E

ε
(

g−1)Voln
(

ψ(gξ0), . . . ,ψ(gξn)
)

dμG(g),

so that we need to show that if

I
(

ϕ,D, (ξ0, . . . , ξn)
) = Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn) (12)

for almost every (ξ0, . . . , ξn) ∈ (∂Hn)(n+1), then the equality holds everywhere.
Fix ε > 0 and let Kε ⊂ D be a compact set such that μG(D � Kε) < ε. The

proof is broken up in several lemmas, that we state and use here, but whose proof
we postpone.

Lemma 4.3 With the above notations,

μG

({g ∈ Kε : gξ ∈ Bδ}
)

� σε(δ), (13)

where σε(δ) does not depend on ξ ∈ ∂Hn and σε(δ) → 0 when δ → 0.

Replacing ϕ with fδ results in the following estimate for the integral.

Lemma 4.4 With the notation as above, there exists a function Mε(δ) with the prop-
erty that limδ→0 Mε(δ) = 0, such that

∣

∣I
(

ϕ,Kε, (ξ0, . . . , ξn)
) − I

(

fδ,Kε, (ξ0, . . . , ξn)
)∣

∣ � Mε(δ),

for all (ξ0, . . . , ξn+1) ∈ (∂Hn)n+1.

Observe that, although
∣

∣I
(

ϕ,D, (ξ0, . . . , ξn)
) − I

(

ϕ,Kε, (ξ0, . . . , ξn)
)∣

∣ < ε‖Voln ‖, (14)

for all (ξ0, . . . , ξn+1) ∈ (∂Hn)(n+1), the estimate
∣

∣

∣

∣

I
(

ϕ,Kε, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣
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�
∣

∣I
(

ϕ,Kε, (ξ0, . . . , ξn)
) − I

(

ϕ,D, (ξ0, . . . , ξn)
)∣

∣

+
∣

∣

∣

∣

I
(

ϕ,D, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

� ε‖Voln ‖, (15)

holds only for almost every (ξ0, . . . , ξn) ∈ (∂Hn)(n+1), since this is the case for (12).
From (15) and Lemma 4.4, it follows that

∣

∣

∣

∣

I
(

fδ,Kε, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

�
∣

∣I
(

fδ,Kε, (ξ0, . . . , ξn)
) − I

(

ϕ,Kε, (ξ0, . . . , ξn)
)∣

∣

+
∣

∣

∣

∣

I
(

ϕ,Kε, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

< Mε(δ) + ε‖Voln ‖, (16)

for almost every (ξ0, . . . , ξn) ∈ (∂Hn)(n+1).
The following lemma uses the continuity of fδ to deduce that all of the almost

everywhere equality that propagated from the use of (12) in (15), can indeed be
observed to hold everywhere because of the use of Lusin theorem.

Lemma 4.5 There exist a function L(ε, δ) such that limε→0 limδ→0 L(ε, δ) = 0 and

∣

∣

∣

∣

I
(

fδ,Kε, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

� L(ε, δ)

for all (ξ0, . . . , ξn) ∈ (∂Hn)(n+1).

From this, and from Lemma 4.4, and using once again (14), now all everywhere
statements, we conclude that

∣

∣

∣

∣

I
(

ϕ,D, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

�
∣

∣I
(

ϕ,D, (ξ0, . . . , ξn)
) − I

(

ϕ,Kε, (ξ0, . . . , ξn)
)∣

∣

+ ∣

∣I
(

ϕ,Kε, (ξ0, . . . , ξn)
) − I

(

fδ,Kε, (ξ0, . . . , ξn)
)∣

∣

+
∣

∣

∣

∣

I
(

fδ,Kε, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

< Mε(δ) + L(ε, δ) + ε‖Voln ‖,

for all (ξ0, . . . , ξn+1) ∈ (∂Hn)n+1. This concludes the proof of Proposition 4.2, as-
suming the unproven lemmas. �

We now proceed to the proof of Lemmas 4.3, 4.4 and 4.5.
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Proof of Lemma 4.3 Recall that ∂Hn = G/P , where P < G is a minimal parabolic
and let η : G/P → G be a Borel section of the projection G → G/P such that F :=
η(G/P ) is relatively compact [26, Lemma 1.1]. Let ˜Bδ := η(Bδ) and, if ξ ∈ Bδ , set
ξ̃ := η(ξ) ∈ ˜Bδ . On the other hand, if g ∈ Kε and gξ ∈ Bδ , there exists p ∈ P such
that gξ̃p ∈ ˜Bδ and, in fact, the p can be chosen to be in P ∩ F−1(Kε)

−1F =: Cε .
Thus we have

{g ∈ Kε : gξ ∈ Bδ} = {

g ∈ Kε : there exists p ∈ Cε with gξ̃p ∈ ˜Bδ

}

= {

g ∈ Kε ∩ ˜Bδp
−1ξ̃−1 for some p ∈ Cε

} ⊂ Kε ∩ ˜BδC
−1
ε ξ̃−1,

and hence

μG

({g ∈ Kε : gξ ∈ Bδ}
)

� μG

(

Kεξ̃
−1 ∩ ˜BδC

−1
ε

)

� μG

(

˜BδC
−1
ε

)

.

To estimate the measure, recall that there is a strictly positive continuous function
q : G → R+ and a positive measure ν on ∂Hn such that

∫

G

f (g)q(g) dμG(g) =
∫

∂Hn

(∫

P

f (ġξ) dμP (ξ)

)

dν(ġ), (17)

for all continuous functions f on G with compact support, [30, Sect. 8.1].
We may assume that μG(˜BδC

−1
ε ) �= 0 (otherwise we are done). Then, since q is

continuous and strictly positive and the integral is on a relatively compact set, there
exists a constant 0 < α < ∞ such that

αμG

(

˜BδC
−1
ε

) =
∫

∂Hn

(∫

P

χ
˜BδC

−1
ε

(ġξ ) dμP (ξ)

)

dν(ġ).

But, by construction, if g ∈ ˜Bδ , then gξ ∈ ˜BδC
−1
ε if and only if ξ ∈ C−1

ε , so that

∫

P

χ
˜BδC

−1
ε

(ġξ ) dμP (ξ) = μP

(

C−1
ε

)

,

and hence

αμG

(

˜BδC
−1
ε

) = ν(Bδ)μP

(

C−1
ε

)

.

Since ν(Bδ) < δ, the inequality (13) is proven with σε(δ) = 1
α
μP (C−1

ε )δ. �

Proof of Lemma 4.4 Let us fix (ξ0, . . . , ξn) ∈ (∂Hn)n+1. Then we have

∣

∣I
(

ϕ,Kε, (ξ0, . . . , ξn)
) − I

(

fδ,Kε, (ξ0, . . . , ξn)
)∣

∣

�
∣

∣I
(

ϕ,Kε,0, (ξ0, . . . , ξn)
) − I

(

fδ,Kε,0, (ξ0, . . . , ξn)
)∣

∣

+ ∣

∣I
(

ϕ,Kε,1, (ξ0, . . . , ξn)
) − I

(

fδ,Kε,1, (ξ0, . . . , ξn)
)∣

∣,
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where

Kε,0 :=
n

⋂

j=0

{

g ∈ Kε : gξj ∈ ∂Hn
�Bδ

}

and Kε,1 := Kε �Kε,0.

But ϕ(g) = fδ(g) for all g ∈ Kε,0, hence the difference of the integrals on Kε,0
vanishes. Since

μG(Kε,1) = μG

(

Kε ∩
n

⋃

j=0

{g ∈ Kε : gξj ∈ Bδ}
)

� (n + 1)σε(δ),

we obtain the assertion with Mε(δ) := 2(n + 1)‖Voln ‖σε(δ). �

Proof of Lemma 4.5 If the volume were continuous on (∂Hn)n+1 or if the function
fδ were injective, the assertion would be obvious.

Observe that ϕ is almost everywhere injective: in fact, by double ergodicity, the
subset of ∂Hn × ∂Hn consisting of pairs (x, y) for which ϕ(x) = ϕ(y) is a set of
either zero or full measure and the latter would contradict non-elementarity of the
action. Then on a set of full measure in ∂Hn

� Bδ the function fδ is injective and
hence Voln(fδ(gξ0), . . . , fδ(gξn)) is continuous provided the fδ(gξ0), . . . , fδ(gξn)

are pairwise distinct.
So, for any (ξ0, . . . , ξn) ∈ (∂Hn)(n+1) we define

E (ξ0, . . . , ξn) := {

g ∈ Kε : fδ(gξ0), . . . , fδ(gξn) are pairwise distinct
}

.

Let F ⊂ (Bc
δ × Bc

δ )
(2) be the set of distinct pairs (x, y) ∈ (Bc

δ × Bc
δ )

(2) such that
fδ(x) = fδ(y). Then F is of measure zero, and given any (ξ0, ξ1) ∈ ∂Hn × ∂Hn

distinct, the set {g ∈ G : g(ξ0, ξ1) ∈ F } is of μG-measure zero. This, together with
Lemma 4.3, implies that

μG

(

Kε � E (ξ0, . . . , ξn)
)

� μG

(

n
⋃

j=0

{g ∈ Kε : gξj ∈ Bδ}
)

� (n + 1)σε(δ). (18)

Let S ⊂ (∂Hn)(n+1) be the set of full measure where the inequality (16) holds
and let (ξ0, . . . , ξn) ∈ (∂Hn)(n+1). Since νn+1((∂Hn)(n+1)

�S ) = 0, there exists a
sequence of points (ξ

(k)
0 , . . . , ξ

(k)
n ) ∈ S with (ξ

(k)
0 , . . . , ξ

(k)
n ) → (ξ0, . . . , ξn). Then

for every g ∈ E (ξ)

lim
k→∞ Voln

(

fδ

(

gξ
(k)
0

)

, . . . , fδ

(

gξ(k)
n

)) = Voln
(

fδ(gξ0), . . . , fδ(gξn)
)

,

and, by the dominated convergence theorem applied to the sequence hk(g) :=
Voln(fδ(gξ

(k)
0 ), . . . , fδ(gξ

(k)
n )), we deduce that

lim
k→∞I

(

fδ,E (ξ0, . . . , ξn),
(

ξ
(k)
0 , . . . , ξ (k)

n

)) = I
(

fδ,E (ξ0, . . . , ξn), (ξ0, . . . , ξn)
)

.

(19)
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But then
∣

∣

∣

∣

I
(

fδ,Kε, (ξ0, . . . , ξn)
) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

�
∣

∣I
(

fδ,Kε, (ξ0, . . . , ξn)
) − I

(

fδ,E (ξ0, . . . , ξn), (ξ0, . . . , ξn)
)∣

∣

+ ∣

∣I
(

fδ,E (ξ0, . . . , ξn),(ξ0, . . . , ξn)
)−I

(

fδ,E (ξ0, . . . , ξn),
(

ξ
(k)
0 , . . . , ξ (k)

n

))∣

∣

+ ∣

∣I
(

fδ,E (ξ0, . . . , ξn),
(

ξ
(k)
0 , . . . , ξ (k)

n

)) − I
(

fδ,Kε,
(

ξ
(k)
0 , . . . , ξ (k)

n

))∣

∣

+
∣

∣

∣

∣

I
(

fδ,Kε,
(

ξ
(k)
0 , . . . , ξ (k)

n

)) − Vol(ρ)

Vol(M)
Voln

(

ξ
(k)
0 , . . . , ξ (k)

n

)

∣

∣

∣

∣

+
∣

∣

∣

∣

Vol(ρ)

Vol(M)
Voln

(

ξ
(k)
0 , . . . , ξ (k)

n

) − Vol(ρ)

Vol(M)
Voln(ξ0, . . . , ξn)

∣

∣

∣

∣

,

for all (ξ0, . . . , ξn) ∈ (∂Hn)(n+1).
The first and third lines after the inequality sign are each � (n + 1)‖Voln ‖σε(δ)

because of (18); the second line after the equality is less than δ if k is large
enough because of (19); the fourth line is � Mε(δ) + ε‖Voln ‖ by (16) since
(ξ

(k)
0 , . . . , ξ

(k)
n ) ∈ S and finally the last line is also less than δ if k if large enough.

All of the estimate hold for all (ξ0, . . . , ξn) ∈ (∂Hn)(n+1), and hence the assertion is
proven with L(ε, δ) := 2δ + 2(n + 1)‖Voln ‖σε(δ) + Mε(δ) + ε‖Voln ‖. �

4.3 Step 3: The Boundary Map is an Isometry

Suppose now that the equality |Vol(ρ)| = |Vol(i)| holds. Then ϕ maps enough reg-
ular simplices to regular simplices. In this last step of the proof, we want to show
that then ϕ is essentially an isometry, and this isometry will realize the conjugation
between ρ and i.

In the case of a cocompact lattice Γ < Isom(Hn) and a lattice embedding ρ :
Γ → Isom+(Hn), the limit map ϕ is continuous and the proof is very simple based
on Lemma 4.6. This is the original setting of Gromov’s proof of Mostow rigidity for
compact hyperbolic manifolds.

If either the representation ρ is not assumed to be a lattice embedding, or if Γ is
not cocompact, then the limit map ϕ is only measurable and one needs a measurable
variant of Lemma 4.6 presented in Proposition 4.7 for n � 4. The case n = 3 was
first proven by Thurston for his generalization (Corollary 1.3 here) of Gromov’s
proof of Mostow rigidity. It is largely admitted that the case n = 3 easily generalizes
to n � 4, although we wish to point out that the proof is very much simpler for
n � 4 based on the fact that the reflection group of a regular simplex is dense in
the isometry group. For the proof of Proposition 4.7, we will omit the case n = 3
which is nicely written down in all necessary details by Dunfield [17, pp. 654–656],
following the original [33, two last paragraphs of Sect. 6.4].
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Let T denote the set of (n + 1)-tuples of points in ∂Hn which are vertices of a
regular simplex,

T = {

ξ = (ξ0, . . . , ξn) ∈ (

∂Hn
)n+1 ∣

∣ ξ are the vertices of an ideal regular simplex
}

.

We shall call an (n + 1)-tuple in T a regular simplex. Note that the order of the
vertices ξ0, . . . , ξn induces an orientation on the simplex ξ . For ξ ∈ T , denote by
Λξ < Isom(Hn) the reflection group generated by the reflections in the faces of the
simplex ξ .

Lemma 4.6 Let n � 3. Let ξ = (ξ0, . . . , ξn) ∈ T . Suppose that ϕ : ∂Hn → ∂Hn is
a map such that for every γ ∈ Λξ , the simplex with vertices (ϕ(γ ξ0), . . . , ϕ(γ ξn))

is regular and of the same orientation as (γ ξ0, . . . , γ ξn) ∈ T . Then there exists a
unique isometry h ∈ Isom(Hn) such that h(ξ) = ϕ(ξ) for every ξ ∈ ⋃n

i=0 Λξξi .

Note that this lemma and its subsequent proposition are the only places in the
proof where the assumption n � 3 is needed. The lemma is wrong for n = 2 since ϕ

could be any orientation preserving homeomorphism of ∂H2.

Proof If ξ = (ξ0, . . . , ξn) and (ϕ(ξ0), . . . , ϕ(ξn)) belong to T , then there exists a
unique isometry h ∈ Isom+(Hn) such that hξi = ϕ(ξi) for i = 0, . . . , n. It remains
to check that

h(γ ξi) = ϕ(γ ξi) (20)

for every γ ∈ Λξ . Every γ ∈ Λξ is a product γ = rk · . . . · r1, where rj is a re-
flection in a face of the regular simplex rj−1 · . . . · r1(ξ). We prove the equal-
ity (20) by induction on k, the case k = 0 being true by assumption. Set ηi =
rk−1 · . . . · r1(ξi). By induction, we know that h(ηi) = ϕ(ηi). We need to show that
h(rkηi) = ϕ(rkηi). The simplex (η0, . . . , ηn) is regular and rk is a reflection in one
of its faces, say the face containing η1, . . . , ηn. Since rkηi = ηi for i = 1, . . . , n, it
just remains to show that h(rkη0) = ϕ(rkη0). The simplex (rkη0, rkη1, . . . , rkηn) =
(rkη0, η1, . . . , ηn) is regular with opposite orientation to (η0, η1, . . . , ηn). This
implies on the one hand that the simplex (h(rkη0), h(η1), . . . , h(ηn)) is regular
with opposite orientation to (h(η0), h(η1), . . . , h(ηn)), and on the other hand that
the simplex (ϕ(rkη0), ϕ(η1), . . . , ϕ(ηn)) is regular with opposite orientation to
(ϕ(η0), . . . , ϕ(ηn)). Since (h(η0), h(η1), . . . , h(ηn)) = (ϕ(η0), . . . , ϕ(ηn)) and there
is in dimension n � 3 only one regular simplex with face h(η1), . . . , h(ηn) and op-
posite orientation to (h(η0), h(η1), . . . , h(ηn)) it follows that h(rkη0) = ϕ(rkη0). �

If ϕ were continuous, sending the vertices of all positively (respectively nega-
tively) oriented ideal regular simplices to vertices of positively (resp. neg.) oriented
ideal regular simplices, then it would immediately follow from the lemma that ϕ is
equal to an isometry h on the orbits

⋃n
i=0 Λξξi of the vertices of one regular simplex

under its reflection group. Since the set
⋃n

i=0 Λξξi is dense in ∂Hn, the continuity
of ϕ would imply that ϕ is equal to the isometry h on the whole ∂Hn.
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In the setting of the next proposition, we first need to show that there exist enough
regular simplices for which ϕ maps every simplex of its orbit under reflections to a
regular simplex. Second, we apply the lemma to obtain that ϕ is equal to an isometry
on these orbits. Finally, we use ergodicity of the reflection groups to conclude that
it is the same isometry for almost all regular simplices. As mentioned earlier, the
proposition also holds for n = 3 (see [17, pp. 654-656] and [33, two last paragraphs
of Sect. 6.4]), but in that case the proof is quite harder, since the reflection group of
a regular simplex is discrete in Isom(Hn) (indeed, one can tile H

3 by regular ideal
simplices) and in particular does not act ergodically on Isom(Hn).

Proposition 4.7 Let n � 4. Let ϕ : ∂Hn → ∂Hn be a measurable map sending the
vertices of almost every positively, respectively negatively oriented regular ideal sim-
plex to the vertices of a positively, resp. negatively, oriented regular ideal simplex.
Then ϕ is equal almost everywhere to an isometry.

Proof Let T ϕ ⊂ T denote the following subset of the set T of regular simplices:

T ϕ = {

ξ = (ξ0, . . . , ξn) ∈ T
∣

∣

(

ϕ(ξ0), . . . , ϕ(ξn)
)

belongs to T and has the same

orientation as (ξ0, . . . , ξn)
}

.

By assumption, T ϕ has full measure in T . Let T
ϕ
Λ ⊂ T ϕ be the subset consisting

of those regular simplices for which all reflections by the reflection group Λξ are
in T ϕ ,

T
ϕ
Λ = {

ξ ∈ T
∣

∣γ ξ ∈ T ϕ ∀γ ∈ Λξ

}

.

We claim that T
ϕ
Λ has full measure in T .

To prove the claim, we do the following identification. Since G = Isom(Hn) acts
simply transitively on the set T of (oriented) regular simplices, given a base point
η = (η0, . . . , ηn) ∈ T we can identify G with T via the evaluation map

Evη : G −→ T

g �−→ g(η).

The subset T ϕ is mapped to a subset Gϕ := (Evη)
−1(T ϕ) ⊂ G via this correspon-

dence. A regular simplex ξ = g(η) belongs to T
ϕ
Λ if and only if, by definition,

γ ξ = γgη belongs to T ϕ for every γ ∈ Λξ . Since Λξ = gΛηg
−1, the latter con-

dition is equivalent to gγ0η ∈ T ϕ for every γ0 ∈ Λη, or in other words, g ∈ Gϕγ −1
0 .

The subset T
ϕ
Λ is thus mapped to

Gϕ = Ev−1
η

(

T
ϕ
Λ

) =
⋂

γ0∈Λη

Gϕγ −1
0 ⊂ G

via the above correspondence. Since a countable intersection of full measure subsets
has full measure, the claim is proved.
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For every ξ ∈ T
ϕ
Λ and hence almost every ξ ∈ T there exists by Lemma 4.6 a

unique isometry hξ such that hξ (ξ) = ϕ(ξ) on the orbit points ξ ∈ ⋃n
i=0 Λξξi . By

the uniqueness of the isometry, it is immediate that hγ ξ = hξ for every γ ∈ Λξ .
We have thus a map h : T → Isom(Hn) given by ξ �→ hξ defined on a full measure
subset of T . Precomposing h by Evη, it is straightforward that the left Λξ -invariance
of h on Λξξ naturally translates to a global right invariance of h◦Evη on G. Indeed,
let g ∈ G and γ0 ∈ Λη. We compute

h ◦ Evη(g · γ0) = hgγ0η = hgγ0g
−1gη = hgη = h ◦ Evη(g),

where we have used the left Λgη-invariance of h on the reflections of gη in the third

equality. (Recall, gγ0g
−1 ∈ gΛηg

−1 = Λgη.) Thus, h ◦ Evη : G → G is invariant
under the right action of Λη. Since the latter group is dense in G, it acts ergodically
on G and h ◦ Evη is essentially constant. This means that also h is essentially con-
stant. Thus, for almost every regular simplex ξ ∈ T , the evaluation of ϕ on any orbit
point of the vertices of ξ under the reflection group Λξ is equal to h. In particular,
for almost every ξ = (ξ0, . . . , ξn) ∈ T and also for almost every ξ0 ∈ H

n, we have
ϕ(ξ0) = h(ξ0), which finishes the proof of the proposition. �

We have now established that ϕ is essentially equal to the isometry h ∈ Isom(Hn)

on ∂Hn. It remains to see that h realizes the conjugation between ρ and i. Indeed,
replacing ϕ by h in (10) we have

(

h · i(γ )
)

(ξ) = (

ρ(γ ) · h)

(ξ),

for every ξ ∈ ∂Hn and γ ∈ Γ . Since all maps involved (h, i(γ ) and ρ(γ )) are isome-
tries of Hn and two isometries induce the same map on ∂Hn if and only if they are
equal it follows that

h · i(γ ) · h−1 = ρ(γ )

for every γ ∈ Γ , which finishes the proof of the theorem.
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Abstract In a semi-homogeneous tree, the set of edges is a transitive homogeneous
space of the group of automorphisms, but the set of vertices is not (unless the tree
is homogeneous): in fact, the latter splits into two disjoint homogeneous spaces
V+, V− according to the homogeneity degree. With the goal of constructing maximal
abelian convolution algebras, we consider two different algebras of radial functions
on semi-homogeneous trees. The first consists of functions on the vertices of the
tree: in this case the group of automorphisms gives rise to a convolution product
only on V+ and V− separately, and we show that the functions on V+, V− that are
radial with respect to the natural distance form maximal abelian algebras, generated
by the respective Laplace operators. The second algebra consists of functions on
the edges of the tree: in this case, by choosing a reference edge, we show that no
algebra that contains an element supported on the disc of radius one is radial, not
even in a generalized sense that takes orientation into account. In particular, the two
Laplace operators on the edges of a semi-homogeneous (non-homogeneous) tree do
not generate a radial algebra, and neither does any weighted combination of them.
It is also worth observing that the convolution for functions on edges has some
unexpected properties: for instance, it does not preserve the parity of the distance,
and the two Laplace operators never commute, not even on homogeneous trees.
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1 Introduction

This short note addresses a question naturally connected with the work of Alessan-
dro Figà-Talamanca in harmonic analysis on homogeneous trees. Indeed, his work
revealed a strong analogy between geometry and harmonic analysis on trees and on
Riemannian symmetric spaces of rank one [3] (previous progress in this direction,
related to the Radon transform, was made in [1]).

A deeper understanding of this analogy can be achieved by regarding trees as
p-adic symmetric spaces [5, 7]. In this setting, semi-homogeneous trees are the
Bruhat-Tits buildings of rank one. In general, a Bruhat-Tits building of higher rank
n is a simplicial complex where a p-adic semisimple group acts naturally. The ge-
ometry of this action is used to study harmonic analysis and representation theory
of the acting group, and therefore it gives rise to a natural similarity with harmonic
analysis for semisimple Lie groups of rank n. In much the same way, the results de-
veloped in [3] for some discrete groups acting on trees can be regarded as analogous
to harmonic analysis on rank-one semisimple groups.

An important tool for harmonic analysis on a semisimple group G is the maximal
abelian algebra R of invariant differential operators. In the rank-one case this alge-
bra has one generator, namely the Laplace operator. The multiplicative functionals
on R are the spherical functions of the Gelfand pair (G,K), where K is the maxi-
mal compact subgroup of rotations. The algebra R is isomorphic to the algebra of
bi-K-invariant functions on G, that is, radial functions on the homogeneous space
G/K . Spherical functions are coefficients of unitary or uniformly bounded repre-
sentations of G. Spherical functions turn out to be eigenfunctions of the Laplace
operator; the eigenvalue provides an explicit parametrization and yields a construc-
tion of irreducible unitary representations of G. On semisimple groups of rank n

there are n independent commuting invariant differential operators; the commutative
algebra that they generate provides a parametrization with n complex parameters,
and in some cases an explicit construction, of irreducible unitary representations of
the group.

In order to develop harmonic analysis and representation theory for free groups
and other groups acting on a homogeneous tree T , the tool used by Figà-Talamanca
and others (see [1] and further references in [3]) is the (maximal abelian) convolu-
tion algebra of summable radial functions on the vertices of T . This algebra, denoted
again by R, is defined provided a reference vertex o is chosen as origin, and is gener-
ated by the Laplace operator of T , that is, by the characteristic function of vertices
adjacent to o.

On the other hand, if T is semi-homogeneous but not homogeneous, the set V of
its vertices has two orbits V+, V− under the action of the group of automorphisms,
and each orbit carries a convolution algebra of radial functions (with respect to the
respective reference vertex chosen as origin; see [2] for more details). Therefore
there are two Laplace operators, each defined by the characteristic function of the
set of vertices adjacent to the respective origin; but we shall see that the algebras
generated by these two functions have distinct convolution products, and do not
embed into a single commutative superalgebra.
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We are grateful to Simon Gindikin, who raised the question answered here:
whether there exists any non-trivial radial convolution algebra of functions defined
on edges of semi-homogeneous trees. We were not able to find similar results in the
literature (for related research on buildings, see [6]).

2 Preliminaries and Notation

Let T be a tree, that is, a locally finite, connected graph without loops. Let V be the
countable set of vertices of T . The set E of (non-oriented) edges is a proper (except
in trivial cases) subset of V × V , such that any pair (u, v) ∈ E satisfies u �= v and
no non-trivial loops occur. The fact that the edges are unoriented means that we
identify (u, v) with (v,u). We say that u,v ∈ V are adjacent if (u, v) ∈ E.

The degree (or homogeneity) of v ∈ V is the number of edges that contain v

less 1. On T we fix a parity, namely a function ε : V → {+1,−1} such that if
(u, v) ∈ E then ε(u) = −ε(v). The group Aut(T ) of automorphisms of T , the in-
vertible self-maps of V that preserve adjacency, is transitive on E if and only if T

is semi-homogeneous, that is, there are non-negative integers q+, q− such that the
degree of every v ∈ V is qε(v); we shall write T = Tq+,q− and assume q+ � q− > 0
to avoid trivialities. The tree T is homogeneous when q+ = q−, because this is ex-
actly when Aut(T ) acts transitively on V as well. On the other hand, if q+ �= q−
then every automorphism must preserve the parity, so the two level sets of ε are the
orbits of Aut(T ) on V . This gives rise to an orientation on the edges. On a semi-
homogeneous, non-homogeneous tree Aut(T ) preserves this orientation.

Two edges e, e′ are adjacent if they share exactly one vertex. In general, the
chain of edges from e to e′ is the minimal finite sequence e = e0, e1, . . . , en = e′
in E such that ej−1, ej are adjacent for every j = 1, . . . , n. The (plain) distance of
e, e′ is the non-negative integer n. We refine it to their signed (or oriented) distance
dist(e, e′) := ε(v)n, where e0 ∩ e1 = {v} if n > 0 (note that in general dist(e, e′) �=
dist(e′, e)). The circle Cn(e) in E of center e ∈ E and radius a non-negative integer n

is the set of edges e′ ∈ E such that |dist(e, e′)| = n. In particular, C0(e) = {e}. If n >

0, the set Cn(e) splits into two disjoint half-circles S+n(e), S−n(e) (of signed radii
+n, −n respectively) according to the signed distance from e. Their cardinalities
(independent of e) are easily seen to be

∣
∣Sj (e)

∣
∣ =

⎧

⎪⎪⎨

⎪⎪⎩

(q+q−)|j |/2 for even j �= 0,

q
(j+1)/2
+ q

(j−1)/2
− for odd j > 0,

q
(−j−1)/2
+ q

(−j+1)/2
− for odd j < 0,

(1)

so that |S−j (e)| = |Sj (e)| only for j even or T homogeneous.
Fix e0 ∈ E. In the specification of a circle or a half-circle, if the center is omitted

it will be intended to be e0. Assume that a function M on E only depends on the
signed distance, that is,

M(e) = M
(

dist(e0, e)
)

for every e ∈ E.
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The convolution of M with a function f on E is given by

M ∗ f (e) =
∑

e′∈E

M
(

dist
(

e, e′))f
(

e′)

=
+∞
∑

n=−∞
M(n)

∑

e′∈Sn(e)

f
(

e′) for every e ∈ E,

for instance if M,f are �2-summable with respect to the counting measure on E.
We shall also let M stand for the convolution operator f 	→ M ∗ f .

3 Commutative Algebras of Functions on the Vertices
of a Semi-homogeneous Tree

In this section we consider the convolution algebras on the vertices of a semi-
homogeneous tree, as well as the geometry of vertices and associated graphs.

In order to construct commutative algebras of functions on V we must restrict
attention to proper subsets of V . Indeed, let us consider the two subsets V+, re-
spectively V−, of vertices of homogeneity q+, respectively q−, and equip each with
a graph structure as follows: two vertices in the graph V± are adjacent if both are
adjacent in the tree T to the same vertex of V∓. The set Γ±(v) of vertices adja-
cent in T to a given vertex v ∈ V∓ forms a complete subgraph of V± of cardinality
q∓ + 1, therefore we shall call V+, V− the locally complete graphs arising from
T . Figures 1 and 2 show the locally complete graphs V+, respectively V−, for the
tree T3,2. These graphs are obtained by taking complete graphs on sets of vertices
of cardinality q∓ + 1, that we call cells, and connecting them appropriately.

Another interesting graph can be associated to a semi-homogeneous tree as fol-
lows. In each cell we select a subgraph isomorphic to a cycle of q∓ + 1 edges, in
such a way that each vertex of the cell belongs to the cycle: that is, we choose a path
that visits every vertex once and remove the remaining edges. The corresponding
graph is a polygonal graph, as defined in [4]: it is obtained by starting with a regular
polygon with n sides, joining new regular polygons of m sides at its vertices, and
iterating this process with alternating values of m and n. Polygonal graphs from V+,
V− respectively, arising in this way are called polygonal graphs associated with the
semi-homogeneous tree. Each of these graphs has homogeneous cells, that is, its
cells are polygons of the same number of sides (either three or four in our example).
Since a triangle is both a polygon and a complete graph, the polygonal graph as-
sociated with vertices of homogeneity 3 coincides with the locally complete graph
already shown in Fig. 1; a polygonal graph associated with vertices of homogeneity
4 is shown in Fig. 3.

Remark 3.1 We have just shown how to associate two locally complete graphs V+
and V− and two polygonal graphs to a semi-homogeneous tree T = Tq+,q− . Con-
versely, T can be reconstructed as the barycentric subdivision of any of these graphs,
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Fig. 1 The semi-homoge-
neous tree T3,2 (solid edges)
and the locally complete
graph V+ (dashed edges).
The tree is the barycentric
subdivision of the graph

Fig. 2 The locally complete
graph V−. All dashed edges
in this drawing belong to V−:
its cells are complete
subgraphs spanned by
polygons of q+ sides. All its
vertices are represented as
dots: the intersection points
of internal edges are not
vertices. The edges of the tree
T3,2, not drawn here, coincide
with some of the edges of V−
(see next figure)

namely, the graphs obtained by the following three steps. First we insert into each
cell a new vertex, then we join such a new vertex with each old vertex of that cell,
and finally we remove all the old edges (but not the old vertices: see Fig. 1).

Instead, each locally complete graph associated with T can be obtained as the
dual graph of the other, or of the polygonal graph of the opposite sign. Such dual
graph is constructed by replacing each cell by a vertex, and considering two such
vertices adjacent if their originating cells share an old vertex. Since n cells join at
each old vertex (here n = q+ +1 or q− +1), this procedure replaces every old vertex
by a complete subgraph of n vertices.
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Fig. 3 The semi-homoge-
neous tree T3,2 (solid edges)
and a polygonal graph
extracted from V+ (dashed
edges)

By definition, the subsets V+, V− are exactly the full sets of vertices of the as-
sociated locally complete graphs. Therefore the group of automorphisms of the tree
Tq+,q− is transitive both on the vertices of these two graphs and on their sets of
edges.

Remark 3.2 Indeed, more is true: automorphisms of Tq+,q− are also automorphisms
of these two graphs. This is because the edges of the locally complete graphs asso-
ciated with the tree correspond in a one-to-one way to pairs of vertices of the tree
of the same homogeneity and at distance two. Automorphisms of the tree preserve
both homogeneity and distance, so they also act on edges of the locally complete
graphs. It is also clear that this action is transitive.

Let us denote by G the group of automorphisms of Tq+,q− , and by K± the
isotropy subgroup at a fixed vertex of homogeneity q±. As V± is a transitive ho-
mogeneous space for G, this group induces a convolution operation on functions on
V±; in particular, it gives rise to a convolution product on functions on a correspond-
ing polygonal graph associated with the tree. For functions on such a graph there is
a natural notion of radiality, introduced in [4] in terms of the block length distance
from a fixed reference vertex (the block length of every vertex is the number of cells
crossed by the minimal path to the reference vertex). If we choose a reference vertex
o± ∈ V±, the block length of a vertex v in V± has a natural reinterpretation in terms
of the geometry of Tq+,q− : it is the number of vertices in V∓ visited by the minimal
path from v to o±. We shall call this length the distance in V±. Functions on V± that
depend only on the distance are called radial. So there are two different spaces of
radial functions, one on V+ and the other on V−; these two spaces are convolution
algebras (under the respective convolution products), indeed they are the algebras
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generated by the two Laplace operators of the semi-homogeneous tree mentioned at
the end of Sect. 1.

It was proved in [4, Corollary 1] that the radial functions on a polygonal graph
form a maximal abelian algebra under convolution. Therefore the following state-
ment holds:

Proposition 3.3 The algebra of radial functions on vertices in V+ (respectively,
V−) is maximal abelian.

4 Commutative Algebras of Functions on the Edges
of a Semi-homogeneous Tree

As we have seen, the fact that the group of automorphisms of a semi-homogeneous,
non-homogeneous tree is not transitive on vertices does not allow a natural definition
of a convolution algebra on all vertices (see [2] for some advances in this direction).
So, at first glance, the appropriate way to study convolution algebras on all of the
semi-homogeneous tree T (and not just on a subset of it) should be to restrict atten-
tion to functions defined on the edges of T . The group of automorphisms acts transi-
tively on E(T ), and so it gives rise to a satisfactory convolution product on functions
thereon. Since semi-homogeneous trees are (all of) the Bruhat-Tits buildings of rank
one, we expect that, once a reference edge e is chosen, the characteristic function of
edges adjoining e should be a Laplace operator which generates a maximal abelian
convolution algebra, whose multiplicative functional should parameterize at least a
large class of irreducible unitary, or uniformly bounded, representations of the group
of automorphisms.

Here we made use of the natural geometric notion of radiality in terms of distance
from e. However, we may want to introduce a more sophisticated definition, inspired
by a polarization in E(T ). Indeed, the group of automorphisms of T preserves edge
orientation, which can be defined positive from its vertex of homogeneity q− to the
vertex of homogeneity q+. Nevertheless, choosing a reference edge e induces a dif-
ferent orientation on E(T ) \ {e}: the outgoing orientation. For some edges the two
orientations coincide: in particular, this happens for the edges which join e at its
vertex in V−; for the others, in particular the adjoining edges at the vertex in V+,
the two orientations disagree. Thus, circles around e split in two subsets, which cor-
respond to a positive and a negative half-circle. Now we see that the characteristic
function of edges at distance one from e cannot be expected to generate a radial
convolution algebra; perhaps we should instead consider separately the sets of pos-
itively and negatively oriented edges at distance one, and define the Laplacian as a
suitable linear combination of their characteristic functions. This way we obtain an
oriented definition of radiality, such that, in each circle Cn of edges at distance n

from e, a radial function may not be constant; instead, it might attain two different
values on the two half-circles Sn, S−n. Then the definition of radiality would in gen-
eral be given in terms of a sequence of appropriate positive weights wn: a function
is radial if the ratio of its values on Sn and S−n equals wn for all n.
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Surprisingly enough, such expectations fail: we show in Theorem 4.2 that not
only the characteristic function of C1 fails to generate a radial algebra in the natural
geometric sense, but also that no linear combination of the characteristic functions
of S1 and S−1 generates a radial algebra in the polarized sense, unless T is homo-
geneous. In other words, radial functions with support on C1 do not generate radial
convolution algebras.

This leads to a more general question, that will be addressed in future work:
if T is semi-homogeneous but not homogeneous, does there exist any non-trivial
radial convolution algebra? Our theorem states that no such algebra may contain
a function whose support has radius 1. We conjecture that no radial algebra may
contain a function of finite support and give hints for the validity of the general
case.

We recall the notation established at the end of Sect. 2. Denoting by χS the char-
acteristic function of a subset S ⊂ E, for each relative integer j we consider the
function (or convolution kernel)

mj =
{

χC0 = χ{e0} if j = 0,

χSj
if j �= 0.

Then our definition of radiality becomes the following:

Definition 4.1 (Radial algebras of functions on edges) Given a sequence {wn} of
positive weights, a function M on the edges of T is radial (in the oriented sense)
with respect to the weights {wn} if for each positive n it is equal to the constant
M±n on the half-circle S±n, where either Mn = M−n = 0, or Mn/M−n = wn (in
particular, Mn and M−n have the same sign). The algebra generated by M is radial
with respect to the weights {wn} if, for all positive integers k,h,n, the convolution
powers Mh and Mk satisfy the requirement that

(Mh)n

(Mh)−n

= (Mk)n

(Mk)−n

(unless (Mh)n = (Mh)−n = 0 or (Mk)n = (Mk)−n = 0), which we can in general
rewrite as

(

Mh
)

n

(

Mk
)

−n
= (

Mk
)

n

(

Mh
)

−n
. (2)

Theorem 4.2 For every r−1, r0, r1 ∈ R such that r−1, r1 are not both zero the oper-
ator

M = r−1m−1 + r0m0 + r1m1

does not generate a radial convolution algebra, unless q+ = q− and r1 = r−1. In
particular this holds for n = 1 and r−1q− + r+1q+ = −r0 = 1, in which case M is
a weighted Laplace operator on E.
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Proof If one of the coefficients r−1 and r1 is zero, the other must vanish too, because
the algebra generated by M would not otherwise be radial. Thus we can assume that
they are both non-zero. In order to compute the powers of M , we first check that the
following three identities hold:

m2+1 = q+m0 + (q+ − 1)m+1, (3)

m2−1 = q−m0 + (q− − 1)m−1, (4)

whereas

mj =

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

(m+1m−1)
j/2 for even j > 0,

(m−1m+1)
−j/2 for even j < 0,

(m+1m−1)
(j−1)/2m+1 for odd j > 0,

(m−1m+1)
(−j−1)/2m−1 for odd j < 0.

(5)

Indeed, let us compute m2+1. This is the iteration of two copies of the sum over all
forward neighboring (oriented) edges of a given edge in the positive direction. Let
us start with any given edge e. Since each neighboring edge e′ has the opposite
direction, the forward neighbors of e′ include e and all the forward neighbors of
e except e′; identity (3) follows directly from this remark, and (4) is analogous. To
prove the remaining identity, that is (5), let us consider, for example, m−1m+1. Now,
we first apply the operator m−1 of sum over the forward neighbor edges of e, and
then the backward sum over all neighbors of such forward neighbors. Because of
orientation reversal when passing to neighbors, this is the same as summing over all
neighbors of e at distance two in the positive direction. This proves one part of (5),
and the other parts follow in the same way.

It is not restrictive to assume that r0 = 0, since m0 is the identity operator. For
the sake of clarity we shall limit the argument to the case n = 1, and abbreviate
r−1, r+1 by r−, r+, respectively (the general case is handled in a similar way but
computations are more complicated). So r+ and r− are both non-zero, therefore, as
observed in Definition 4.1, they share the same sign. By the previous identities we
find

M2 = (

r2+q+ + r2−q−
)

m0

+ r2+(q+ − 1)m+1 + r2−(q− − 1)m−1

+ r+r−(m+2 + m−2),

M3 = (

r3+q+(q+ − 1) + r3−q−(q− − 1)
)

m0

+ (

r3+
(

q2+ − q+ + 1
) + 2r+r2−q−

)

m+1

+ (

r3−
(

q2− − q− + 1
) + 2r−r2+q+

)

m−1

+ (

r2+r−(q+ − 1) + r+r2−(q− − 1)
)

(m+2 + m−2)

+ r2+r−m+3 + r2−r+m−3.
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If two convolution operators belong to the same radial convolution algebra, then for
each positive integer j their coefficients of the terms m+j , m−j must either have
the same fixed ratio, say wj , or must both vanish. Imposing (2) for n = h = 1 and
k = 2, respectively k = 3, we obtain

r−r2+(q+ − 1) = r+r2−(q− − 1), (6)

r−
(

r3+
(

q2+ − q+ + 1
) + 2r+r2−q−

) = r+
(

r3−
(

q2− − q− + 1
) + 2r−r2+q+

)

. (7)

If q+ = q− = 1 then (7) simplifies to r2− = r2+, that implies r− = r+ (the standard
radiality of the homogeneous setting). If q− = 1 < q+, then (6) cannot hold, since
r+, r− �= 0. On the other hand, if q+, q− > 1, it follows from (7) that

r2+
(

q2+ − 3q+ + 1
) = r2−

(

q2− − 3q− + 1
)

.

From (6) and (7) we have

q2− − 3q− + 1

q2+ − 3q+ + 1
= r2+

r2−
= (q− − 1)2

(q+ − 1)2

for every r+, r−. By equating the left- and right-hand sides and observing that (q2− +
1)(q+ − 1)2 − (q2+ + 1)(q− − 1)2 = 2q−(q2+ + 1) − 2q+(q2− + 1), we obtain

q−
(q− − 1)2

= q+
(q+ − 1)2

. (8)

Since the function t 	→ t/(1 + t)2 is strictly monotone for t > 0, this implies q− =
q+ regardless of the values of r−, r+. Finally, by (6), we have r+ = r−. �

This unexpected behavior of algebras generated by a radial function M is proba-
bly not limited to the case where M is supported on edges at distance 1 from the ref-
erence edge. Since on any given M of finite support we can impose countably many
radiality conditions (2), we expect that such M does not generate a radial algebra
unless the tree is homogeneous (i.e., q+ = q−) and rj = r−j for all j . Therefore:

Conjecture 4.3 Let n be a positive integer, and let (rj )j=−n,...,+n be a finite se-
quence of real numbers such that for each j = 1, . . . , n the terms r−j , r+j are both
positive, or both negative, or (if j < n) both zero. Then the operator

M =
+n
∑

j=−n

rjmj

does not generate a radial convolution algebra, unless q+ = q− and rj = r−j for
every j .
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Next we give evidence for this conjecture in the case the support is contained in
the disc of radius 2, that is,

M = r−2m−2 + r−1m−1 + r0m0 + r1m1 + r2m2

but again, without loss of generality, from now on we set r0 = 0. First, we rewrite (1)
by setting qn = |Sn(e)|:

qn =

⎧

⎪⎪⎨

⎪⎪⎩

qk+qk− if |n| = 2k � 0,

qk+1+ qk− if n = 2k + 1 > 0,

qk+qk+1− if n = −2k − 1 < 0.

The multiplication rules between the functions mn follow implicitly from (1), (3),
(4), and (5):

mimj =

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mi+j if i = 0,

or i > 0 even and
j � 0,

or i < 0 even and
j � 0;

qjmi+j + ∑−j

k=1(qj+k−1 − qj+k)mi+j+2k−1 if i > 0 even and
0 > j � −i;

q−imi+j + ∑i
k=1(q−i+k−1 − q−i+k)m−i−j+2k−1 if i > 0 even and

j � −i;
qjmi+j + ∑j

k=1(qj−k+1 − qj−k)mi+j−2k+1 if i < 0 even and
0 < j � −i;

q−imi+j + ∑−i
k=1(q−i−k+1 − q−i−k)m−i−j−2k+1 if i < 0 even and

j � −i;
mi−j if i > 0 odd and

j � 0,

or i < 0 odd and
j � 0;

qjmi−j + ∑j

k=1(qj−k+1 − qj−k)mi−j+2k−1 if i > 0 odd and
0 < j � i;

qimi−j + ∑i
k=1(qi−k+1 − qi−k)m−i+j+2k−1 if i > 0 odd and

j � i;
qjmi−j + ∑−j

k=1(qj+k−1 − qj+k)mi−j−2k+1 if i < 0 odd and
0 > j � i;

qimi−j + ∑−i
k=1(qi+k−1 − qi+k)m−i+j−2k+1 if i < 0 odd and

j � i.

(9)
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Now we see that
(

M2)

−2 = r−1r1 + r−1r−2(q− − 1) + r1r−2(q+ − 1),

(

M2)

2 = r−1r1 + r1r2(q+ − 1) + r−1r2(q− − 1).
(10)

Then the radiality condition (2) for n = h = 2 and k = 1 gives

r−2
(

r−1r1 + r1(q+ − 1) + r−1(q− − 1)
) = r2

(

r−1r1 + r1(q+ − 1) + r−1(q− − 1)
)

,

hence r−2 = r2 unless r−1 = r1 = 0.
Let us deal with the case r−1 = r1 = 0, by checking the radiality condition (2)

for n = 1, k = 2, h = 3 (the power M1 vanishes on C±2(e)). Now we find
(

M2)

−1 = r−2r2(q− − 1)q+,

(

M2)

1 = r−2r2(q+ − 1)q−,
(

M3)

−1 = (

r2−2r2 + r−2r
2
2

)

(q+ − 1)q+q−,

(

M3)

1 = (

r2−2r2 + r−2r
2
2

)

(q− − 1)q−q+.

Thus, (2) yields q+(q− − 1)2 = q−(q+ − 1)2, that is, again (8), and it follows again
q+ = q−. Let us write q+ = q− = q: but then, (10) yields (M2)2 = (M2)−2 = 0,
and by the multiplication rules we see that

(

M3)

2 = r−2r
2
2q

(

2q2 − q + 2
)

,
(

M3)

−2 = r2r
2−2q

(

2q2 − q + 2
)

.

Since the polynomial 2q2 − q + 2 has no real roots, it follows that oriented radiality
now implies r−2r

2
2 = r2r

2−2, that is again r2 = r−2, the usual radiality.
Returning to the general environment of non-homogeneous trees, q+ �= q−, we

now know that we may assume r−2 = r2. We should impose conditions (2) to the
powers of M . Combinatorics are exceedingly complicated and arithmetic simplifi-
cations cannot be carried through by hand, but we checked by symbolic calculus that
the radiality conditions for M2, M3 and M4 on edges at distance 1 from the origin
are not simultaneously satisfied unless r−1 = 0 = r1, the case that we have already
dealt with: hence the only radial algebras generated by M with support on the disc
of radius 2 arise when the tree is homogeneous and M is radial in the usual sense,
as claimed. We verified this by symbolic calculus, using the symbolic manipulation
package Mathematica. We performed the computations for all q+ �= q− up to 100.
Here is the Mathematica code that we wrote for this computation and can be used
for larger values of the homogeneity degrees:

(* Cardinalities of half-circles: *)

q[n_]:=If[

n ≥ 0,

If
[

EvenQ[n], q+n/2q−n/2, q+(n+1)/2q−(n−1)/2
]

,
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If
[

EvenQ[n], q+−n/2q−−n/2, q+−(n+1)/2q−−(n−1)/2
]]

(* Multiplication rules for m[i]: *)

p[i_, j_]:=
(* we cannot write m[i]m[j ] as the left-hand side, *)

(* because the factors of product *)

(* would be automatically reordered *)

(* even if the product is non-commutative *)

If
[

i==0,m[i + j ],If[

EvenQ[i],
If

[

i > 0,If
[

j ≥ 0,m[i + j ],
If

[

j ≥ −i, q[j ]m[i + j ]+∑−j

k=1

(

q[j +k −1]−q[j +k])m[i + j +2k −1],
q[−i]m[i + j ]+∑i

k=1

(

q[−i + k − 1]− q[−i + k])m[−i − j + 2k − 1]]],
If

[

j ≤ 0,m[i + j ],
If

[

j ≤ −i, q[j ]m[i + j ]+∑j

k=1

(

q[j −k +1]−q[j −k])m[i + j −2k +1],
q[−i]m[i + j ]+∑−i

k=1

(

q[−i − k +1]−q[−i − k])m[−i − j −2k +1]]]],
If

[

i > 0,If
[

j ≤ 0,m[i − j ],
If

[

j ≤ i, q[j ]m[i − j ] + ∑j

k=1

(

q[j − k + 1] − q[j − k])m[i − j + 2k − 1],
q[i]m[i − j ] + ∑i

k=1

(

q[i − k + 1] − q[i − k])m[−i + j + 2k − 1]]],
If

[

j ≥ 0,m[i − j ],
If

[

j ≥ i, q[j ]m[i − j ] + ∑−j

k=1

(

q[j + k − 1] − q[j + k])m[i − j − 2k + 1],
q[i]m[i − j ] + ∑−i

k=1

(

q[i + k − 1] − q[i + k])m[−i + j − 2k + 1]]]]]]

(* Function M defined on edges, *)

(* constant on half-circles: *)

M[n_]:=Sum[

rimm[i], {i,−n,−1}] + Sum
[

rimm[i], {i,1, n}]

(* Convolution powers of function M: *)

powerofM[n_,0]:=m[0]
powerofM[n_, k_]:=powerofM[n, k − 1]M[n]/.m[i_]mm[j_] → p[i, j ]
(* n is radius of M; k is exponent *)

(* Component along m[u] *)

(* of convolution power k of M: *)

coefficientofpowerofM[n_, k_, u_]:=
Coefficient

[

powerofM[n, k],m[u]]

(* Radiality conditions on edges of length u *)

(* for powers k,h of a function *)

(* with support on disc of radius n: *)
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equation[n_, k_, h_, u_]:=
coefficientofpowerofM[n, k,−u]coefficientofpowerofM[n,h,u] −
coefficientofpowerofM[n, k,u]coefficientofpowerofM[n,h,−u]

(* For all q− < q+ ≤ 100 *)

(* this double loop checks radiality conditions *)

(* for M, its square, and its cube *)

(* on edges of length 1 *)

qmax:=100

For
[

q− = 1, q− < qmax, q−++,For
[

q+ = q−, q+ < qmax+ 1, q+++,

Print
[{q−, q+, r−1, r1}/.NSolve

[{

equation[2,2,1,1]==0/.r−2 → 1/.r2 → 1,

equation[2,3,1,1]==0/.r−2 → 1/.r2 → 1,

equation[2,4,1,1]==0/.r−2 → 1/.r2 → 1
}

, {r−1, r1}
]]]]

Remark 4.4 It follows easily from the multiplication table (9) that the convolution
of functions supported on edges of even (respectively, odd) length is not supported
on the same sets, that is, it does not respect the parity of the length.

Moreover, the two Laplacians m1 and m−1 of radius 1 never commute, not even
on homogeneous trees. So, taken together, they fail to generate a radial algebra
and also an abelian algebra. Of course neither of them individually is radial, hence
neither generates a radial algebra, not even on a homogeneous tree. We have seen in
the proof of Theorem 4.2 that none of their linear combinations generates a radial
algebra unless the tree is homogeneous and the linear combination is a multiple of
m1 +m−1. A similar statement holds for generators supported on edges of length at
most 2, by the argument given above in the proof of Conjecture 4.3 for that case.
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Surjunctivity and Reversibility of Cellular
Automata over Concrete Categories

Tullio Ceccherini-Silberstein and Michel Coornaert

Abstract Following ideas developed by Misha Gromov, we investigate surjunctiv-
ity and reversibility properties of cellular automata defined over certain concrete
categories.
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Surjunctive cellular automaton · Reversible cellular automaton
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1 Introduction

A cellular automaton is an abstract machine which takes as input a configuration
of a universe and produces as output another configuration. The universe consists
of cells and a configuration is described by the state of each cell of the universe.
There is an input and an output state set and these two sets may be distinct. The
state sets are also called the sets of colors, the sets of symbols, or the alphabets. The
transition rule of a cellular automaton must obey two important properties, namely
locality and time-independence. Locality means that the output state of a given cell
only depends on the input states of a finite number of its neighboring cells possibly
including the cell itself.

In the present paper, we restrict ourselves to cellular automata for which the uni-
verse is a group. The cells are the elements of the group. If the input alphabet is
denoted by A, the output alphabet by B , and the group by G, this means that a
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cellular automaton is given by a map τ : AG → BG, where AG := {x : G → A} is
the set of all input configurations and BG := {y : G → B} is the set of all possi-
ble output configurations. Besides locality, we will also always require a symmetry
condition for τ , namely that it commutes with the shift actions of G on AG and BG

(see Sect. 2 for precise definitions). In the case when G = Z
2 and A = B is a finite

set, such cellular automata were first considered by John von Neumann in the late
1940s to serve as theoretical models for self-reproducing robots. Subsequently, cel-
lular automata over Z, Z2 or Z3 were widely used to model complex systems arising
in natural or physical sciences. On the other hand, the mathematical study of cellu-
lar automata developed as a flourishing branch of theoretical computer science with
numerous connections to abstract algebra, topological dynamical systems, ergodic
theory, statistics and probability theory.

One of the most famous results in the theory of cellular automata is the Garden
of Eden theorem established by Moore [33] and Myhill [34] in the early 1960s. It
asserts that a cellular automaton τ : AG → AG, with G = Z

d and A finite, is surjec-
tive if and only if it is pre-injective (here pre-injective means that two configurations
having the same image by τ must be equal if they coincide outside a finite number
of cells). The name of this theorem comes from the fact that a configuration that is
not in the image of a cellular automaton τ is sometimes called a Garden of Eden
for τ because in a dynamical picture of the universe, obtained by iterating τ , such
a configuration can only appear at time 0. Thus, the surjectivity of τ is equivalent
to the absence of Garden of Eden configurations. At the end of the last century, the
Garden of Eden theorem was first extended to finitely generated groups of subexpo-
nential growth in [30] and then to all amenable groups in [18]. It is now known [5]
that the class of amenable groups is precisely the largest class of groups for which
the Garden of Eden theorem is valid.

Observe that an immediate consequence of the Garden of Eden theorem is that
every injective cellular automaton τ : AG → AG, with G amenable and A finite, is
surjective and hence bijective. The fact that injectivity implies surjectivity, a prop-
erty known as surjunctivity [21], was extended by Gromov [22] and Weiss [38] to
all cellular automata τ : AG → AG with finite alphabet over sofic groups. The class
of sofic groups is a class of groups introduced by Gromov [22] containing in partic-
ular all amenable groups and all residually finite groups. Actually, there is no known
example of a group that is not sofic.

Let us note that in the classical literature on cellular automata, the alphabet sets
are most often assumed to be finite. With these hypotheses, topological methods
based on properties of compact spaces may be used since AG is compact for the
prodiscrete topology when A is finite (Sect. 2.1). For example, one easily deduces
from compactness that every bijective cellular automaton τ : AG → BG is reversible
when A is finite (a cellular automaton is called reversible if it is bijective and its
inverse map is also a cellular automaton, see Sect. 2.6). On the other hand, in the
infinite alphabet case, there exist bijective cellular automata that are not reversible.

The aim of the present paper is to investigate cellular automata τ : AG → BG

when the alphabets A and B are (possibly infinite) objects in some concrete cate-
gory C and the local defining rules of τ are C -morphisms (see Sect. 3 for precise
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definitions). For example, C can be the category of (let us say left) modules over
some ring R, the category of topological spaces, or some of their subcategories.
When C is the category of vector spaces over a field K , or, more generally, the
category of left modules over a ring R, we recover the notion of a linear cellular
automaton studied in [10–13]. When C is the category of affine algebraic sets over
a field K , this gives the notion of an algebraic cellular automaton as in [17].

Following ideas developed by Gromov [22], we shall give sufficient conditions
for a concrete category C that guarantee surjunctivity of all C -cellular automata
τ : AG → AG when the group G is residually finite (Sect. 7). We shall also describe
conditions on C implying that all bijective C -automata are reversible (Sect. 8).

The present paper is mostly expository and collects results established in Gro-
mov’s seminal article [22] and in a series of papers written by the authors [10–
14, 16, 17]. However, our survey contains some new proofs as well as some new
results. On the other hand, we hope our concrete categorical approach will help the
reader to a better understanding of this fascinating subject connected to so many
contemporary branches of mathematics and theoretical computer science.

2 Cellular Automata

In this section, we have gathered background material on cellular automata over
groups. The reader is referred to our monograph [15] for a more detailed exposition.

2.1 The Space of Configurations and the Shift Action

Let G be a group and let A be a set (called the alphabet or the set of colors). The set

AG = {x : G → A}
is endowed with its prodiscrete topology, i.e., the product topology obtained by
taking the discrete topology on each factor A of AG = ∏

g∈G A. Thus, if x ∈ AG, a
base of open neighborhoods of x is provided by the sets

V (x,Ω) := {
y ∈ AG : x|Ω = y|Ω

}
,

where Ω runs over all finite subsets of G and x|Ω ∈ AΩ denotes the restriction of
x ∈ AG to Ω .

The space AG, which is called the space of configurations, is Hausdorff and
totally disconnected. It is compact if and only if the alphabet A is finite.

Example 2.1 If G is countably infinite and A is finite of cardinality |A| � 2, then
AG is homeomorphic to the Cantor set. This is the case for G = Z and A = {0,1},
where AG is the space of bi-infinite sequences of 0’s and 1’s.
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There is a natural continuous left action of G on AG given by

G × AG → AG,

(g, x) �→ gx

where

gx(h) = x
(
g−1h

)
for every h ∈ G.

This action is called the G-shift on AG.
The study of the shift action on AG is the central theme in symbolic dynamics.

2.2 Cellular Automata

Definition 2.2 Let G be a group. Given two alphabets A and B , a map τ : AG →
BG is called a cellular automaton if there exist a finite subset M ⊂ G and a map
μM : AM → B such that

(
τ(x)

)
(g) = μM

((
g−1x

)∣
∣
M

)
for every x ∈ AG,g ∈ G, (1)

where (g−1x)|M denotes the restriction of the configuration g−1x to M . Such a set
M is called a memory set and the map μM : AM → B is called the associated local
defining map.

Example 2.3 The identity map IdAG : AG → AG is a cellular automaton with mem-
ory set M = {1G} and local defining map the identity map μM = IdA : AM =
A→A.

Example 2.4 If we fix an element b0 ∈ B , then the constant map τ : AG → BG,
defined by τ(x)(g) = b0 for all x ∈ AG and g ∈ G, is a cellular automaton with
memory set M = ∅.

Example 2.5 If we fix an element g0 ∈ G, then the map τ : AG → AG, defined by
τ(x)(g) = x(gg0) for all x ∈ AG and g ∈ G, is a cellular automaton with memory
set M = {g0}.

Example 2.6 (The majority action on Z) Let G = Z, A = {0,1}, M = {−1,0,1},
and μM : AM ≡ A3 → A defined by μM(a−1, a0, a1) = 1 if a−1 + a0 + a1 � 2 and
μM(a−1, a0, a1) = 0 otherwise. The corresponding cellular automaton τ : AZ →
AZ is described in Fig. 1.

Example 2.7 (Hedlund’s marker [24]) Let G = Z, A = {0,1}, M = {−1,0,1,2},
and μM : AM ≡ A4 → A defined by μM(a−1, a0, a1, a2) = 1−a0 if (a−1, a1, a2) =
(0,1,0) and μM(a−1, a0, a1, a2) = a0 otherwise. The corresponding cellular au-
tomaton τ : AZ → AZ is a non-trivial involution of AG (see Fig. 2).
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Fig. 1 The cellular
automaton defined by the
majority action on Z

Fig. 2 The cellular
automaton defined by the
Hedlund marker

Example 2.8 (Conway’s Game of Life) Life was introduced by J.H. Conway in the
1970’s and popularized by M. Gardner. From a theoretical computer science point
of view, it is important because it has the power of a universal Turing machine, that
is, anything that can be computed algorithmically can be computed by using the
Game of Life.

Let G = Z
2 and A = {0,1}. Life is the cellular automaton

τ : {0,1}Z2 → {0,1}Z2

with memory set M = {−1,0,1}2 ⊂ Z
2 and local defining map μ : AM → A given

by

μ(y) =

⎧
⎪⎨

⎪⎩

1 if

{∑
m∈M y(m) = 3

or
∑

m∈M y(m) = 4 and y((0,0)) = 1

0 otherwise

(2)

for all y ∈ AM . One thinks of an element g of G = Z
2 as a “cell” and the set

gM (we use multiplicative notation) as the set consisting of its eight neighboring
cells, namely the North, North-East, East, South-East, South, South-West, West and
North-West cells. We interpret state 0 as corresponding to the absence of life while
state 1 corresponds to the presence of life. We thus refer to cells in state 0 as dead
cells and to cells in state 1 as live cells. Finally, if x ∈ AZ

2
is a configuration at

time t , then τ(x) represents the evolution of the configuration at time t + 1. Then
the cellular automaton in (2) evolves as follows.

• Birth: a cell that is dead at time t becomes alive at time t + 1 if and only if three
of its neighbors are alive at time t .

• Survival: a cell that is alive at time t will remain alive at time t + 1 if and only if
it has exactly two or three live neighbors at time t .

• Death by loneliness: a live cell that has at most one live neighbor at time t will
be dead at time t + 1.
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Fig. 3 The evolution of a cell
in the Game of Life. The
symbol ∗ represents any
symbol in {0,1}

• Death by overcrowding: a cell that is alive at time t and has four or more live
neighbors at time t , will be dead at time t + 1.

Figure 3 illustrates all these cases.

Observe that if τ : AG → BG is a cellular automaton with memory set M and
local defining map μM , then μM is entirely determined by τ and M since, for all
y ∈ AM , we have

μM(y) = τ(x)(1G), (3)

where x ∈ AG is any configuration satisfying x|M = y. Moreover, every finite subset
M ′ ⊂ G containing M is also a memory set for τ (with associated local defining
map μM ′ : AM ′ → B given by μM ′(y) = μM(y|M) for all y ∈ AM ′

). In fact (see for
example [15, Sect. 1.5]), the following holds. Every cellular automaton τ : AG →
BG admits a unique memory set M0 ⊂ G of minimal cardinality. Moreover, a subset
M ⊂ G is a memory set for τ if and only if M0 ⊂ M . This memory set M0 is called
the minimal memory set of τ .

From the definition, it easily follows that every cellular automaton τ : AG → BG

is G-equivariant, i.e.,

τ(gx) = gτ(x) for every x ∈ AG,g ∈ G

[15, Proposition 1.4.6], and continuous with respect to the prodiscrete topologies on
AG and BG [15, Proposition 1.4.8].

2.3 Composition of Cellular Automata

The following result is well known. The proof we present here follows the one given
in [15, Remark 1.4.10]. An alternative proof will be given in Remark 2.15 below and
the result will be strengthened later in Proposition 3.14.

Proposition 2.9 Let G be a group and let A, B and C be sets. Suppose that
τ : AG → BG and σ : BG → CG are cellular automata. Then the composite map
σ ◦ τ : AG → CG is a cellular automaton.
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Proof Let S (resp. T ) be a memory set for σ (resp. τ ) and let μ : BS → C (resp.
ν : AT → B) be the corresponding local defining map. Then the set ST = {st : s ∈
S, t ∈ T } ⊂ G is finite. We have sT ⊂ ST for every s ∈ S. Consider, for each s ∈ S,
the projection map πs : AST → AsT , the bijective map fs : AsT → AT defined by
fs(y)(t) = y(st) for all y ∈ AsT and t ∈ T , and the map ϕs : AST → B given by

ϕs := ν ◦ fs ◦ πs. (4)

Finally, let

Φ :=
∏

s∈S

ϕs : AST → BS (5)

be the product map defined by Φ(z)(s) = ϕs(z) for all z ∈ AST .
Let us show that σ ◦τ is a cellular automaton with memory set ST and associated

local defining map

κ := μ ◦ Φ : AST → C. (6)

Let x ∈ AG. We first observe that, for all s ∈ S and t ∈ T , we have

(
s−1x

)
(t) = x(st)

= x|ST (st)

= (
(fs ◦ πs)(x|ST )

)
(t),

so that
(
s−1x

)∣
∣
T

= (fs ◦ πs)(x|ST ).

It follows that

τ(x)(s) = ν
((

s−1x
)∣
∣
T

) = ν
(
fs

(
πs(x|ST )

)) = ϕs(x|ST ).

Thus, we have
(
τ(x)

)∣
∣
S

= Φ(x|ST ). (7)

We finally get

(
(σ ◦ τ)(x)

)
(g) = σ

(
τ(x)

)
(g)

= μ
((

g−1τ(x)
)∣
∣
S

)

= μ
(
τ
(
g−1x

)∣
∣
S

)
(by G-equivariance of τ)

= μ
(
Φ

((
g−1x

)∣
∣
ST

)) (
by (7)

)

= κ
((

g−1x
)∣
∣
ST

) (
by (6)

)
.

This shows that σ ◦ τ is a cellular automaton with memory set ST and associated
local defining map κ . �
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If we fix a group G, we deduce from Example 2.3 and Proposition 2.9 that the
cellular automata τ : AG → BG are the morphisms of a subcategory of the cate-
gory of sets whose objects are all the sets of the form AG. We shall denote this
subcategory by CA(G).

2.4 The Curtis-Hedlund Theorem

When the alphabet A is finite, the Curtis-Hedlund theorem holds [24] (see also [15,
Theorem 1.8.1]):

Theorem 2.10 Let G be a group, A a finite set and B a set. Let τ : AG → BG be a
map. Then the following conditions are equivalent:

(a) τ is a cellular automaton;
(b) τ is G-equivariant and continuous (with respect to the prodiscrete topologies

on AG and BG).

As already mentioned in Sect. 2.2, the implication (a) ⇒ (b) remains true for A

infinite. When the group G is non-periodic (i.e., there exists g ∈ G of infinite order)
and A is infinite, one can always construct a G-equivariant continuous self-mapping
of AG which is not a cellular automaton (see [16] and [15, Example 1.8.2]).

Example 2.11 For G = A = Z, the map τ : AG → AG, defined by

τ(x)(n) = x
(
x(n) + n

)
,

is G-equivariant and continuous, but τ is not a cellular automaton.

2.5 Uniform Spaces and the Generalized Curtis-Hedlund Theorem

Let X be a set.
We denote by ΔX the diagonal in X × X, that is the set ΔX = {(x, x) : x ∈ X}.
The inverse

−1
U of a subset U ⊂ X × X is the subset of X × X defined by

−1
U =

{(x, y) : (y, x) ∈ U}. We define the composite U ◦ V of two subsets U and V of
X × X by

U ◦ V = {
(x, y) : there exists z ∈ X such that (x, z) ∈ U and (z, y) ∈ V

} ⊂ X × X.

Definition 2.12 Let X be a set. A uniform structure on X is a non-empty set U of
subsets of X × X satisfying the following conditions:

(UN-1) if U ∈ U , then ΔX ⊂ U ;
(UN-2) if U ∈ U and U ⊂ V ⊂ X × X, then V ∈ U ;
(UN-3) if U ∈ U and V ∈ U , then U ∩ V ∈ U ;
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(UN-4) if U ∈ U , then
−1
U ∈ U ;

(UN-5) if U ∈ U , then there exists V ∈ U such that V ◦ V ⊂ U .

The elements of U are then called the entourages of the uniform structure and the
set X is called a uniform space.

A subset B ⊂ U is called a base of U if for each W ∈ U there exists V ∈ B
such that V ⊂ W .

Let X and Y be uniform spaces. A map f : X → Y is called uniformly continuous
if it satisfies the following condition: for each entourage W of Y , there exists an
entourage V of X such that (f × f )(V ) ⊂ W . Here f × f denotes the map from
X × X into Y × Y defined by (f × f )(x1, x2) = (f (x1), f (x2)) for all (x1, x2) ∈
X × X.

If X is a uniform space, there is an induced topology on X characterized by
the fact that the neighborhoods of an arbitrary point x ∈ X consist of the sets
U [x] = {y ∈ X : (x, y) ∈ U}, where U runs over all entourages of X. This topol-
ogy is Hausdorff if and only if the intersection of all the entourages of X is reduced
to the diagonal ΔX . Moreover, every uniformly continuous map f : X → Y is con-
tinuous with respect to the induced topologies on X and Y .

Example 2.13 If (X,dX) is a metric space, there is a natural uniform structure on X

whose entourages are the sets U ⊂ X × X satisfying the following condition: there
exists a real number ε > 0 such that U contains all pairs (x, y) ∈ X × X such that
dX(x, y) < ε. The topology associated with this uniform structure is then the same
as the topology induced by the metric. If (Y, dY ) is another metric space, then a map
f : X → Y is uniformly continuous if and only if for every ε > 0 there exists δ > 0
such that dY (f (x1), f (x2)) < ε whenever dX(x1, x2) < δ.

The theory of uniform spaces was developed by A. Weil in [37] (see e.g. [8, 26],
[15, Appendix B]).

Let us now return back to configuration spaces and cellular automata. Let G be
a group and A be a set. We equip AG with its prodiscrete uniform structure, that is
with the uniform structure admitting the sets

W(Ω) := {
(x, y) ∈ AG × AG : x|Ω = y|Ω

}
,

where Ω ⊂ G runs over all finites subsets of G, as a base of entourages.
We then have ([16]; see also [15, Theorem 1.9.1]) the following extension of the

Curtis-Hedlund theorem:

Theorem 2.14 Let G be a group and let A and B be sets. Let τ : AG → BG be a
map. Then the following conditions are equivalent:

(a) τ is a cellular automaton;
(b) τ is G-equivariant and uniformly continuous (with respect to the prodiscrete

uniform structures on AG and BG).
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Remark 2.15 Since the composite of two G-equivariant (resp. uniformly contin-
uous) maps is G-equivariant (resp. uniformly continuous), we immediately deduce
from Theorem 2.14 an alternative proof of the fact that the composite of two cellular
automata is a cellular automaton (Proposition 2.9).

2.6 Reversible Cellular Automata

Given a group G and two sets A and B , a cellular automaton τ : AG → BG is called
reversible if τ is bijective and its inverse map τ−1 : BG → AG is also a cellular au-
tomaton. Observe that the reversible cellular automata τ : AG → BG are precisely
the isomorphisms of the category CA(G) introduced at the end of Sect. 2.3. It imme-
diately follows from Theorem 2.14 that a bijective cellular automaton τ : AG → BG

is reversible if and only if the inverse map τ−1 : BG → AG is uniformly continuous
with respect to the prodiscrete uniform structures on AG and BG.

When the alphabet A is finite, every bijective cellular automaton τ : AG → BG

is reversible by compactness of AG. On the other hand, when A is infinite and the
group G is non-periodic, there exist bijective cellular automata τ : AG → AG that
are not reversible (see [16], [15, Example 1.10.3], and the examples given at the end
of the present paper).

2.7 Induction and Restriction of Cellular Automata

Let G be a group, A and B two sets, and H a subgroup of G.
Suppose that a cellular automaton τ : AG → BG admits a memory set M such

that M ⊂ H . Let μG
M : AM → B denote the associated local defining map. Then the

map τH : AH → BH defined by

τH (y)(h) = μG
M

((
h−1y

)∣
∣
M

)
for all y ∈ AH and h ∈ H,

is a cellular automaton over the group H with memory set M and local defining
map μH

M := μG
M . One says that τH is the cellular automaton obtained by restriction

of τ to H .
Conversely, suppose that σ : AH → BH is a cellular automaton with memory

set N ⊂ H and local defining map νH
N : AN → B . Then the map σG : AG → BG

defined by

σG(x)(g) = νH
N

((
g−1x

)∣
∣
N

)
for all x ∈ AG and g ∈ G,

is a cellular automaton over the group G with memory set N and local defining map
νG
N := νH

N . One says that σG is the cellular automaton obtained by induction of σ

to G.
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It immediately follows from their definitions that induction and restriction are
operations one inverse to the other in the sense that (τH )G = τ and (σG)H = σ for
every cellular automaton τ : AG → BG over G admitting a memory set contained in
H , and every cellular automaton σ : AH → BH over H . We shall use the following
result, established in [14, Theorem 1.2] (see also [15, Proposition 1.7.4]).

Theorem 2.16 Let G be a group, A and B two sets, and H a subgroup of G.
Suppose that τ : AG → BG is a cellular automaton over G admitting a memory
set contained in H and let τH : AH → BH denote the cellular automaton over H

obtained by restriction. Then the following holds:

(i) τ is injective if and only if τH is injective;
(ii) τ is surjective if and only if τH is surjective;

(iii) τ is bijective if and only if τH is bijective;
(iv) τ(AG) is closed in BG for the prodiscrete topology if and only if τH (AH ) is

closed in BH for the prodiscrete topology.

3 Cellular Automata over Concrete Categories

We assume some familiarity with the basic concepts of category theory (the reader
is referred to [31] and [1] for a detailed introduction to category theory). We adopt
the following notation:

• Set is the category where objects are sets and morphisms are maps between them;
• Setf is the full subcategory of Set whose objects are finite sets;
• Grp is the category where objects are groups and morphisms are group homo-

morphisms between them;
• Rng is the category where objects are rings and morphisms are ring homomor-

phisms (all rings are assumed to be unital and ring homomorphisms are required
to preserve the unity elements);

• Fld is the full category of Rng whose objects are fields (a field is a non-trivial
commutative ring in which every nonzero element is invertible);

• R-Mod is the category where objects are left modules over a given ring R and
morphisms are R-linear maps between them;

• R-Modf −g is the full subcategory of R-Mod whose objects are finitely-generated
left modules over a given ring R;

• K-Vec = K-Mod is the category where objects are vector spaces over a given
field K and morphisms are K-linear maps between them;

• K-Vecf −d = K- Modf −g is the full subcategory of K-Vec whose objects are
finite-dimensional vector spaces over a given field K ;

• K-Aal is the category where objects are affine algebraic sets over a given field
K and morphisms are regular maps between them. Recall that A is an affine
algebraic set over a field K if A ⊂ Kn, for some integer n � 0, and A is the
set of common zeroes of some set of polynomials S ⊂ K[t1, t2, . . . , tn]. Recall
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also that a map f : A → B from an affine algebraic set A ⊂ Kn to another affine
algebraic set B ⊂ Km is called regular if f is the restriction of some polynomial
map P : Kn → Km (see for instance [9, 28, 32, 35] for an introduction to affine
algebraic geometry);

• Top is the category where objects are topological spaces and morphisms are con-
tinuous maps between them;

• CHT is the subcategory of Top whose objects are compact Hausdorff topological
spaces;

• Man is the subcategory of Top whose objects are compact topological manifolds
(a topological manifold is a connected Hausdorff topological space in which ev-
ery point admits an open neighborhood homeomorphic to R

n for some integer
n � 0).

If C is a category and A is a C -object, we shall denote by IdA the identity
morphism of A.

3.1 Concrete Categories

A concrete category is a pair (C ,U), where C is a category and U : C → Set is
a faithful functor from C to the category Set. The functor U is called the forgetful
functor of the concrete category (C ,U). We will denote a concrete category (C ,U)

simply by C if its forgetful functor U is clear from the context.
Let (C ,U) be a concrete category. If A is a C -object, the set U(A) is called

the underlying set of A. Similarly, if f : A → B is a C -morphism, the map
U(f ) : U(A) → U(B) is called the underlying map of f . Note that two distinct C -
objects may have the same underlying set. However, the faithfulness of U implies
that a C -morphism is entirely determined by its underlying map once its source and
target objects are given.

Every subcategory of a concrete category is itself a concrete category. More pre-
cisely, if (C ,U) is a concrete category, D is a subcategory of C , and U |D denotes
the restriction of U to D , then (D,U |D ) is a concrete category.

The categories Set, Grp, Rng, R-Mod, K-Aal and Top, equipped with their ob-
vious forgetful functor to Set, provide basic examples of concrete categories. On
the other hand, it can be shown that the homotopy category hTop, where objects
are topological spaces and morphisms are homotopy classes of continuous maps
between them, is not concretizable, in the sense that there exists no faithful functor
U : hTop → Set (see [20] and [1, Exercise 5J]).

Let C be a category. Recall that a product of a family (Ai)i∈I of C -objects is a
pair (P, (πi)i∈I ), where P is a C -object and πi : P → Ai , i ∈ I , are C -morphisms
satisfying the following universal property: if B is a C -object equipped with C -
morphisms fi : B → Ai , i ∈ I , then there is a unique C -morphism g : B → P such
that fi = πi ◦ g for all i ∈ I . When it exists, such a product is essentially unique,
in the sense that if (P, (πi)i∈I ) and (P ′, (π ′

i )i∈I ) are two products of the family
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(Ai)i∈I then there exists a unique C -isomorphism ϕ : P → P ′ such that πi = π ′
i ◦ϕ

for all i ∈ I . By a common abuse, one writes P = ∏
i∈I Ai and g = ∏

i∈I fi .
One says that a category C has products [1, Definition 10.29.(1)], or that C

satisfies condition (P), if every set-indexed family (Ai)i∈I of C -objects admits a
product in C .

One says that a category C has finite products [1, Definition 10.29.(2)], or that
C satisfies (FP), if every finite family (Ai)i∈I of C -objects admits a product in C .
By means of an easy induction, one shows that a category C has finite products if
and only if it satisfies the two following conditions:

(a) C has a terminal object (such an object is then the product of the empty family
of C -objects);

(b) any pair of C -objects admits a product [1, Proposition 10.30].

It is clear from these definitions that (P) implies (FP).
The categories Set, Grp, Rng, R-Mod, Top and CHT all satisfy (P). On the other

hand, the category Setf satisfies (FP) but not (P). The category R-Modf −g satisfies
(FP) but, unless R is a zero ring, does not satisfy (P). The category K-Aal of affine
algebraic sets and regular maps over a given field K also satisfies (FP) but not (P).
The category Fld does not satisfy (FP) (it does not even admit a terminal object).

Suppose now that (C ,U) is a concrete category. Given a family (Ai)i∈I

of C -objects, one says that the pair (P, (πi)i∈I ) is a concrete product of the
family (Ai)i∈I if (P, (πi)i∈I ) is a product of the family (Ai)i∈I in C and
(U(P ), (U(πi))i∈I ) is a product of the family (U(Ai))i∈I in Set [1, Defini-
tion 10.52].

One says that (C ,U) has concrete products, or that (C ,U) satisfies (CP), if every
set-indexed family of C -objects admits a concrete product [1, Definition 10.54].

One says that (C ,U) has concrete finite products, or that (C ,U) satisfies (CFP),
if every finite family of C -objects admits a concrete product. By using an induction
argument, one gets a characterization of (CFP) analogous to the one given above for
(FP). More precisely, one can show that a concrete category (C ,U) has concrete
finite products if and only if it satisfies the two following conditions:

(a) C has a terminal object whose underlying set is reduced to a single element
(such an object is then the concrete product of the empty family of C -objects);

(b) any pair of C -objects admits a concrete product.

It is clear from these definitions that (CP) implies (CFP).
The concrete categories Set, Grp, Rng, R-Mod, Top and CHT all satisfy (CP).

The concrete categories Setf , R-Modf −g (for R a nonzero ring), K-Aal, and Man
satisfy (CFP) but not (CP), since they do not satisfy (P). Here is an example of a
concrete category that satisfies (P) but not (CFP).

Example 3.1 Fix a set X and consider the category C defined as follows. The ob-
jects of C are all the pairs (A,α), where A is a set and α : A → X is a map. If
(A,α) and (B,β) are C -objects, the morphisms from (A,α) to (B,β) consist of all
maps f : A → B such that α = β ◦ f . It is clear that C is a concrete category for
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the forgetful functor U : C → Set that associates with each object (A,α) the set A

and with each morphism f : (A,α) → (B,β) the map f : A → B . The category C
satisfies (P). Indeed, the product of a set-indexed family ((Ai,αi))i∈I of C -objects
is the fibered product (F,η), where

F := {
(ai)i∈I : αi(ai) = αj (aj ) for all i, j ∈ I

} ⊂
∏

i∈I

Ai

with the natural projections maps πi : F → Ai . The pair (X, IdX), where IdX : X →
X is the identity map, is clearly a terminal C -object. Since any terminal object in a
concrete category satisfying (CFP) must be reduced to a single element, we deduce
that the concrete category (C ,U) does not satisfy (CFP) unless X is reduced to a
single element (observe that (C ,U) is identical to Set when X is reduced to a single
element).

Recall that a morphism f : A → B in a category C is called a retraction if it is
right-invertible, i.e., if there exists a C -morphism g : B → A such that f ◦ g = IdB .
We have the following elementary lemma.

Lemma 3.2 Let C be a category. Let A and B be two C -objects admitting a C -
product A × B with first projection π : A × B → A. Then the following conditions
are equivalent:

(a) π is a retraction;
(b) there exists a C -morphism f : A → B .

Proof Let π ′ : A × B → B denote the second projection. If g : A → A × B is a
C -morphism such that π ◦ g = IdA, then f := π ′ ◦ g is a C -morphism from A

to B . This shows that (a) implies (b). Conversely, if (b) is satisfied, then g := IdA ×
f : A → A × B satisfies π ◦ g = IdA. �

We say that a concrete category (C ,U) satisfies (CFP+) provided it satisfies
(CFP) and the following additional condition:

(C+) Given any C -object A and any C -object B with U(B) 
= ∅, the first projec-
tion morphism π : A × B → A is a retraction.

Proposition 3.3 Let (C ,U) be a concrete category satisfying (CFP). Then the fol-
lowing conditions are equivalent:

(a) (C ,U) satisfies (CFP+);
(b) for any C -object A and any C -object B with U(B) 
= ∅, there exists a C -

morphism f : A → B;
(c) if T is a terminal C -object and B is any C -object with U(B) 
= ∅, then there

exists a C -morphism g : T → B .

Proof The equivalence of (a) and (b) follows from Lemma 3.2. Condition (b) triv-
ially implies condition (c). To prove that (c) implies (b), it suffices to observe that
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by composing a C -morphism h : A → T and a C -morphism g : T → B , we get a
C -morphism f := g ◦ h : A → B . �

Note that condition (c) in the preceding proposition is satisfied in particular when
C admits a zero object 0 (i.e., an object that is both initial and terminal). Hence every
concrete category satisfying (CFP) also satisfies (CFP+) if it admits a zero object.
This is the case for the categories Grp, Rng, R-Mod, and R-Modf −g .

On the other hand, the categories Set, Setf , K-Aal, Top, CHT, and Man also
satisfy (CFP+) although they do not admit zero objects. Indeed, in any of these
categories, the only initial object is the empty one while the terminal objects are
the singletons, and if T is a singleton and B an arbitrary object, then any map from
U(T ) to U(B) is the underlying map of a morphism from T to B .

3.2 Cellular Automata over Concrete Categories

From now on, in a concrete category, we shall use the same symbol to denote an
object (resp. a morphism) and its underlying set (resp. its underlying map).

Proposition 3.4 Let G be a group and let C be a concrete category satisfying
(CFP+). Let A and B be two C -objects. Suppose that τ : AG → BG is a cellu-
lar automaton. Then the following conditions are equivalent:

(a) there exists a memory set M of τ such that the associated local defining map
μM : AM → B is a C -morphism;

(b) for any memory set M of τ , the associated local defining map μM : AM → B is
a C -morphism.

Note that, in the above statement, AM is a C -object since A is a C -object, M is
finite, and C satisfies (CFP+) and hence (CFP). On the other hand, it may happen
that the configuration spaces AG and BG are not C -objects (although this is the case
if C satisfies (CP)).

Proof of Proposition 3.4 We can assume A 
= ∅. Suppose that the local defining map
μM : AM → B is a C -morphism for some memory set M . Let M ′ be another mem-
ory set and let us show that the associated local defining map μM ′ : AM ′ → B is also
a C -morphism. Let M0 denote the minimal memory set of τ . Recall that we have
M0 ⊂ M ∩ M ′. After identifying the C -object AM (resp. AM ′

) with the C -product
AM0 × AM\M0 (resp. AM0 × AM ′\M0 ), consider the projection map π : AM → AM0

(resp. π ′ : AM ′ → AM0 ). We then have

μM = μM0 ◦ π and μM ′ = μM0 ◦ π ′. (8)

By condition (CFP+), the projection π is a retraction, so that there exists a C -
morphism f : AM0 → AM such that π ◦ f = IdAM0 . Using (8), we get

μM ′ = μM0 ◦ π ′ = μM0 ◦ IdAM0 ◦ π ′ = μM0 ◦ π ◦ f ◦ π ′ = μM ◦ f ◦ π ′.
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Thus, the map μM ′ may be written as the composite of three C -morphisms and
therefore is a C -morphism. �

Definition 3.5 Let G be a group and let C be a concrete category satisfying
(CFP+). Let A and B be two C -objects. We say that a cellular automaton τ : AG →
BG is a C -cellular automaton provided it satisfies one of the equivalent conditions
of Proposition 3.4.

Example 3.6 Let G be a group and let C be a concrete category satisfying (CFP+).
Let A be a C -object. Then the identity map IdAG : AG → AG is the cellular automa-
ton with memory set M = {1G} and local defining map μM = IdA : AM = A → A

(see Example 2.3). As IdA is a C -morphism, we deduce that IdAG is a C -cellular
automaton.

Example 3.7 (The Discrete Laplacian) Let G be a group, A = R, and S ⊂ G a
nonempty finite subset. The map ΔS : RG → R

G, defined by

(ΔSx)(g) = x(g) − 1

|S|
∑

s∈S

x(gs)

for all x ∈ R
G and g ∈ G, is a cellular automaton (with memory set M = S ∪ {1G}

and associated local defining map μM : RM → R given by μM(y) = y(1G) −
1

|S|
∑

s∈S y(s) for all y ∈ R
M ). Since R is a finite dimensional vector space over

itself and μM is R-linear, we have that ΔS is a C -cellular automaton for C = R-
Vecf −d .

Example 3.8 Let G = Z and let A = K be any field. Then the map τ : KZ → KZ,
defined by

τ(x)(n) = x(n + 1) − x(n)2

for all x ∈ KZ and n ∈ Z, is an C -cellular automaton for C = K-Aal, with memory
set M = {0,1} and associated local defining map μM : AM → A given by μ(y) =
y(1) − y(0)2 for all y ∈ AM . Observe that τ is not a C -cellular automaton for C =
K-Vec unless K ∼= Z/2Z is the field with two elements.

Example 3.9 Let G = Z. Let also S
1 = R/Z denote the unit circle and, for n � 1,

denote by T
n = R

n/Zn = (S1)n the n-torus. With each continuous map f : Tm+1 →
S

1, m � 0, we can associate the cellular automaton τ : (S1)Z → (S1)Z with memory
set M = {0,1, . . . ,m} and local defining map μM = f . Thus we have

τ(x)(n) = f
(
x(n), x(n + 1), . . . , x(n + m)

)

for all x ∈ (S1)Z and n ∈ Z. Then τ is a C -cellular automaton for C = Man.
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Example 3.10 (Arnold’s cat cellular automaton) Let G = Z. Let also A = S
1 and

B = S
1 × S

1 = T
2 and consider the map τ : AZ → BZ defined by

τ(x)(n) = (
2x(n) + x(n + 1), x(n) + x(n + 1)

)

for all x ∈ AZ. Then τ is a C -cellular automaton for C = Man.

Given sets A and B , a subgroup H of a group G, and a cellular automaton
τ : AG → BG admitting a memory set contained in H , we have defined in Sect. 2.7
the cellular automaton τH : AH → BH obtained by restriction of τ to H . We also
introduced the converse operation, namely induction. It turns out that both restric-
tion and induction of cellular automata preserve the property of being a C -cellular
automaton. More precisely, we have the following result.

Proposition 3.11 Let G be a group and let H be a subgroup of G. Let also C be
a category satisfying (CFP+), and let A and B be two C -objects. Suppose that
τ : AG → BG is a cellular automaton over G admitting a memory set contained
in H . Let τH : AH → BH denote the cellular automaton over H obtained by restric-
tion. Then τ is a C -cellular automaton if and only if τH is a C -cellular automaton.

Proof If M is a memory set of τ contained in H , then M is also a memory
set for τH . Moreover, τ and τH have the same associated local defining map
μM : AM → B (Sect. 2.7). Therefore, the statement follows immediately from the
definition of a C -cellular automaton. �

Proposition 3.12 Let G be a group and let C be a concrete category satisfying (CP)
and (C+) (and hence (CFP+)). Let A and B be C -objects and let τ : AG → BG be
a cellular automaton. Then the following conditions are equivalent:

(a) τ is a C -morphism;
(b) τ is a C -cellular automaton.

Note that, in the preceding statement, AG and BG are C -objects since C satis-
fies (CP).

Proof of Proposition 3.12 Let M be a memory set for τ . We then have
(
τ(x)

)
(g) = (μM ◦ πM)

(
g−1x

)
for every x ∈ AG,g ∈ G, (9)

where πM : AG → AM is the projection morphism. By definition, τ is a C -cellular
automaton if and only if μM is a C -morphism.

Suppose first that μM is a C -morphism. For each g ∈ G, the self-map of AG

given by x �→ g−1x is a C -morphism since it just permutes coordinates of the
C -product AG. On the other hand, the projection πM : AG → AM is also a C -
morphism. Therefore, we deduce from (9) that the map from AG to B given by
x �→ τ(x)(g) is a C -morphism for each g ∈ G. It follows that τ : AG → BG is a
C -morphism.
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Conversely, suppose that τ is a C -morphism. Let us show that τ is a C -cellular
automaton. We can assume A 
= ∅. Denote by p : AG → A{1G} = A the projection
C -morphism x �→ x(1G). Applying (9) with g = 1G, we get

(p ◦ τ)(x) = μM(y) (10)

for all x ∈ AG and y ∈ AM with x|M = y. As C satisfies (C+), the projection C -
morphism π : AG = AM × AG\M → AM is a retraction. Therefore there exists a
C -morphism f : AM → AG such that π ◦ f = IdAM . We then deduce from (10)
that μM = p ◦ τ ◦ f . Consequently, μM is a C -morphism. This shows that τ is a
C -cellular automaton. �

Example 3.13

(i) Take C = R-Mod. Given two left R-modules A and B , a cellular automaton
τ : AG → BG is a C -cellular automaton if and only if τ is R-linear with respect
to the product R-module structures on AG and BG.

(ii) Take C = Top. Given two topological spaces A and B , a cellular automaton
τ : AG → BG is a C -cellular automaton if and only if τ is continuous with
respect to the product topologies on AG and BG (in general, these topologies
are coarser than the prodiscrete topologies).

Proposition 3.14 Let G be a group. Let C be a concrete category satisfying
(CFP+), and let A, B and C be C -objects. Suppose that τ : AG → BG and
σ : BG → CG are C -cellular automata. Then σ ◦ τ : AG → CG is a C -cellular
automaton.

Proof We have already seen (Proposition 2.9 and Remark 2.15) that σ ◦ τ is a cel-
lular automaton. Thus we are only left to show that σ ◦ τ admits a local defining
map which is a C -morphism. Let S (resp. T ) be a memory set for σ (resp. τ ) and let
μ : BS → C (resp. ν : AT → B) denote the corresponding local defining map. Then,
as we showed in the proof of Proposition 2.9, the set ST is a memory set for σ ◦ τ

and the map κ : AST → C defined by (6) is the corresponding local defining map.
Now, since τ is a C -cellular automaton, we have that ν is a C -morphism. Moreover,
the maps πs : AST → AsT and fs : AsT → AT are C -morphisms for every s ∈ S. As
ϕs = ν ◦fs ◦πs (4), it follows that the product map Φ = ∏

s∈S ϕs : AST → BS (5) is
a C -morphism. Since σ is a C -cellular automaton, its local defining map μ : BS →
C is also a C -morphism and therefore the map κ = μ ◦ Φ : AST → C is a C -
morphism as well. This completes the proof that σ ◦ τ is a C -cellular automaton. �

Let G be a group and C a concrete category satisfying (CFP+). Then it follows
from Example 3.6 and Proposition 3.14 that there is a category CA(G,C ) having
the same objects as C , in which the identity morphism of an object A is the identity
map IdAG : AG → AG, and where the morphisms from an object A to an object B

are the C -cellular automata τ : AG → BG (with composition of morphisms given
by the usual composition of maps). The category CA(G,C ) is a concrete category
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when equipped with the functor U : CA(G,C ) → Set given by U(A) = AG and
U(τ) = τ . Observe that the image of the functor U is a subcategory of the category
CA(G) defined at the end of Sect. 2.3.

4 Projective Sequences of Sets

Let us briefly recall some elementary facts about projective sequences of sets and
their projective limits.

A projective sequence of sets is a sequence (Xn)n∈N of sets equipped with maps
fnm : Xm → Xn, defined for all n,m ∈ N with m � n, and satisfying the following
conditions:

(PS-1) fnn is the identity map on Xn for all n ∈ N;
(PS-2) fnk = fnm ◦ fmk for all n,m,k ∈ N such that k � m � n.

We shall denote such a projective sequence by (Xn,fnm) or simply by (Xn).
Observe that the projective sequence (Xn,fnm) is entirely determined by the

maps gn = fn,n+1 : Xn+1 → Xn, n ∈N, since

fnm = gn ◦ gn+1 ◦ · · · ◦ gm−1 (11)

for all m > n. Conversely, if we are given a sequence of maps gn : Xn+1 → Xn,
n ∈N, then there is a unique projective sequence (Xn,fnm) satisfying (11).

The projective limit X = lim←−Xn of the projective sequence of sets (Xn,fnm) is
the subset X ⊂ ∏

n∈N Xn consisting of the sequences x = (xn)n∈N satisfying xn =
fnm(xm) for all n,m ∈ N such that m � n (or, equivalently, xn = gn(xn+1) for all
n ∈N, where gn = fn,n+1). Note that there is a canonical map πn : X → Xn sending
x to xn and πn = fnm ◦ πm for all m,n ∈N with m � n.

The fact that the projective limit X = lim←−Xn is not empty clearly implies that
all the sets Xn are nonempty. However, it can happen that the projective limit X =
lim←−Xn is empty even if all the sets Xn are nonempty. The following statement yields
a sufficient condition for the projective limit to be nonempty.

Proposition 4.1 Let (Xn,fnm) be a projective sequence of sets and let X = lim←−Xn

denote its projective limit. Suppose that all maps fnm : Xm → Xn, m � n are sur-
jective. Then all canonical maps πn : X → Xn, m ∈ N, are surjective. In particular,
if in addition Xn0 
= ∅ for some n0 ∈N, then X 
= ∅.

Proof Let n ∈ N and xn ∈ Xn. As the maps fk,k+1, k � n, are surjective, we can
construct by induction a sequence (xk)k�n such that xk = fk,k+1(xk+1) for all k � n.
Let us set xk = fkn(xn) for k < n. Then the sequence x = (xk)k∈N is in X and
satisfies xn = πn(x). This shows that πn is surjective. �

Remark 4.2

(i) For the maps fnm, m � n, to be surjective, it suffices that all the maps fn,n+1
are surjective.
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(ii) When the maps fnm are all surjective, the following conditions are equivalent:
(a) there exists n0 ∈ N such that Xn0 
= ∅;
(b) Xn 
= ∅ for all n ∈ N.

Let (Xn,fnm) be a projective sequence of sets. Property (PS-2) implies that, for
each n ∈ N, the sequence of subsets fnm(Xm) ⊂ Xn, m � n, is non-increasing. Let
us set, for each n ∈ N,

X′
n =

⋂

m�n

fnm(Xm) ⊂ Xn.

The set X′
n is called the set of universal elements of Xn [23]. Observe that

fnm(X′
m) ⊂ X′

n for all m � n. Thus, the map fnm induces by restriction a map
f ′

nm : X′
m → X′

n for all m � n. Clearly (X′
n, f

′
nm) is a projective sequence. This

projective sequence is called the universal projective sequence associated with the
projective sequence (Xn,fnm).

Proposition 4.3 Let (Xn,fnm) be a projective sequence of sets and let (X′
n, f

′
nm)

be the associated universal projective sequence. Then

lim←−Xn = lim←−X′
n. (12)

Proof Let us set X = lim←−Xn and X′ = lim←−X′
n. Since X′

n ⊂ Xn and f ′
nm is the re-

striction of fnm to X′
n, for all n,m ∈ N with m � n, we clearly have X′ ⊂ X. To

show the converse inclusion, let x = (xn)n∈N ∈ X. We have xn = fnm(xm) for all
n,m ∈ N such that m � n, so that xn ∈ ⋂

m�n fnm(Xm) = X′
n. Since f ′

nm(xn) =
fnm(xn), we then deduce that X ⊂ X′. This shows (12). �

Corollary 4.4 Let (Xn,fnm) be a projective sequence of sets. Suppose that the
following conditions are satisfied:

(IP-1) there exists n0 ∈N such that
⋂

k�n0
fn0k(Xk) 
= ∅;

(IP-2) for all n,m ∈N with m � n and all x′
n ∈ ⋂

i�n fni(Xi),

⋂

j�m

f −1
nm

(
x′
n

) ∩ fmj (Xj ) 
= ∅.

Then lim←−Xn 
= ∅.

Proof Consider the universal projective sequence (X′
n, f

′
nm) associated with the

projective sequence (Xn,fnm). Observe that condition (IP-1) says that X′
n0


= ∅.
On the other hand, condition (IP-2) says that, for all n,m ∈ N with m � n, one
has f −1

nm (x′
n) ∩ X′

m 
= ∅ for all x′
n ∈ X′

n, i.e., that the map f ′
nm is surjective. Thus,

applying Propositions 4.3 and 4.1, we get lim←−Xn = lim←−X′
n 
= ∅. �

Remark 4.5 Let (Xn,fnm) be an arbitrary sequence of sets. We claim that, given
m � n and x′

n ∈ ⋂
i�n fni(Xi), one has f −1

nm (x′
n) ∩ fmj (Xj ) 
= ∅ for every j � m.
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Indeed, since x′
n ∈ fnj (Xj ), we can find yj ∈ Xj such that x′

n = fnj (yj ). Setting
zm = fmj (yj ), we then have fnm(zm) = fnm ◦fmj (yj ) = x′

n, so that zm ∈ f −1
nm (x′

n)∩
fmj (Xj ). This proves our claim. It follows that the sets f −1

nm (x′
n) ∩ fmj (Xj ) form a

non-increasing sequence of nonempty subsets of X′
m. Condition (IP-2) says that the

intersections of this sequence is not empty for all m � n and x′
n ∈ X′

n.

5 Algebraic and Subalgebraic Subsets

5.1 Algebraic Subsets

Definition 5.1 Let C be a concrete category. Given a C -object A, we say that a sub-
set X ⊂ A is C -algebraic (or simply algebraic if there is no ambiguity on the cate-
gory C ) if X is the inverse image of a point by some C -morphism, i.e., if there exist
a C -object B , a point b ∈ B , and a C -morphism f : A → B such that X = f −1(b).

Remark 5.2 If C is a concrete category admitting a terminal object which is reduced
to a single element (this is for example the case when C is a concrete category
satisfying (CFP+)), then every C -object A is a C -algebraic subset of itself. Indeed,
we then have A = f −1(t), where f : A → T is the unique C -morphism from A to
T and t is the unique element of T .

Remark 5.3 Suppose that C is a concrete category satisfying (CFP) and that A

is a C -object. Then the set of C -algebraic subsets of A is closed under finite in-
tersections. Indeed, if (Xi)i∈I is a finite family of C -algebraic subsets of a C -
object A, we can find C -morphisms fi : A → Bi and points bi ∈ Bi such that Xi =
f −1

i (bi). Then
⋂

i∈I Xi = f −1(b), where f = ∏
i∈I fi : A → B , B = ∏

i∈I Bi and
b = (bi)i∈I .

Example 5.4

(i) In the category Set or in its full subcategory Setf , the algebraic subsets of an
object A consist of all the subsets of A.

(ii) In the category Grp, the algebraic subsets of an object G consist of the empty
set ∅ and all the left-cosets (or, equivalently, all the right-cosets) of the normal
subgroups of G, i.e., the subsets of the form gN , where g ∈ G and N is a
normal subgroup of G.

(iii) In the category Rng, the algebraic subsets of an object R consist of ∅ and all
the translates of the two-sided ideals of R, i.e., the subsets of the form r + I ,
where r ∈ R and I is a two-sided ideal of R.

(iv) In the category Fld, the algebraic subsets of an object K are ∅ and all the
singletons {k}, k ∈ K .

(v) In the category R-Mod, the algebraic subsets of an object M are ∅ and all the
translates of the submodules of M , i.e., the subsets of the form m+ N , where
m ∈ M and N is a submodule of M .
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(vi) In the category Top, every subset of an object A is algebraic. Indeed, if A is a
topological space and X is a nonempty subset of A, then X = f −1(b0), where
B is the quotient space of A obtained by identifying X to a single point b0
and f : A → B is the quotient map.

(vii) In the full subcategory of Top whose objects consist of all the normal Haus-
dorff spaces, the algebraic subsets of an object A are precisely the closed
subsets of A.

(viii) In the category K-Aal of affine algebraic sets over a field K , the algebraic
subsets of an object A are precisely the subsets of A that are closed in the
Zariski topology. If A ⊂ Kn, these subsets are the algebraic subsets of Kn (in
the usual sense of algebraic geometry) that are contained in A.

5.2 Subalgebraic Subsets

Definition 5.5 Let C be a concrete category. Given a C -object B , we say that a
subset Y ⊂ B is C -subalgebraic (or simply subalgebraic if there is no ambiguity on
the category C ) if Y is the image of some C -algebraic subset by some C -morphism,
i.e., if there exist a C -object A, a C -algebraic subset X ⊂ A, and a C -morphism
f : A → B such that Y = f (X).

Note that, if C is a concrete category and A is a C -object, then every C -algebraic
subset X ⊂ A is also C -subalgebraic since X = IdA(X). Note also that if g : B →
C is a C -morphism and Y is a C -subalgebraic subset of B , then g(Y ) is a C -
subalgebraic subset of C.

Example 5.6

(i) In the category Set or in the category Setf , the subalgebraic subsets of an
object A coincide with its algebraic subsets, that is, they consist of all the
subsets of A.

(ii) In the category Grp, every subalgebraic subset of an object G is either empty
or of the form gH , where g ∈ G and H is a (not necessarily normal) subgroup
of G. Observe that every subgroup H ⊂ G is subalgebraic since it is the image
of the inclusion morphism ι : H → G. This shows in particular that there exist
subalgebraic subsets that are not algebraic. On the other hand, a group may
contain subgroup cosets which are not subalgebraic. Consider for example
the symmetric group G = S3. Then, if we take g = (12) and H = 〈(13)〉 =
{1G, (13)}, the coset gH = {(12), (123)} is not a subalgebraic subset of G.
Otherwise, there would exist a group G′, a normal subgroup H ′ ⊂ G′, an
element g′ ∈ G′, and a group homomorphism f : G′ → G such that gH =
f (g′H ′) = f (g′)f (H ′). If f was surjective, then f (H ′) would be normal in
G and thus would have 1, 3 or 6 elements, which would contradict the fact
that H has order 2. Therefore, the subgroup f (G′) must have either 1, 2 or
3 elements. But this is also impossible since the coset gH = f (g′)f (H ′) has
two elements and does not contain 1G.
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(iii) In the category Rng, there are subalgebraic subsets that are not algebraic. For
example, in the polynomial ring Z[t], the subring Z is subalgebraic but not
algebraic.

(iv) In the category Fld, the subalgebraic subsets of an object K are its algebraic
subsets, i.e., ∅ and all the singletons {k}, k ∈ K .

(v) In the category R-Mod, the subalgebraic subsets of an object M coincide with
the algebraic subsets of M . Thus the subalgebraic subsets of M consist of ∅
and the translates of the submodules of M .

(vi) In the category Top, the subalgebraic subsets of an object A coincide with its
algebraic subsets, i.e., they consist of all the subsets of A.

(vii) In the full subcategory of Top whose objects are Hausdorff topological spaces,
the open interval ]0,1[⊂ R is subalgebraic but not algebraic.

(viii) In the category CHT of compact Hausdorff topological spaces, the subalge-
braic subsets of an object A coincide with its algebraic subsets, i.e., are the
closed subsets of A.

(ix) In the category K-Aal of affine algebraic sets over an algebraically closed
field K , it follows from Chevalley’s theorem (see e.g. [7, AG Sect. 10.2] or
[32, Theorem 10.2]) that every subalgebraic subsets of an object A is con-
structible, that is, a finite union of subsets of the form U ∩ V , where U ⊂ A

is open and V ⊂ A is closed for the Zariski topology.

5.3 The Subalgebraic Intersection Property

The following definition is due to Gromov [22, Sect. 4.C’].

Definition 5.7 Let C be a concrete category. We say that C satisfies the sub-
algebraic intersection property, briefly (SAIP), if for every C -object A, every
C -algebraic subset X ⊂ A, and every non-increasing sequence (Yn)n∈N of C -
subalgebraic subsets of A with X ∩Yn 
= ∅ for all n ∈ N, one has

⋂
n∈N X ∩Yn 
= ∅.

Let us introduce one more definition.

Definition 5.8 We say that a concrete category C is Artinian if the subalgebraic
subsets of any C -object satisfy the descending chain condition, i.e., if, given any
C -object A and any non-increasing sequence (Yn)n∈N of C -subalgebraic subsets of
A, there exists n0 ∈ N such that Yn = Yn+1 for all n � n0.

Proposition 5.9 Every Artinian concrete category satisfies (SAIP).

Proof Let C be an Artinian concrete category. Let A be a C -object, X an algebraic
subset of A, and (Yn)n∈N a non-increasing sequence of subalgebraic subsets of A

with X ∩ Yn 
= ∅ for all n ∈ N. As C is Artinian, we can find n0 ∈ N such that
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Ym = Yn0 for all m � n0. We then have

⋂

n∈N
X ∩ Yn = X ∩ Yn0 
= ∅.

This shows that C satisfies (SAIP). �

Observe that if a concrete category C satisfies (SAIP) (resp. is Artinian), then
every subcategory of C satisfies (SAIP) (resp. is Artinian).

Example 5.10

(i) The category Set does not satisfy (SAIP). Indeed, if we take A = X = N

and Yn = {m ∈ N : m � n}, n ∈ N, we have X ∩ Yn 
= ∅ for all n ∈ N but⋂
n∈N X ∩ Yn = ∅.

(ii) The category Setf is Artinian and hence satisfies (SAIP). Indeed, every non-
increasing sequence of subsets of a finite set eventually stabilizes.

(iii) Let R be a nonzero ring and let C = R-Mod. Consider the R-module M =⊕
i∈N R and, for every n ∈ N, denote by πn : M → Rn+1 the projection map

defined by πn(m) = (m0,m1, . . . ,mn) for all m = (mi)i∈N ∈ M . Let yn :=
(1,1, . . . ,1) ∈ Rn+1 and set Xn := π−1

n (yn) = {m = (mi)i∈N ∈ M : m0 =
m1 = · · · = mn = 1}. Then Xn is a nonempty C -algebraic subset of M and we
have X0 ⊂ X1 ⊃ X2 ⊃ · · · but

⋂
n∈N Xn = ∅. This shows that R-Mod does

not satisfy (SAIP) unless R is a zero ring.
(iv) Since Z-Mod is a subcategory of Grp, namely the full subcategory of Grp

whose objects are Abelian groups, we deduce that Grp does not satisfy (SAIP)
either.

(v) If K is a field, then the category K-Vec = K-Mod does not satisfy (SAIP)
since any field is a nonzero ring.

(vi) Given an integer a � 2, the subsets Xn ⊂ Z defined by

Xn = 1 + a + a2 + · · · + an + an+1
Z,

n ∈ N, are nonempty C -algebraic subsets of Z for C = Rng and C = Z-
Modf −g . As X0 ⊃ X1 ⊃ X2 ⊃ · · · and

⋂
n∈N Xn = ∅ (see the remark follow-

ing the proof of Proposition 2.2 in [13]), this shows that the categories Rng
and Z-Modf −g do not satisfy (SAIP).

(vii) Let R be a ring. Recall that a left module M is called Artinian if the sub-
modules of M satisfy the descending chain condition (see for instance [25,
Chap. 8]). It is clear that, in an Artinian module, the translates of the sub-
modules also satisfy the descending chain condition [13, Proposition 2.2]. It
follows that the full subcategory R-ModArt of R-Mod, whose objects consist
of all the Artinian left R-modules, is Artinian and hence satisfies (SAIP). Note
that R-ModArt satisfies (CFP+) since the direct sum of two Artinian modules
is itself Artinian. If the ring R is left-Artinian (i.e., Artinian as a left module
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over itself), then every finitely generated left module over R is Artinian (The-
orem 1.8 in [25, Chap. 8]), so that the category R-Modf −g is Artinian and
hence satisfies (SAIP) [13].

(viii) If K is a field, then the category K-Vecf −d = K-ModArt satisfies (SAIP).
(ix) The category Fld clearly satisfies (SAIP).
(x) The category Top clearly does not satisfy (SAIP). In fact, even the full subcat-

egory of Top whose objects are Hausdorff topological spaces does not satisfy
(SAIP) since, in this subcategory, the open intervals (0,1/n) ⊂ R form a non-
increasing sequence of subalgebraic subsets of R with empty intersection.

(xi) The category CHT of compact Hausdorff topological spaces (and therefore
its full subcategory Man) satisfies (SAIP). This follows from the fact that,
in a compact space, any family of closed subsets with the finite intersection
property has a nonempty intersection. Observe that neither CHT nor Man are
Artinian since the arcs Xn := {eiθ : 0 � θ � 1/(n + 1)}, n ∈ N, form a non-
increasing sequence of closed subsets of the unit circle S1 := {z ∈C : |z| = 1}
which does not stabilize.

(xii) Given a field K , the category K-Aal is Artinian if and only if K is finite. To
see this, first observe that if K if finite then all objects in K-Aal are finite
and hence K-Aal is Artinian. Then suppose that K is infinite and choose
a sequence (an)n∈N of distinct elements in K . Now observe that Yn = K \
{a0, a1, . . . , an} is a nonempty K-Aal-subalgebraic subset of K since it is the
projection on the x-axis of the affine algebraic curve Xn ⊂ K2 with equation
(x − a0)(x − a1) · · · (x − an)y = 1. As the sequence Yn is non-increasing and
does not stabilize, this shows that K-Aal is not Artinian.

(xiii) If K is an infinite countable field, then the category K-Aal does not satisfy
(SAIP). Indeed, suppose that K = {an : n ∈ N}. Then the subsets Yn = K \
{a0, a1, . . . , an} form a non-increasing sequence of nonempty subsets of K

with empty intersection. As each Yn is subalgebraic in K (see the preceding
example), this shows that K-Aal does not satisfy (SAIP).

(xiv) If K is an uncountable algebraically closed field, then the category K-Aal of
affine algebraic sets over K satisfies (SAIP) [22, Sect. 4.C”], [17, Proposi-
tion 4.4].

(xv) The category C = R-Aal of real affine algebraic sets does not satisfy (SAIP).
Indeed, the subsets Xn = [n,+∞), n ∈ N, are nonempty C -subalgebraic sub-
sets of R since Xn = Pn(R) for Pn(t) = t2 + n. On the other hand, we have
X0 ⊃ X1 ⊃ X2 ⊃ · · · but

⋂
n∈N Xn = ∅.

5.4 Projective Sequences of Algebraic Sets

Let C be a concrete category satisfying condition (CFP+). We say that a projec-
tive sequence (Xn,fnm) of sets is a projective sequence of C -algebraic sets pro-
vided there is a projective sequence (An,Fnm), consisting of C -objects An and
C -morphisms Fnm : Am → An for all n,m ∈ N such that m � n, satisfying the fol-
lowing conditions:
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(PSA-1) Xn is a C -algebraic subset of An for every n ∈N;
(PSA-2) Fnm(Xm) ⊂ Xn and fnm is the restriction of Fnm to Xm for all m,n ∈ N

such that m � n.

Note that fnm(Xm) = Fnm(Xm) in PSA-2 above is a C -subalgebraic subset of
An for all n,m ∈N such that m � n.

The following result constitutes an essential ingredient in the proof of Theo-
rem 6.1.

Theorem 5.11 Let C be a concrete category satisfying (SAIP). Suppose that
(Xn,fnm) is a projective sequence of nonempty C -algebraic sets. Then lim←−Xn 
= ∅.

Proof Let (An,Fnm) be a projective sequence of C -objects and morphisms satisfy-
ing conditions (PSA-1) and (PSA-2) above. Let n ∈ N. For all k � n, the image set
fnk(Xk) = Fnk(Xk), being the image of a nonempty C -algebraic subset under a C -
morphism, is a nonempty C -subalgebraic subset of An. As the sequence fnk(Xk),
k = n,n + 1, . . . , is non-increasing, we deduce from (SAIP) that

X′
n =

⋂

k�n

fnk(Xk) 
= ∅ (13)

for all n ∈N.
Let us fix m,n ∈ N with m � n and x′

n ∈ X′
n. In Remark 4.5, we observed that

f −1
nm (x′

n) ∩ fmj (Xj ) 
= ∅ for all j � m. On the other hand, we have

f −1
nm

(
x′
n

) ∩ fmj (Xj ) = F−1
nm

(
x′
n

) ∩ Fmj (Xj ).

As the sets Fmj (Xj ), for j = m,m + 1, . . . , form a non-increasing sequence of C -
subalgebraic subsets of Am and F−1

nm (x′
n) is a C -algebraic subset of Am, we get

⋂

j�m

f −1
nm

(
x′
n

) ∩ fmj (Xj ) 
= ∅

by applying (SAIP) again. This is condition (IP-2) in Corollary 4.4. Since (IP-1)
follows from (13), Corollary 4.4 ensures that lim←−Xn 
= ∅. �

6 The Closed Image Property

One says that a map f : X → Y from a set X into a topological space Y has the
closed image property, briefly (CIP) [22, Sect. 4.C”], if its image f (X) is closed
in Y .

Theorem 6.1 Let C be a concrete category satisfying conditions (CFP+) and
(SAIP). Let G be a group. Then every C -cellular automaton τ : AG → BG satisfies
(CIP) with respect to the prodiscrete topology on BG.
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Proof Let τ : AG → BG be a C -cellular automaton. Let M ⊂ G be a memory set
for τ and let μM : AM → B denote the associated local defining map.

Suppose first that the group G is countable. Then we can find a sequence (En)n∈N
of finite subsets of G such that G = ⋃

n∈N En, M ⊂ E0, and En ⊂ En+1 for all
n ∈ N. Consider, for each n ∈ N, the finite subset Fn ⊂ G defined by Fn = {g ∈ G :
gM ⊂ En}. Note that G = ⋃

n∈N Fn, 1G ∈ F0, and Fn ⊂ Fn+1 for all n ∈ N.
It follows from (1) that if x and x′ are elements in AG such that x and x′ coincide

on En, then the configurations τ(x) and τ(x′) coincide on Fn. Therefore, we can
define a map τn : AEn → BFn by setting

τn(u) = (
τ(x)

)∣
∣
Fn

for all u ∈ AEn , where x ∈ AG denotes an arbitrary configuration extending u. Ob-
serve that both AEn and BFn are C -objects as they are finite Cartesian powers of the
C -objects A and B respectively.

We claim that τn is a C -morphism for every n ∈ N. Indeed, let n ∈ N. For ev-
ery g ∈ Fn, we have gM ⊂ En. Denote, for each g ∈ Fn, by πn,g : AEn → AgM

the projection C -morphism. Consider also, for all g ∈ G, the C -isomorphism
φg : AgM → AM defined by (φg(u))(m) = u(gm) for all m ∈ M . Then, for each
g ∈ Fn, the map Φg := μM ◦ φg ◦ πn,g : AEn → B is a C -morphism since it is the
composite of C -morphisms. Observe that Φg(x) = τ(x)(g) for all x ∈ AG. This
shows that τn = ∏

g∈Fn
Φg and the claim follows.

Let now y ∈ BG and suppose that y is in the closure of τ(AG) for the prodiscrete
topology on BG. Then, for every n ∈N, we can find zn ∈ AG such that

y|Fn = (
τ(zn)

)∣
∣
Fn

. (14)

Consider, for each n ∈ N, the C -algebraic subset Xn ⊂ AEn defined by Xn =
τ−1
n (y|Fn). We have Xn 
= ∅ for all n ∈ N since zn|En ∈ Xn by (14). Observe that,

for m � n, the projection C -morphism Fnm : AEm → AEn induces by restriction
a map fnm : Xm → Xn. Conditions (PSA-1) and (PSA-2) are trivially satisfied
so that (Xn,fnm) is a projective sequence of nonempty C -algebraic sets. Since
C satisfies (SAIP), we have lim←−Xn 
= ∅ by Theorem 5.11. Choose an element

(xn)n∈N ∈ lim←−Xn. Thus xn ∈ AEn and xn+1 coincides with xn on En for all n ∈ N.

As G = ⋃
n∈N En, we deduce that there exists a (unique) configuration x ∈ AG such

that x|En = xn for all n ∈ N. Moreover, we have τ(x)|Fn = τn(xn) = yn = y|Fn for
all n since xn ∈ Xn. As G = ⋃

n∈N Fn, this shows that τ(x) = y. This completes the
proof that τ satisfies condition (CIP) in the case when G is countable.

Let us treat now the case of an arbitrary (possibly uncountable) group G. Let
H denote the subgroup of G generated by the memory set M . Observe that H is
countable since M is finite. The restriction cellular automaton τH : AH → BH is a
C -cellular automaton by Proposition 3.11. Thus, by the first part of the proof, τH

satisfies condition (CIP), that is, τH (AH ) is closed in BH for the prodiscrete topol-
ogy on BH . By applying part (iii) of Theorem 2.16, we deduce that τ(AG) is also
closed in BG for the prodiscrete topology on BG. Thus τ satisfies condition (CIP). �



118 T. Ceccherini-Silberstein and M. Coornaert

From Theorem 6.1 and Examples 5.10 we recover results from [10, 14, 16, 17,
22] and [13, Lemma 3.2].

Corollary 6.2 Let G be a group. Then every C -cellular automaton τ : AG → BG

satisfies (CIP) with respect to the prodiscrete topology on BG, when C is one of the
following concrete categories:

• Setf , the category of finite sets;
• K-Vecf −d , the category of finite-dimensional vector spaces over an arbitrary

field K ;
• R-ModArt, the category of left Artinian modules over an arbitrary ring R;
• R-Modf −g , the category of finitely generated left modules over an arbitrary left-

Artinian ring R;
• K-Aal, the category of affine algebraic sets over an arbitrary uncountable alge-

braically closed field K ;
• CHT, the category of compact Hausdorff topological spaces;
• Man, the category of compact topological manifolds.

Remark 6.3 When C is Setf , we can directly deduce that any C -cellular automaton
τ : AG → BG satisfies (CIP) from the compactness of AG, the continuity of τ , and
the fact that BG is Hausdorff.

Remark 6.4

(i) It is shown in [16] (see also [15, Example 8.8.3]) that if G is a non-periodic
group and A is an infinite set, then there exists a cellular automaton τ : AG →
AG whose image τ(AG) is not closed in AG for the prodiscrete topology.

(ii) Let K be a field and let C = K-Vec. It is shown in [16] (see also [15, Exam-
ple 8.8.3]) that is G is a non-periodic group and A is an infinite-dimensional
vector space over K , then there exists a C -cellular automaton τ : AG → AG

whose image τ(AG) is not closed in AG for the prodiscrete topology.
(iii) In [17, Remark 5.2], it is shown that if G is a non-periodic group, then there

exists a R-Aal-cellular automaton τ : RG → R
G whose image is not closed in

R
G for the prodiscrete topology.

7 Surjunctivity of C -Cellular Automata over Residually Finite
Groups

7.1 Injectivity and Surjectivity in Concrete Categories

Let C be a category and f : A → B a C -morphism. We recall that f is said to
be a C -monomorphism provided that for any two C -morphisms g1, g2 : C → A

the equality f ◦ g1 = f ◦ g2 implies g1 = g2. We also recall that f is called a
C -epimorphism if for any two C -morphisms h1, h2 : B → C the equality h1 ◦ f =
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h2 ◦f implies h1 = h2. In other words, a C -monomorphism (resp. C -epimorphism)
is a left-cancellative (resp. right-cancellative) C -morphism.

Suppose now that C is a concrete category. Then one says that a C -morphism
f : A → B is injective (resp. surjective, resp. bijective) if (the underlying map
of) f is injective (resp. surjective, resp. bijective) in the set-theoretical sense. It
is clear that every injective (resp. surjective) C -morphism is a C -monomorphism
(resp. a C -epimorphism). In concrete categories such as Set, Setf , Grp, R-Mod,
R-Modf −g , Top, CHT, or Man the converse is also true so that the class of injective
(resp. surjective) morphisms coincide with the class of monomorphisms (resp. epi-
morphisms) in these categories (the fact that every epimorphism is surjective in Grp
is a non-trivial result, see [29]). However, there exist concrete categories admitting
monomorphisms (resp. epimorphisms) that fail to be injective (resp. surjective).

Example 7.1

(i) Let C be the full subcategory of Grp consisting of all divisible Abelian groups.
Recall that an Abelian group G is called divisible if for each g ∈ G and each
integer n � 1, there is an element g′ ∈ G such that ng′ = g. Then the quotient
map f : Q→ Q/Z is a non-injective C -monomorphism.

(ii) Let C = Rng. Then the inclusion map f : Z → Q is a non-surjective C -
epimorphism.

(iii) Let C be the full subcategory of Top whose objects are Hausdorff spaces. Then
the inclusion map f : Q → R is a non-surjective C -epimorphism.

7.2 Surjunctive Categories

Definition 7.2 A concrete category C is said to be surjunctive if every injective
C -endomorphism f : A → A is surjective (and hence bijective).

Example 7.3

(i) The category Set is not surjunctive but Setf is. Indeed, a set A is finite if and
only if every injective map f : A → A is surjective (Dedekind’s characteriza-
tion of infinite sets).

(ii) The map f : Z → Z, defined by f (n) = 2n for all n ∈ Z, is injective but not
surjective. This shows that the categories Grp, Z-Mod and Z-Modf −g are not
surjunctive.

(iii) Let R be a nonzero ring. Then the map f : R[t] → R[t], defined by P(t) �→
P(t2), is injective but not surjective. As f is both a ring and a R-module
endomorphism, this shows that the categories Rng and R-Mod are not sur-
junctive.

(iv) If k is a field and k(t) is the field of rational functions on k, then the map
f : k(t) → k(t), defined by F(t) �→ F(t2), is a field homomorphism which is
injective but not surjective. This shows that the category Fld is not surjunctive.
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(v) Let K be a field. Then the category K-Vec is not surjunctive but K-Vecf −d

is. Indeed, it is well known from basic linear algebra that for a vector space
A over K one has dimK(A) < ∞ if and only if every injective K-linear map
f : A → A is surjective.

(vi) If R is a ring then the category R-ModArt of Artinian left-modules over R is
surjunctive (see e.g. [13, Proposition 2.1]).

(vii) Let R be a left Artinian ring. Then the category R-Modf −g of finitely-
generated left R-modules over R is surjunctive [13, Proposition 2.5].

(viii) In [36], it is shown that, for a commutative ring R, the category R-Modf −g

is surjunctive if and only if all prime ideals in R are maximal (if R is a
nonzero ring, this amounts to saying that R has Krull dimension 0). The non-
commutative rings R such that R-Modf −g is surjunctive are characterized
in [2].

(ix) Let K be a field. If K is algebraically closed, then the category K-Aal of
affine algebraic sets over K is surjunctive: this is a particular case of the Ax-
Grothendieck theorem [3, Theorem C], [4], and [23, Proposition 10.4.11] (see
also [6]).

When the ground field K is not algebraically closed, the category K-Aal
may fail to be surjunctive. For instance, the injective polynomial map
f : Q → Q defined by f (x) = x3 is not surjective since 2 /∈ f (Q). This
shows that the category Q-Aal is not surjunctive. If k is any field of char-
acteristic p > 0 (e.g., k = Z/pZ) and we denote by K = k(t) the field of
rational functions with coefficients in k in one indeterminate t , then, the map
f : k(t) → k(t), defined by f (R) = Rp for all R ∈ k(t), is injective (it is the
Frobenius endomorphism of the field k(t)) but not surjective since there is no
R ∈ k(t) such that t = Rp . Thus, the category k(t)-Aal is not surjunctive for
any field k of characteristic p > 0.

(x) The categories Top and CHT are not surjunctive. Indeed, if we consider the
unit interval [0,1] ⊂ R, the continuous map f : [0,1] → [0,1], defined by
f (x) = x/2 for all x ∈ [0,1], is injective but not surjective.

(xi) Let M be a compact topological manifold and suppose that f : M → M is an
injective continuous map. Then f (M) is open in M by Brouwer’s invariance
of domain and closed by compactness of M . Since M is connected, we deduce
that f (M) = M . This shows that the category Man is surjunctive.

7.3 Surjunctive Groups

Definition 7.4 Let C be a concrete category satisfying condition (CFP+). One says
that a group G is C -surjunctive if every injective C -cellular automaton τ : AG →
AG is surjective. In other words, G is C -surjunctive if the category CA(G,C ) of
C -cellular automata over G is surjunctive.
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Remark 7.5

(i) The trivial group is C -surjunctive if and only if the category C is surjunctive.
(ii) There exist no C -surjunctive groups in the case when the category C is not

surjunctive. Indeed, if f : A → A is a C -morphism which is injective but
not surjective and G is any group, then the map τ : AG → AG, defined by
τ(x)(g) = f (x(g)) for all x ∈ AG and g ∈ G, is a C -cellular automaton (with
memory set {1G}) which is injective but not surjective.

(iii) A group G is Setf -surjunctive if and only if, for any finite alphabet A, every
injective cellular automaton τ : AG → AG is surjective. Gottschalk [21] called
such a group a surjunctive group.

7.4 Residually Finite Groups

Recall that a group G is called residually finite if the intersection of its finite in-
dex subgroups is reduced to the identity element. This is equivalent to saying that
if g1 and g2 are distinct elements in G, then we can find a finite group F and a
group homomorphism f : G → F such that f (g1) 
= f (g2). All finite groups, all
free groups, all finitely generated nilpotent groups (and hence all finitely generated
Abelian groups, e.g. Zd for any d ∈ N), and all fundamental groups of compact
topological manifolds of dimension � 3 are residually finite. All finitely gener-
ated linear groups are residually finite by a theorem of Mal’cev. On the other hand,
the additive group Q, the group of permutations of N, the Baumslag-Solitar group
BS(2,3) = 〈a, b : a−1b2a = b3〉, and all infinite simple groups provide examples of
groups which are not residually finite.

The following dynamical characterization of residual finiteness is well known
(see e.g. [15, Theorem 2.7.1]):

Theorem 7.6 Let G be a group. Then the following conditions are equivalent:

(a) the group G is residually finite;
(b) for every set A, the set of points of AG which have a finite G-orbit is dense in

AG for the prodiscrete topology.

7.5 Surjunctivity of Residually Finite Groups

Theorem 7.7 Let C be a concrete category satisfying conditions (CFP+) and
(SAIP). Suppose that C is surjunctive. Then every residually finite group is C -
surjunctive. In other words, every injective C -cellular automaton τ : AG → AG is
surjective when G is residually finite (e.g., G = Z

d ).

Before proving Theorem 7.7, let us introduce some additional notation.
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Let A, M , and N be sets. Suppose that we are given a map ρ : M → N . Then ρ

induces a map ρ∗ : AN → AM defined by ρ∗(y) = y ◦ ρ for all y ∈ AN .

Lemma 7.8 Let C be a concrete category satisfying condition (CFP). Let A be a
C -object and suppose that we are given a map ρ : M → N , where M and N are
finite sets. Then the induced map ρ∗ : AN → AM is a C -morphism.

Proof We have ρ∗(y)(m) = y(ρ(m)) for all m ∈ M and y ∈ AN . Thus, if we denote
by πn : AN → A, n ∈ N , the C -morphism given by the projection map on the n-
factor, we have ρ∗ = ∏

m∈M πρ(m). Consequently, ρ∗ is a C -morphism. �

Proof of Theorem 7.7 Let G be a residually finite group and suppose that τ : AG →
AG is an injective C -cellular automaton. For every finite index subgroup H of G

we denote by Fix(H) the subset of AG consisting of all configurations x ∈ AG

that are fixed by H , that is, such that hx = x for all h ∈ H . We also denote
by H\G = {Hg : g ∈ G} the finite set consisting of all right cosets of H in
G and by ρH : G → H\G the canonical surjective map sending each g ∈ G to
Hg. Consider the induced map ρ∗

H : AH\G → AG. One immediately checks that
ρ∗

H (AH\G) ⊂ Fix(H). In fact, the map ρ∗
H : AH\G → Fix(H) is bijective (see

e.g. [15, Proposition 1.3.3]). Observe now that by G-equivariance of τ we have
τ(Fix(H)) ⊂ Fix(H). Denote by σ := τ |Fix(H) : Fix(H) → Fix(H) the map ob-
tained by restricting τ to Fix(H) and let σ̃ : AH\G → AH\G be the conjugate
of σ by ρ∗

H , that is, the map given by σ̃ = (ρ∗
H )−1 ◦ σ ◦ ρ∗

H . We claim that σ̃

is a C -morphism. To see this, it suffices to prove that, for each t ∈ H\G, the
map πt : AH\G → A defined by πt (y) = σ̃ (y)(t) is a C -morphism, since then
σ̃ = ∏

t∈T πt . Choose a memory set M for τ and let μM : AM → A denote the
associated local defining map. For t = gH ∈ T , consider the map ψt : M → H\G
defined by ψt(m) = ρH (gm) for all m ∈ M . It is obvious that ψt is well defined (i.e.
it does not depend on the particular choice of the representative g ∈ G of the coset
t = Hg). If ψ∗ : AH\G → AM is the induced map, we then have πt = μM ◦ψ∗

t . But
μM is a C -morphism since τ is a C -cellular automaton. On the other hand, ψ∗

t is
also a C -morphism by Lemma 7.8. It follows that πt is a C -morphism, proving our
claim. Now observe that σ : Fix(H) → Fix(H) is injective since it is the restriction
of τ . As σ̃ is conjugate to σ , we deduce that σ̃ is injective as well. Since by our
assumptions the category C is surjunctive, we deduce that σ̃ is surjective. Thus, σ

is also surjective and hence Fix(H) = σ(Fix(H)) = τ(Fix(H)) ⊂ τ(AG).
Let E ⊂ AG denote the set of configurations whose orbit under the G-shift is

finite. Then we have

E =
⋃

H∈F

Fix(H) ⊂ τ
(
AG

)
,

where F denotes the set of all finite index subgroups of G. On the other hand, the
residual finiteness of G implies that E is dense in AG (Theorem 7.6). As τ(AG) is
closed in AG by Theorem 6.1, we conclude that τ(AG) = AG. �

From Theorem 7.7, Examples 7.3 and 5.10 we deduce the following:
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Corollary 7.9 All residually finite groups are C -surjunctive when C is one of the
following concrete categories:

• Setf , the category of finite sets;
• K-Vecf −d , the category of finite-dimensional vector spaces over an arbitrary

field K ;
• R-ModArt, the category of left Artinian modules over an arbitrary ring R;
• R-Modf −g , the category of finitely generated left modules over an arbitrary left-

Artinian ring R;
• K-Aal, the category of affine algebraic sets over an arbitrary uncountable alge-

braically closed field K ;
• Man, the category of compact topological manifolds.

Remark 7.10

(i) Let C = Setf . The C -surjunctivity of residually finite groups was established
by W. Lawton [21] (see also [15, Theorem 3.3.1]). As mentioned in the In-
troduction, all amenable groups are C -surjunctive [15, Corollary 5.9.3]. These
results were generalized by Gromov [22] and Weiss [38] (see also [15, Theo-
rem 7.8.1]) who proved that all sofic groups are C -surjunctive. It is not known
whether all groups are C -surjunctive (resp. sofic) or not.

(ii) Let C = K-Vecf −d , where K is an arbitrary field. In [10] (see also [22]) we
proved that residually finite groups and amenable groups are C -surjunctive.
More generally, in [11] (see also [22] and [15, Theorem 8.14.4]) we proved
that all sofic groups are C -surjunctive. We also proved (see [11] and [15, Corol-
lary 8.15.7]) that a group G is C -surjunctive, if and only if the group ring K[G]
is stably finite, that is, the following condition holds: if two square matrices a

and b with entries in the group ring K[G] satisfy ab = 1, then they also satisfy
ba = 1. We recall that Kaplansky [27] conjectured that all group rings are sta-
bly finite. He proved the conjecture when the ground field K has characteristic
zero, but for positive characteristic, though proved for all sofic groups by Elek
and Szabo [19] (see also [11] and [15, Corollary 8.15.8]), the Kaplansky con-
jecture remains open. In other words, it is not known whether all groups are
C -surjunctive or not when K has positive characteristic.

(iii) In [12, Corollary 1.3], it is shown that if R is a left-Artinian ring and C =
R-Modf −g , then every sofic group is C -surjunctive.

(iv) Let C = K-Aal, where K is an uncountable algebraically closed field. The
fact that all residually finite groups are C -surjunctive was established in [17,
Corollary 1.2] (see also [22]). We do not know how to prove that all amenable
(resp. all sofic) groups are C -surjunctive.

8 Reversibility of C -Cellular Automata

8.1 The Subdiagonal Intersection Property

Let C be a concrete category satisfying (CFP) and let f : A → B be a C -morphism.
Consider the map g : A×A → B ×B defined by g(a1, a2) = (f (a1), f (a2)) for all
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(a1, a2) ∈ A × A. If πA
i : A × A → A and πB

i : B × B → B , i = 1,2, denote the
projection morphisms, we have πB

i ◦ g = f ◦ πA
i for i = 1,2. Therefore, the maps

πB
1 ◦ g and πB

2 ◦ g are C -morphisms. We deduce that g is also a C -morphism. We
shall write this morphism g = f × f and call it the square of f (not to be confused
with the product map h : A → B ×B defined by h(a) = (f (a), f (a)) for all a ∈ A).

Definition 8.1 Let C be a concrete category satisfying condition (CFP). Let A be a
C -object.

A subset X ⊂ A × A is called C -square-algebraic if it is the inverse image
of a point by the square of some C -morphism, i.e., if there exists a C -morphism
f : A → B and an element (b1, b2) ∈ B × B such that

X = {
(a1, a2) ∈ A × A : f (a1) = b1 and f (a2) = b2

}
.

A subset X ⊂ A × A is called C -prediagonal if there exists a C -morphism
f : A → B such that

X = {
(a1, a2) ∈ A × A : f (a1) = f (a2)

}
.

In other words, a subset X ⊂ A × A is C -prediagonal if and only if X is the inverse
image of the diagonal ΔB ⊂ B ×B by the square f × f : A×A → B ×B of some
C -morphism f : A → B .

A subset X ⊂ A × A is called C -codiagonal if there exists a C -morphism
f : A → B such that

Y = {
(a1, a2) ∈ A × A : f (a1) 
= f (a2)

}
.

In other words, a subset of A×A is C -codiagonal if and only if it is the complement
of a C -diagonal subset.

A subset X ⊂ A×A is called C -subdiagonal if it is the image of a C -prediagonal
subset by the square of a C -morphism. In other words, a subset X ⊂ A × A is
subdiagonal if and only if there exist C -morphisms f : B → A and g : B → C such
that

X = {(
f (b1), f (b2)

) : (b1, b2) ∈ B × B and g(b1) = g(b2)
}
.

Remark 8.2 Suppose that C is a concrete category satisfying (CFP) and that A is a
C -object. Then:

(i) Every C -square-algebraic subset X ⊂ A×A is a C -algebraic subset of A×A.
(ii) The set A × A is a C -square-algebraic subset of itself. Indeed, if T = {t}

is a terminal C -object, we have A × A = {(a1, a2) ∈ A × A : f (a1) =
t and f (a2) = t}, where f : A → T denotes the unique C -morphism from A

to T .
(iii) Every prediagonal subset X ⊂ A × A contains the diagonal ΔA ⊂ A × A.

Moreover, ΔA is a C -prediagonal subset of A × A since ΔA = {(a1, a2) ∈
A × A : f (a1) = f (a2)} for f = IdA.
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(iv) The set A × A is a C -prediagonal subset of itself. Indeed if T is a terminal C -
object and f : A → T is the unique C -morphism from A to T , then we have
A × A = {(a1, a2) ∈ A × A : f (a1) = f (a2)}.

(v) The set of C -prediagonal subsets of A × A is closed under finite intersec-
tions. Indeed, if (Xi)i∈I is a finite family of C -prediagonal subsets of A × A,
we can find C -morphisms fi : A → Bi such that Xi = {(a1, a2) ∈ A × A :
fi(a1) = fi(a2)}. Then if we set B = ∏

i∈I Bi and f = ∏
i∈I fi : A → B , we

have
⋂

i∈I Xi = {(a1, a2) ∈ A × A : f (a1) = f (a2)}.

As usual, we shall sometimes omit the letter “C ” in the words C -square-
algebraic, C -prediagonal, C -codiagonal and C -subdiagonal when the ambient cat-
egory is clear from the context.

Example 8.3

(i) Let C = Set. Given a set A, the square-algebraic subsets of A×A are precisely
the subsets of the form E × F , where E and F are arbitrary subsets of A. A
subset X ⊂ A×A is prediagonal if and only if it is the graph of an equivalence
relation on A.

(ii) In the category Grp, given a group G, a subset of G × G is square-algebraic
if and only if it is either empty or of the form (g1N) × (g2N), where N is a
normal subgroup of G. The prediagonal subsets of G × G are precisely the
subsets of the form XN = {(g1, g2) ∈ G × G : g1N = g2N}, where N is a
normal subgroup of G. In other words, the prediagonal subsets are the graphs
of the congruence relations modulo normal subgroups.

(iii) In the category Rng, given a ring R, the prediagonal subsets of R × R are
precisely the subsets of the form XI = {(r1, r2) ∈ R × R : r1 + I = r2 + I },
where I is a two-sided ideal of R. In other words, the prediagonal subsets are
the graphs of the congruence relations modulo two-sided ideals.

(iv) In the category R-Mod, given a R-module M , the prediagonal subsets of M ×
M are precisely the subsets of the form XN = {(m1,m2) ∈ M ×M : m1 +N =
m2 + N}, where N is a submodule of M . In other words, the prediagonal
subsets of M × M are the graphs of congruence relations modulo submodules
of M . Observe that every subdiagonal subset of M × M is a translate of a
submodule of M × M .

(v) In the full subcategory of Top whose objects are the Hausdorff topologi-
cal spaces, given a Hausdorff topological space A, every square-algebraic
(resp. prediagonal, resp. codiagonal) subset of A × A is closed (resp. closed,
resp. open) in A × A for the product topology.

(vi) In CHT, given a compact Hausdorff topological space A, every subdiagonal
subset of A × A is closed in A × A.

(vii) In the category K-Aal of affine algebraic sets over a field K , every square-
algebraic (resp. prediagonal, resp. codiagonal) subset of the square A × A of
an object A is closed (resp. closed, resp. open) in the Zariski topology on
A × A (beware that the Zariski topology on A × A is not, in general, the
product of the Zariski topology on A with itself). If K is algebraically closed,
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it follows from Chevalley’s theorem that every subdiagonal subset of A×A is
constructible with respect to the Zariski topology on A × A.

The following definition is introduced by Gromov in [22, Sect. 4.F].

Definition 8.4 Let C be a concrete category satisfying (CFP). One says that C has
the subdiagonal intersection property, briefly (SDIP), provided that the following
holds: for every C -object A, any C -square-algebraic subset X ⊂ A × A, any C -
codiagonal subset Y ⊂ A × A, and any non-increasing sequence (Zn)n∈N of C -
subdiagonal subsets of A × A such that X ∩ Y ∩ Zn 
= ∅ for all n ∈N,

⋂

n∈N
X ∩ Y ∩ Zn 
= ∅.

Example 8.5

(i) The category C = Set does not satisfy (SDIP). To see this, take for example
A = N and consider the maps fn : A → A defined by

fn(k) =
{

k if k � n − 1,

0 if k � n

for all n, k ∈N. Then the sets

Zn := {
(a1, a2) ∈ A × A : fn(a1) = fn(a2)

}

form a non-increasing sequence of C -prediagonal (and therefore C -sub-
diagonal) subsets of A × A. Take X = A × A and Y = A × A \ ΔA. Then
X ⊂ A × A is C -square-algebraic and Y ⊂ A × A is C -codiagonal in A × A.
We have X ∩ Y ∩ Zn 
= ∅ for all n ∈ N since (n,n + 1) ∈ X ∩ Y ∩ Zn. On the
other hand, we clearly have

⋂
n∈N X ∩ Y ∩ Zn = ∅. This shows that Set does

not satisfy (SDIP).
(ii) The category Setf satisfies (SDIP) since any non-increasing sequence of finite

sets eventually stabilizes.
(iii) Let C = Rng, Grp, Z-Mod, or Z-Modf −g . Take A = Z, X = A × A, Y =

A × A \ ΔA, and, for n ∈N,

Zn = {
(a1, a2) ∈ A × A : a1 ≡ a2 mod 2n

}
.

Clearly X is C -square-algebraic, Y is C -codiagonal, and (Zn)n∈N is a non-
increasing sequence of C -prediagonal (and hence C -subdiagonal) subsets of
A × A. We have X ∩ Y ∩ Zn 
= ∅ for all n ∈ N but

⋂
n∈N X ∩ Y ∩ Zn = ∅.

This shows that C does not satisfy (SDIP).
(iv) Given an arbitrary ring R, the category R-ModArt satisfies (SDIP). Indeed we

have seen that every subalgebraic subset is the translate of some submodule
and that, in an Artinian module, every non-increasing sequence consisting of
translates of submodules eventually stabilizes.
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(v) Let R be a left-Artinian ring. Then the category R-Modf −g satisfies (SDIP)
since it is a subcategory of R-ModArt.

(vi) Given a field K , the category K-Vecf −d satisfies (SDIP) since K-Vecf −d =
K-Modf −g and every field is a left-Artinian ring.

(vii) The category CHT of compact Hausdorff topological spaces does not satisfy
(SDIP). Indeed, let A = [0,1] denote the unit segment and consider, for every
n ∈ N the continuous map fn : [0,1] → [0,1] defined by

fn(x) =
{

x if x � n
n+1 ,

n
n+1 if n

n+1 � x

for all x ∈ A. Take X = A × A, Y = A × A \ ΔA, and

Zn = {
(a1, a2) ∈ A × A : fn(a1) = fn(a2)

}
.

Then X is square-algebraic, Y is codiagonal, and (Zn)n∈N is a non-increasing
sequence of prediagonal (and therefore subdiagonal) subsets of A × A. We
clearly have X ∩ Y ∩ Zn 
= ∅ for all n ∈ N but

⋂
n∈N X ∩ Y ∩ Zn = ∅. This

shows that CHT does not satisfy (SDIP).
(viii) A variant of the previous argument may be used to prove that even Man does

not satisfy (SDIP). Indeed, consider the circle S
1 := {z ∈ C : |z| = 1} and, for

each n ∈ N, the continuous map fn : S1 → S
1 defined by

fn(z) =
{

ei n+2
n+1 θ if z = eiθ with 0 � θ � n+1

n+2 2π,

1 otherwise.

Take X = A × A, Y = A × A \ ΔA, and

Zn = {
(a1, a2) ∈ A × A : fn(a1) = fn(a2)

}
.

Then X is square-algebraic, Y is codiagonal, and (Zn)n∈N is a non-increasing
sequence of prediagonal (and therefore subdiagonal) subsets of A × A in the

category Man. We have that X ∩Y ∩Zn 
= ∅ for all n ∈ N, since (1, ei n+1
n+2 π ) ∈

Zn. On the other hand, we clearly have
⋂

n∈N X ∩ Y ∩ Zn = ∅. This shows
that Man does not satisfy (SDIP).

(ix) Let K be an uncountable algebraically closed field. Then the category K-Aal
satisfies (SDIP) [22, 4.F’]. This follows from the fact that, when K is
an uncountable algebraically closed field, every non-increasing sequence
of nonempty constructible subsets of an affine algebraic set over K has a
nonempty intersection [17, Proposition 4.4]. Indeed, if X (resp. Y , resp. Zn)
is a C -square-algebraic (resp prediagonal, resp. subdiagonal) subset of A×A,
then, as observed above, X (resp. Y , resp. Zn) is closed (resp. open, resp. con-
structible) in A × A and hence X ∩ Y ∩ Zn is constructible since any finite
intersection of constructible subsets is itself constructible.
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8.2 Reversibility of C -Cellular Automata

We shall use the following auxiliary result.

Lemma 8.6 Let C be a concrete category satisfying (CFP) and (SDIP). Let
(Xn,fnm) be a projective sequence of nonempty sets. Suppose that there is a
projective sequence (An,Fnm), consisting of C -objects An and C -morphisms
Fnm : Am → An for all n,m ∈ N such that m � n, satisfying the following con-
ditions:

(PSD-1) for all n ∈ N, one has Xn = Yn∩Zn, where Yn ⊂ An×An is C -codiagonal
and Zn ⊂ An × An is C -prediagonal;

(PSD-2) for all n,m ∈ N with m � n, setting Snm = Fnm × Fnm, one has
Snm(Xm) ⊂ Xn and fnm is the restriction of Snm to Xm;

(PSD-3) for all n,m ∈ N with m � n, one has Snm(Zm) ⊂ Zn and fnm(Xm) =
Yn ∩ Snm(Zm).

Then lim←−Xn 
= ∅.

Proof Let (X′
n, f

′
nm) denote the universal projective sequence associated with

the projective sequence (Xn,fnm). As Snm(Zm), m = n,n + 1, . . . , is a non-
increasing sequence of C -subdiagonal subsets of An×An such that Yn∩Snm(Zm) =
fnm(Xm) 
= ∅ for all m � n, we deduce from (SDIP) that

X′
n =

⋂

m�n

fnm(Xm) =
⋂

m�n

Yn ∩ Snm(Zm) 
= ∅. (15)

Let now m,n ∈ N with m � n and suppose that x′
n ∈ X′

n. Then we have f −1
nm (x′

n) ∩
fmk(Xk) 
= ∅ for all k � m by Remark 4.5. By applying again (SDIP), we get

⋂

k�m

f −1
nm

(
x′
n

) ∩ fmk(Xk) =
⋂

k�m

F−1
nm

(
x′
n

) ∩ Ym ∩ Smk(Zk) 
= ∅ (16)

(observe that F−1
nm (x′

n) is C -square-algebraic). From (15) and (16), it follows that
conditions (IP-1) and (IP-2) in Corollary 4.4 are satisfied, so that we conclude from
this corollary that lim←−Xn 
= ∅. �

Theorem 8.7 Let C be a concrete category satisfying (CFP+) and (SDIP), and let
G be an arbitrary group. Then every bijective C -cellular automaton τ : AG → BG

is reversible.

Proof Let τ : AG → BG be a bijective C -cellular automaton. We have to show that
the inverse map τ−1 : BG → AG is a cellular automaton.

As in the proof of Theorem 6.1, we suppose first that the group G is countable.
Let us show that the following local property is satisfied by τ−1:

(∗) there exists a finite subset N ⊂ G such that, for any y ∈ BG, the element
τ−1(y)(1G) depends only on the restriction of y to N .
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This will show that τ is reversible. Indeed, if (∗) holds for some finite subset N ⊂ G,
then there exists a (unique) map ν : BN → A such that

τ−1(y)(1G) = ν(y|N)

for all y ∈ BG. Now, the G-equivariance of τ implies the G-equivariance of its
inverse map τ−1. Consequently, we get

τ−1(y)(g) = g−1τ−1(y)(1G) = τ−1(g−1y
)
(1G) = ν

((
g−1y

)∣
∣
N

)

for all y ∈ BG and g ∈ G. This implies that τ−1 is the cellular automaton with
memory set N and local defining map ν.

Let us assume by contradiction that condition (∗) is not satisfied. Let M be a
memory set for τ such that 1G ∈ M . Since G is countable, we can find a sequence
(En)n∈N of finite subsets of G such that G = ⋃

n∈N En, M ⊂ E0, and En ⊂ En+1
for all n ∈ N. Consider, for each n ∈ N, the finite subset Fn ⊂ G defined by Fn =
{g ∈ G : gM ⊂ En}. Note that G = ⋃

n∈N Fn, 1G ∈ F0, and Fn ⊂ Fn+1 for all n ∈N.
Since (∗) is not satisfied, we can find, for each n ∈N, two configurations y′

n, y
′′
n ∈

BG such that

y′
n

∣
∣
Fn

= y′′
n

∣
∣
Fn

and τ−1(y′
n

)
(1G) 
= τ−1(y′′

n

)
(1G). (17)

Recall from the proof of Theorem 6.1, that τ induces, for each n ∈ N, a C -morphism
τn : AEn → BFn given by τn(u) = (τ (x))|Fn for every u ∈ AEn , where x ∈ AG is any
configuration extending u.

Consider now, for each n ∈N, the subset Xn ⊂ AEn ×AEn consisting of all pairs
(u′

n,u
′′
n) ∈ AEn × AEn such that τn(u

′
n) = τn(u

′′
n) and u′

n(1G) 
= u′′
n(1G). We have

Xn = Yn ∩ Zn, where

Yn := {(
u′

n,u
′′
n

) ∈ AEn × AEn : u′
n(1G) 
= u′′

n(1G)
}

and

Zn := {(
u′

n,u
′′
n

) ∈ AEn × AEn : τn

(
u′

n

) = τn

(
u′′

n

)}
.

Note that Yn (resp. Zn) is a C -codiagonal (resp. C -prediagonal) subset of AEn ×
AEn . Note also that Xn is not empty since

((
τ−1(y′

n

))∣
∣
En

,
(
τ−1(y′′

n

))∣
∣
En

) ∈ Xn

by (17).
For m � n, the restriction map ρnm : AEm → AEn gives us a C -square-morphism

Snm = ρnm × ρnm : AEm × AEm → AEn × AEn

which induces by restriction a map fnm : Xm → Xn.
We clearly have Snm(Zm) ⊂ Zn and Snm(Xm) = Yn ∩ Snm(Zm) for all n,m ∈ N

such that m � n. Since C satisfies (SDIP), it follows from Lemma 8.6, that
lim←−Xn 
=∅.
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Choose an element (pn)n∈N ∈ lim←−Xn. Thus pn = (u′
n,u

′′
n) ∈ AEn × AEn and

u′
n+1 (resp. u′′

n+1) coincides with u′
n (resp. u′′

n) on En for all n ∈ N. As G =
⋃

n∈N En, we deduce that there exists a (unique) configuration x′ ∈ AG (resp.
x′′ ∈ AG) such that x′|En = u′

n (resp. x′′|En = u′′
n) for all n ∈N. Moreover, we have

(
τ
(
x′))∣∣

Fn
= τn

(
u′

n

) = τn

(
u′′

n

) = (
τ
(
x′′))∣∣

Fn

for all n ∈ N. As G = ⋃
n∈N Fn, this shows that τ(x′) = τ(x′′). On the other hand,

we have x′(1G) = u′
0(1G) 
= u′′

0(1G) = x′′(1G) and hence x′ 
= x′′. This contradicts
the injectivity of τ and therefore completes the proof that τ is reversible in the case
when G is countable.

We now drop the countability assumption on G and prove the theorem in its full
generality. Choose a memory set M ⊂ G for τ and denote by H the subgroup of G

generated by M . Observe that H is countable since M is finite. By Theorem 2.16,
the restriction cellular automaton τH : AH → AH is a bijective C -cellular automa-
ton. It then follows from the first part of the proof that τH is reversible. This implies
that τ is reversible as well by part (iii) of Theorem 2.16. �

Corollary 8.8 If G is an arbitrary group, all bijective C -cellular automata are
reversible when C is one of the following concrete categories:

• Setf , the category of finite sets;
• K-Vecf −d , the category of finite-dimensional vector spaces over an arbitrary

field K ;
• R-ModArt, the category of left Artinian modules over an arbitrary ring R;
• R-Modf −g , the category of finitely generated left modules over an arbitrary left-

Artinian ring R;
• K-Aal, the category of affine algebraic sets over an arbitrary uncountable alge-

braically closed field K .

In the following examples we show that there exist bijective cellular automata
which are not reversible. They are modeled after [16] (see also [15, Exam-
ple 1.10.3]).

Example 8.9

(i) Let p be a prime number and A = Zp = lim←−Z/pn
Z the ring of p-adic integers.

Recall that A is a compact Hausdorff topological ring for the topology associ-
ated with the p-adic metric. We can regard A as a C -object for C = Set,Grp,

Z-Mod, and CHT. Consider now the cellular automaton τ : AZ → AZ defined
by

τ(x)(n) = x(n) − px(n + 1)

for all x ∈ AZ and n ∈ Z. It has memory set M = {0,1} ⊂ Z and associated local
defining map μM : AM → A given by μM(y) = y(0) − py(1) for all y ∈ AM .
It follows that τ is a C -cellular automaton for C any of the concrete categories
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mentioned above. Note that τ is bijective. Indeed the inverse map τ−1 : AZ →
AZ is given by

τ−1(x)(n) =
∞∑

k=0

pkx(n + k)

for all x ∈ AZ and n ∈ Z. However, τ−1 is not a cellular automaton. Indeed, let
F be a finite subset of Z and choose an integer m � 0 such that F ⊂ (−∞,m].
Consider the configurations y, z ∈ AZ defined by y(n) = 0 if n � m and
y(n) = 1 if n � m + 1, and z(n) = 0 for all n ∈ N, respectively. Then y and
z coincide on F . However, we have

τ−1(y)(0) =
∞∑

k=0

pky(k) =
∞∑

k=m+1

pk

and

τ−1(z)(0) =
∞∑

k=0

pkz(k) = 0.

It follows that there is no finite subset F ⊂ Z such that τ−1(x)(0) only depends
on the restriction of x ∈ AZ to F . Thus, there is no finite subset F ⊂ Z which
may serve as a memory set for τ−1.

(ii) Let R be a ring and let A = R[[t]] denote the ring of all formal power series in
one indeterminate t with coefficients in R. Note that A has a natural structure
of a left R-module. Then the cellular automaton τ : AZ → AZ defined by

τ(x)(n) = x(n) − tx(n + 1)

for all x ∈ AZ and n ∈ Z is a bijective C -cellular automaton for C = R-Mod.
However, this cellular automaton is not reversible unless R is a zero ring. The
proof is analogous to the one given in the preceding example (see [15, Exam-
ple 1.10.3] in the case when R is a field).

Remark 8.10 In Examples 8.9, we can replace the group Z by any non-periodic
group G. Indeed, if G is non-periodic and H ⊂ G is an infinite cyclic subgroup (thus
H ∼= Z), the induced cellular automaton τG : AG → AG is a bijective C -cellular
automaton for C = Set,Grp,Z-Mod, and CHT (resp. R-Mod with R a nonzero
ring) by Theorem 2.16 and Proposition 3.11, which is not reversible.
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Pointwise Convergence of Bochner–Riesz Means
in Sobolev Spaces

Leonardo Colzani and Sara Volpi

Abstract The Bochner–Riesz means are defined by the Fourier multiplier operators
(Sα

R ∗ f )ˆ(ξ) = (1 − |R−1ξ |2)α+f̂ (ξ). Here we prove that if f has β derivatives in
Lp(Rd), then Sα

R ∗ f (x) converges pointwise to f (x) as R → +∞ with a possible
exception of a set of points with Hausdorff dimension at most d − βp if one of
the following conditions holds: either α > (d − 1)|1/p − 1/2|, or α > d(1/2 −
1/p) − 1/2 and α + β � (d − 1)/2. If β > d/p, then pointwise convergence holds
everywhere.

Keywords Bochner–Riesz means · Sobolev space · Hausdorff dimension
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1 Introduction

The Bochner–Riesz means of order α of functions in Rd are defined by the Fourier
integrals

Sα
R ∗ f (x) =

∫
{|ξ |<R}

(
1 − ∣∣R−1ξ

∣∣2)α
f̂ (ξ) exp(2πiξx) dξ.

In particular, when α = 0 one obtains the spherical partial sums, which are a natural
analogue of the partial sums of one-dimensional Fourier series. The almost every-
where convergence of Bochner–Riesz means has been widely studied, however there
are still many open problems. See [13] as a general reference. If α > (d − 1)/2, the
critical index, then the Bochner–Riesz maximal operator Sα∗ f = supR>0 |Sα

R ∗ f |
is pointwise dominated by the Hardy-Littlewood maximal operator, hence it is of
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weak type (1,1) and of strong type (∞,∞). If p = 2 and α > 0, then Sα∗ is bounded
on L2(Rd). Therefore, by complex interpolation, the Bochner–Riesz maximal op-
erator is bounded on Lp(Rd), with 1 < p � +∞ and α > (d − 1)|1/p − 1/2|.
From this the almost everywhere convergence follows: if f is in Lp(Rd), with
1 � p � +∞ and α > (d − 1)|1/p − 1/2|, then limR→+∞ Sα

R ∗ f (x) = f (x) a.e..
This result is not optimal. Indeed, Carbery in [1] established the pointwise conver-
gence of the Bochner–Riesz means when 2 � p < 2d/(d − 1 − 2α) and d = 2.
The same result for d � 3 has been obtained by Christ in [5], under the extra as-
sumption that α � (d − 1)/2(d + 1). For further improvements when p � 2 see
also [7]. Finally, in [2] Carbery, Rubio de Francia, and Vega have removed the re-
striction on α by showing that Sα∗ f is bounded on the weighted space L2(|x|−λ dx)

if d(1 − 2/p) � λ < 1 + 2α � d and observing that Lp ⊂ L2 + L2(|x|−λ dx). See
also [10]. Moreover, it has been shown by Rubio de Francia that the Bochner–Riesz
means of index α are not defined in Lp(Rd) when p � 2d/(d − 1 − 2α). Therefore
the problem of the almost everywhere convergence of Bochner–Riesz means when
p � 2 is essentially solved. On the other hand, as far as we know, sharp results when
p < 2 are not known. For related subjects, see [14].

Here we consider the pointwise convergence of Bochner–Riesz means for more
regular functions, in particular functions in Sobolev classes. It has been proved by
Carbery and Soria in [3] and Ma in [8] that by putting some smoothness on the
function one may decrease the index of almost everywhere summability. Moreover,
Carbery and Soria in [4] and Montini in [9] have considered the problem of the
capacity and Hausdorff dimension of the divergence set of spherical partial sums of
Fourier integrals. Then, in [6] Colzani has shown that the Bochner–Riesz means of
functions with β integrable derivatives with α + β > (d − 1)/2 may diverge only in
sets of points of Hausdorff dimension at most d −β . Here we generalise these results
to functions with β fractional derivatives in Lp(Rd), 1 < p < ∞. In particular, we
obtain conditions on α, β , p and d that ensure the pointwise convergence up to sets
with Hausdorff dimension at most d − βp. The conditions are the following: either
α > (d −1)|1/p−1/2| or α > d(1/2−1/p)−1/2 and α+β � (d −1)/2. Since the
functions we are considering may be infinite precisely on sets of dimension d −βp,
this estimate for the dimension of the divergence sets is the best possible. However,
our analysis is not exhaustive and the ranges of the indexes are not optimal.

Before stating our result, we recall some basic definitions.
The Bochner–Riesz kernel Sα

R of order α, with α > 0, is defined by its Fourier
transform,

Ŝα
R(ξ) = (

1 − ∣∣R−1ξ
∣∣2)α

+.

This kernel can be written explicitly in terms of Bessel functions:

Sα
R(x) = π−αΓ (α + 1)Rd/2−α|x|−α−d/2Jα+d/2

(
2πR|x|).

It follows from the asymptotic formula for Bessel functions that

∣∣Sα
R(x)

∣∣ � cRd
(
1 + R|x|)−α−(d+1)/2

.
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The Bessel kernel Gβ , with β > 0, is defined by its Fourier transform,

Ĝβ(ξ) = (
1 + |ξ |2)−β/2

.

Also this kernel can be written explicitly in terms of Bessel functions, however it is
more convenient to see it as a superposition of heat kernels,

Gβ(x) = Γ (β/2)−1
∫ +∞

0
(4πt)−d/2e−|x|2/4t e−t tβ/2−1 dt.

It follows from this representation that this kernel is positive and integrable. More-
over, if 0 < β < d then it is asymptotic to c|x|β−d when x → 0 and it has an ex-
ponential decay at infinity. If β = d then Gβ has a logarithmic singularity at the
origin, and if β > d then it is bounded. See [11]. Finally, the Riesz kernel Iβ , with
0 < β < d , is given by

Iβ(x) = |x|β−d .

If β > 0 and p > 1, the Bessel capacity of a set E ⊂ Rd is defined by

Bβ,p(E) = inf
{‖f ‖p

p : Gβ ∗ f (x) � 1 on E
}
.

The Riesz capacity Rβ,p is defined in a similar way, by replacing Gβ with Iβ . It
follows from the definitions that Rβ,p(E) � CBβ,p(E). Actually, it is also true that
the Bessel and Riesz capacities have the same null sets. See [16, p. 67]. It can be also
proved that when the d − βp Hausdorff measure of E is finite, then Bβ,p(E) = 0.
Conversely, if Bβ,p(E) = 0, then for every ε > 0 the d −βp + ε Hausdorff measure
of E is 0. See [16, Th 2.6.16].

Our main result is the following.

Theorem 1.1 Assume that α > 0, β > 0, and f = Gβ ∗ F with F ∈ Lp(Rd), 1 �
p � +∞. If 0 < β � d/p, then Sα

R ∗f (x) converges pointwise to f (x) as R → +∞
with a possible exception of a set of points with Hausdorff dimension at most d −βp,
provided that one of the following conditions holds:

(i) either α > (d − 1)|1/p − 1/2|;
(ii) or α > d(1/2 − 1/p) − 1/2 and α + β � (d − 1)/2.

If α > d(1/2 − 1/p) − 1/2 and β > d/p, then the convergence is pointwise every-
where and uniform.

As mentioned in the Introduction, almost everywhere convergence of Bochner–
Riesz means has been considered in [3] and [8], and the case α = 0 of our Theorem
is contained in [4] and [9]. The cases p = 1 and p = 2 are already contained in [6],
and also the case p = ∞ is already known. Indeed, if p = ∞ and β > 0, then
f = Gβ ∗F is bounded and uniformly continuous, and if α > (d −1)/2 then Sα

R ∗f

converges to f uniformly. The assumption α > d(1/2 − 1/p)− 1/2 in Theorem 1.1
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is necessary in order to define the Bochner–Riesz means in Lp(Rd). Observe also
that when p < 2d/(d − 1) this condition reduces to α + β � (d − 1)/2.

The main point of the proof of the Theorem is an estimate for the maximal
Bochner–Riesz operator: for every f with β derivatives in Lp(Rd) there exists a
function H in Lp(Rd) such that

sup
R>0

∣∣Sα
R ∗ f (x)

∣∣ � H ∗ |x|β−d .

Convergence up to a set of Riesz capacity zero follows from this.

2 Proof of Theorem 1.1

We split the proof of Theorem 1.1 into a series of lemmas.

Lemma 2.1 If 1 � p � +∞ and α > d(1/2 − 1/p) − 1/2, then for every F ∈
Lp(Rd) the convolution Sα

R ∗ Gβ ∗ F is well defined and it is commutative and
associative:

Sα
R ∗ (

Gβ ∗ F
) = (

Sα
R ∗ Gβ

) ∗ F = Gβ ∗ (
Sα

R ∗ F
)
.

Proof The statement follows from Young’s inequality: given 1 � p,q, r � ∞ with
1/p + 1/q = 1 + 1/r , if f ∈ Lp(Rd) and g ∈ Lq(Rd), then f ∗ g ∈ Lr(Rd). It
suffices to observe that the Bessel kernel Gβ is an integrable function and that the
Bochner–Riesz kernel Sα

R is in Lq(Rd), with q > 2d/(2α + d + 1). �

Lemma 2.2 If α > (d − 1)/2, then the maximal operator Sα∗ f = supR>0 |Sα
R ∗ f |

is of weak type in L1(Rd). If 1 < p � +∞ and α > (d − 1)|1/p − 1/2|, then this
maximal operator is bounded on Lp(Rd).

Proof This is a classical result of Stein. First one proves the extreme cases p = 1 or
p = ∞ and �(α) > (d − 1)/2, then the case p = 2 and �(α) > 0. The other cases
follow by complex interpolation. See [13, Theorem 5.1]. �

Lemma 2.3 If α + β � (d − 1)/2, then

sup
R>0

∣∣Sα
R ∗ Gβ(x)

∣∣ � C

⎧⎪⎨
⎪⎩

min{|x|β−d , |x|−α−(d+1)/2} if 0 < β < d,

min{log(1 + 1/|x|), |x|−α−(d+1)/2} if β = d,

min{1, |x|−α−(d+1)/2} if β > d.

Proof First assume that 0 < β < d . By definition

Sα
R ∗ Gβ(x) =

∫
Rd

(
1 + |ξ |2)−β/2(1 − ∣∣R−1ξ

∣∣2)α

+e2πiξ ·x dξ.

Let φ + ψ = 1 be a partition of unity on R+, with φ and ψ smooth and non-
negative, and
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φ(ρ) = 1 if 0 � ρ � 1/3 and φ(ρ) = 0 if ρ > 2/3,

ψ(ρ) = 1 if 2/3 � ρ � 1 and ψ(ρ) = 0 if ρ < 1/3.

Then

Sα
R ∗ Gβ(x) =

∫
Rd

φ
(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ

+
∫

Rd

ψ
(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ.

To estimate the first integral set

K̂(ξ) = φ
(|ξ |)(1 − |ξ |2)α

+.

Then, if KR(x) = RdK(Rx) we can rewrite the first integral as
∫

Rd

φ
(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ = KR ∗ Gβ(x).

Recall that the Hardy-Littlewood maximal function of a locally integrable function
is defined by

Mf (x) = sup
r>0

1

|Br |
∫

Br

∣∣f (x − y)
∣∣dy,

where Br denotes the ball of radius r centred at the origin and |Br | is its volume.
Since the multiplier K̂ is smooth with compact support, the kernel K(x) is bounded
and rapidly decreasing at infinity. This implies that

sup
R>0

∣∣KR ∗ Gβ(x)
∣∣ � CMGβ(x).

Since Gβ(x) � C|x|β−d and since the Hardy-Littlewood maximal function of a
radial homogeneous function is radial homogeneous, it also follows that

MGβ(x) � CM |x|β−d = C|x|β−d .

We now estimate the second integral. When |Rx| � 3 a crude estimate gives
∣∣∣∣
∫

Rd

ψ
(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(
1 − ∣∣R−1ξ

∣∣2)α

+e2πiξ ·x dξ

∣∣∣∣
�

∫
Rd

ψ
(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+ dξ

= CRd−β

∫ 1

0
ψ(ρ)

(
R−2 + ρ2)−β/2(1 − ρ2)α

ρd−1 dρ

� CRd−β

� C|x|β−d .
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To estimate the integral when |Rx| > 3, we introduce another smooth cut-off
function 0 � χ � 1 such that χ(ρ) = 1 if 0 � ρ � 1 − 2/|Rx| and χ(ρ) = 0 if
ρ � 1 − 1/|Rx|. Moreover we require that for all j = 0,1,2, . . . ,

∣∣∣∣ dj

dρj
χ(ρ)

∣∣∣∣ � C(j)|Rx|j .

Then
∫

Rd

ψ
(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ

=
∫

Rd

(
1 − χ

(∣∣R−1ξ
∣∣))ψ(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ

+
∫

Rd

χ
(∣∣R−1ξ

∣∣)ψ(∣∣R−1ξ
∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ

∣∣2)α

+e2πiξ ·x dξ.

In polar coordinates the first integral becomes
∫

Rd

(
1 − χ

(∣∣R−1ξ
∣∣))ψ(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ

=Rd−β

∫ 1

0
ρd−1(1−χ(ρ)

)
ψ(ρ)

(
R−2 +ρ2)−β/2(1−ρ2)α

∫
|θ |=1

e2πiRρx·θ dθ dρ.

It is well known that
∣∣∣∣
∫

|θ |=1
e2πix·θ dθ

∣∣∣∣ � C|x|−(d−1)/2.

This is a standard estimate for oscillatory integrals with non-degenerate critical
points, which also follows from the decay of Bessel functions and the explicit for-
mula ∫

|θ |=1
e2πix·θ dθ = 2π |x|(2−d)/2J(d−2)/2

(
2π |x|).

See for example [12, p. 347]. Therefore, if α + β � (d − 1)/2 and |Rx| > 3,
∣∣∣∣
∫

Rd

(
1 − χ

(∣∣R−1ξ
∣∣))ψ(∣∣R−1ξ

∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ

∣∣∣∣

� CR(d+1)/2−β |x|−(d−1)/2
∫ 1

0

(
1 − χ(ρ)

)
(1 − ρ)α dρ

� CR(d+1)/2−β |x|−(d−1)/2|Rx|−α−1

= C|Rx|(d−1)/2−α−β |x|β−d

� C|x|β−d .
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To estimate the second integral, we introduce the Laplacian Δξ = −∑d
j=1 ∂2/∂ξ2

j .

Since this operator is self-adjoint and Δk
ξ (e

2πiξ ·x) = |2πx|2ke2πiξ ·x , we obtain

∫
Rd

χ
(∣∣R−1ξ

∣∣)ψ(∣∣R−1ξ
∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ

∣∣2)α

+e2πiξ ·x dξ

=
∫

Rd

χ
(∣∣R−1ξ

∣∣)ψ(∣∣R−1ξ
∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ

∣∣2)α

+Δk
ξ

(
e2πiξ ·x

|2πx|2k

)
dξ

= |2πx|−2kR−β

∫
Rd

Δk
ξ

(
g
(
R−1ξ

))
e2πiξ ·x dξ,

where we have set

g(ξ) = χ
(|ξ |)ψ(|ξ |)(R−2 + |ξ |2)−β/2(1 − |ξ |2)α

+.

Now, denoting by Δk
ρ the radial part of the Laplacian and setting g0(|ξ |) = g(ξ), we

get
∫

Rd

χ
(∣∣R−1ξ

∣∣)ψ(∣∣R−1ξ
∣∣)(1 + |ξ |2)−β/2(

1 − ∣∣R−1ξ
∣∣2)α

+e2πiξ ·x dξ

= |2πx|−2kR−β−2k

∫
Rd

(
Δk

ξg
)(

R−1ξ
)
e2πiξ ·x dξ

= |2πx|−2kRd−β−2k

∫ +∞

0
Δk

ρg0(ρ)ρd−1
∫

|θ |=1
e2πiRρx·θ dθ dρ.

Then, recalling the properties of the cut-off functions χ and ψ , if k > (α − 1)/2 we
finally get

∣∣∣∣
∫

Rd

χ
(∣∣R−1ξ

∣∣)ψ(∣∣R−1ξ
∣∣)(1 + |ξ |2)−β/2(1 − ∣∣R−1ξ

∣∣2)α

+e2πiξ ·x dξ

∣∣∣∣

� C|x|−2k−(d−1)/2R(d+1)/2−β−2k

∫ +∞

0

∣∣Δk
ρg0(ρ)

∣∣ρ(d−1)/2 dρ

� C|x|−2k−(d−1)/2R(d+1)/2−β−2k

∫ 1−1/R|x|

1/3
(1 − ρ)α−2k dρ

� C|x|−2k−(d−1)/2R(d+1)/2−β−2k|Rx|−α+2k−1

= C|Rx|(d−1)/2−α−β |x|β−d

� C|x|β−d .

We have proved that, if 0 < β < d , then for every x

sup
R>0

∣∣Sα
R ∗ Gβ(x)

∣∣ � C|x|β−d .
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This estimate is the best possible if α + β = (d − 1)/2, or if α + β > (d − 1)/2 and
|x| � 1. If (d − 1)/2 − β < α < (d − 1)/2 and |x| � 1, then

sup
R>0

∣∣Sα
R ∗ Gβ(x)

∣∣ � Gα+β−(d−1)/2 ∗ sup
R>0

∣∣Sα
R ∗ G(d−1)/2−α

∣∣(x)

� CGα+β−(d−1)/2 ∗ |x|−α−(d+1)/2

� C|x|−α−(d+1)/2.

The first inequality follows from the fact that Bessel kernels are positive, and the last
inequality follows from the fact that these kernels are integrable with an exponential
decay at infinity. If α � (d − 1)/2, then

∣∣Sα
R(x)

∣∣ � CRd
(
1 + |Rx|)−α−(d+1)/2

.

Again by this estimate it follows that, if |x| � 1,

sup
R>0

∣∣Sα
R ∗ Gβ(x)

∣∣ � C|x|−α−(d+1)/2.

Hence we have proved that, if 0 < β < d ,

sup
R>0

∣∣Sα
R ∗ Gβ(x)

∣∣ � C min
{|x|β−d , |x|−α−(d+1)/2}.

The proof of the cases β � d is similar. �

Lemma 2.4 Let 1 < p < +∞, α > 0, 0 < β < d , and assume that one of the fol-
lowing properties holds:

(i) either α > (d − 1)|1/p − 1/2|;
(ii) or α > d(1/2 − 1/p) − 1/2 and α + β � (d − 1)/2.

Then for every function F ∈ Lp(Rd) there exists a function H ∈ Lp(Rd) with
‖H‖p � C‖F‖p and such that

Sα∗
(
Gβ ∗ F

)
(x) = sup

R>0

∣∣Sα
R ∗ Gβ ∗ F(x)

∣∣ � Iβ ∗ H(x),

where Iβ(x) = |x|β−d is the Riesz kernel.

Proof First assume that α > (d − 1)|1/p − 1/2|. This assumption is stronger than
the one in Lemma 2.1, therefore Sα∗ (Gβ ∗F) is well-defined. Since the Bessel kernel
Gβ is positive and it is dominated by Iβ , we can estimate the maximal function as

sup
R>0

∣∣Sα
R ∗ Gβ ∗ F(x)

∣∣ � CIβ ∗ sup
R>0

∣∣Sα
R ∗ F

∣∣(x).

As stated in Lemma 2.2, if α > (d − 1)|1/p − 1/2| and F ∈ Lp(Rd), then
also supR>0 |Sα

R ∗ F | ∈ Lp(Rd). Hence, (i) follows with H = supR>0 |Sα
R ∗ F |.
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Now assume that α > d(1/2 − 1/p) − 1/2 and α + β � (d − 1)/2. Then, by
Lemma 2.3,

sup
R>0

∣∣Sα
R ∗ Gβ ∗ F(x)

∣∣ � |F | ∗ sup
R>0

∣∣Sα
R ∗ Gβ

∣∣(x) � CIβ ∗ |F |(x).

Hence, (ii) follows with H = |F |. �

Proof of Theorem 1.1 As observed before, the case p = ∞ is already known. In-
deed, if p = ∞ and β > 0, then f = Gβ ∗ F is bounded and uniformly continuous.
Hence, if α > (d − 1)/2 then Sα

R ∗ f converges to f uniformly. The case p = 1
is already contained in [6], however it is also a consequence of the case p > 1. In-
deed, write f = Gβ ∗F = Gβ−ε ∗Gε ∗F with 0 < ε < β . If F is in L1(Rd) then, by
the Hardy–Littlewood–Sobolev theorem of fractional integration [11, Theorem 5.1],
Gε ∗ F is in Lp(Rd) for every p < d/(d − ε). Hence, assuming that the Theorem
holds with p > 1, then Sα

Rf converges up to a set with Hausdorff dimension at most
d − (β − ε)p. Finally, letting ε → 0 and p → 1, one obtains convergence up to a set
of dimension at most d − β . The case 1 < p < ∞ and 0 < β � d/p follows from
Lemma 2.4 and the notion of capacity. The proof is standard, anyhow for complete-
ness we include some details. Let {Fn} be a sequence of functions in the Schwartz
class which converges to F in the metric of Lp(Rd) and let fn = Gβ ∗Fn. Since also
fn is in the Schwartz class, limR→+∞ Sα

R ∗ fn = fn pointwise everywhere. Then,
for every t > 0,

{
x : lim sup

R→+∞
∣∣Sα

R ∗ f (x) − f (x)
∣∣ > t

}

⊆
{
x : sup

R>0

∣∣Sα
R ∗ f (x) − Sα

R ∗ fn(x)
∣∣ > t/2

}
∪ {

x : ∣∣fn(x) − f (x)
∣∣ > t/2

}
.

The Bessel capacity of the second term can be estimated by

Bβ,p

({
x : ∣∣fn(x) − f (x)

∣∣ > t/2
})

� Bβ,p

({
x : Gβ ∗ |Fn − F |(x) > t/2

})

�
(

t

2

)−p

‖Fn − F‖p
p.

Hence, this capacity tends to zero as n → +∞. In case (i) when α > (d − 1)|1/p −
1/2|, the Bessel capacity of the first term can be estimated by

Bβ,p

({
x : lim sup

R→+∞
∣∣Sα

R ∗ f (x) − Sα
R ∗ fn(x)

∣∣ > t/2
})

� Bβ,p

({
x : Gβ ∗ sup

R>0

∣∣Sα
R ∗ (F − Fn)

∣∣(x) > t/2
})
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�
(

t

2

)−p∥∥∥sup
R>0

∣∣Sα
R ∗ (F − Fn)

∣∣∥∥∥p

p

� C

(
t

2

)−p

‖Fn − F‖p
p.

Since ‖Fn − F‖p → 0 as n → +∞, we obtain

Bβ,p

({
x : lim sup

R→+∞
∣∣Sα

R ∗ f (x) − f (x)
∣∣ > t

})
= 0.

In case (ii), when α � d(1/2−1/p)−1/2 and α+β � (d −1)/2, the Riesz capacity
of the second term can be estimated by

Rβ,p

({
x : lim sup

R→+∞
∣∣Sα

R ∗ (f − fn)
∣∣(x) > t/2

})

� Rβ,p

({
x : Iβ ∗ ∣∣(F − Fn)

∣∣(x) > Ct/2
})

�
(

Ct

2

)−p

‖Fn − F‖p
p.

The last term tends to zero as n → +∞. Since the Riesz and Bessel capacities have
the same null sets, see [16, p. 67], in both cases we get

Bβ,p

({
x : lim sup

R→+∞
∣∣Sα

R ∗ f (x) − f (x)
∣∣ > 0

})

�
∞∑

k=1

Bβ,p

({
x : lim sup

R→+∞
∣∣Sα

R ∗ f (x) − f (x)
∣∣ > 1/k

})

= 0.

Therefore, applying [16, Theorem 2.6.16]), we obtain that the Hausdorff dimension
of the set {x : lim supR→+∞ |Sα

R ∗ f (x) − f (x)| > 0} is at most d − βp.
If 1 < p � 2 and β > d/p then, by the Hausdorff-Young inequality, the Fourier

transform of f is absolutely integrable. Indeed, if 1/p + 1/q = 1,

∫
Rd

∣∣f̂ (ξ)
∣∣dξ =

∫
Rd

(
1 + |ξ |2)−β/2∣∣F̂ (ξ)

∣∣dξ

�
(∫

Rd

(
1 + |ξ |2)−βp/2

dξ

)1/p(∫
Rd

∣∣F̂ (ξ)
∣∣q dξ

)1/q

�
(∫

Rd

(
1 + |ξ |2)−βp/2

dξ

)1/p(∫
Rd

∣∣F(x)
∣∣p dx

)1/p

.
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Hence, by the integrability of the Fourier transform, the inversion formula for the
Fourier transform holds everywhere and the convergence of the Bochner–Riesz
means is uniform,

∣∣Sα
R ∗ f (x) − f (x)

∣∣ =
∣∣∣∣
∫

Rd

((
1 − ∣∣R−1ξ

∣∣2)α

+ − 1
)
f̂ (ξ) exp(2πiξx) dξ

∣∣∣∣
�

∫
Rd

∣∣(1 − ∣∣R−1ξ
∣∣2)α

+ − 1
∣∣∣∣f̂ (ξ)

∣∣dξ.

It remains to consider the case p > 2, α > d(1/2−1/p)−1/2 and β > d/p. In this
case α + β > (d − 1)/2 and Lemma 2.3 applies. Hence, if 1/p + 1/q = 1, then

sup
R>0

∣∣Sα
R ∗ Gβ ∗ F(x)

∣∣ �
(

sup
R>0

∣∣Sα
R ∗ Gβ

∣∣) ∗ |F |(x)

�
(∫

Rd

∣∣∣sup
R>0

∣∣Sα
R ∗ Gβ(x)

∣∣∣∣∣q dx

)1/q(∫
Rd

∣∣F(x)
∣∣p dx

)1/p

.

Uniform convergence everywhere now follows from the uniform boundedness of
this maximal function, via a standard density argument. �

Since functions with β derivatives in Lp(Rd) may be infinite on sets with Haus-
dorff dimension d − βp, the dimension of the divergence set in the statement of the
Theorem cannot be decreased. When p � 2, part (i) of Theorem 1.1 can be easily
improved by using the bounds for the maximal Bochner–Riesz operator in [1, 5, 7],
and [10] for even dimensions. Finally, we want to remark again that our analysis is
not exhaustive and the ranges of the indexes are not optimal. However, at least for
radial functions, we can prove some definitive results:

Let α � 0, β � 0, 1 � p � +∞, and 2d/(d + 1 + 2α + 2β) < p < 2d/(d −
1 − 2α). Then the Bochner–Riesz means with index α of radial functions with β

derivatives in Lp(Rd) converge pointwise, with the possible exception of a set of
points Ω with the following properties:

(i) if βp � 1, then the Hausdorff dimension of Ω is at most d − βp;
(ii) if 1 < βp � d , then Ω either is empty or it reduces to the origin;

(iii) if βp > d , then Ω is empty.

For these results, see [15]. The range of the indexes for non-radial functions can-
not be larger than for radial function. Figure 1 shows the largest possible region
of convergence for our problem. The dark shaded area corresponds to condition (i)
and (ii) of Theorem 1.1, whereas we have proved convergence in the light shaded
areas only for radial functions. In particular, observe the asymmetry between p < 2
and p > 2. When p < 2 the regularity β lowers the summability index α. On the
other hand, when p > 2 the indexes of summability α and of regularity β are unre-
lated.



146 L. Colzani and S. Volpi

Fig. 1 The region of
convergence
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Sub-Finsler Geometry and Finite Propagation
Speed
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Abstract We prove a number of results on the geometry associated to the solutions
of first-order differential operators on manifolds. In particular, we consider distance
functions associated to a first-order operator, and discuss the associated geometry,
which is sometimes surprisingly different to Riemannian geometry.
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1 Introduction

Suppose that D is a first-order, formally self-adjoint differential operator on a man-
ifold M . Under what circumstances can we define a group of operators eitD (where
t ∈ R) and when can we say that solutions to the corresponding differential equa-
tion (∂t − iD)u= 0 propagate with finite speed? If D is an operator between vector
bundles, how do we measure the speed? The aim of this paper is to answer these
questions, under some assumptions on D, which are related to the Hörmander con-
dition for families of vector fields. We do this precisely, and while many of the ideas
here are in the literature, we have not seen them put together in a coherent way as
we do here.

In particular, we establish when formally self-adjoint operators are essentially
self-adjoint, and produce sharp estimates for the propagation of solutions, which
involve a “sub-Finsler” distance when the operators act between vector bundles. We
also give a detailed description of the associated geometry.
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Every first-order differential operator D between vector bundles has a symbol
σ(D), which maps the cotangent space at a point x to the space of linear operators
from the fibre of one vector bundle to another. The mapping that sends a cotangent
vector ξ to the operator norm of σ(D)(ξ) is thus a seminorm Px on the cotangent
space T ∗x M . When D is elliptic, the seminorm Px is a norm at each point x, but
when D is not elliptic, the seminorm may well have a non-trivial kernel, and the
dimension of this kernel may vary from point to point. Dual to the seminorm on
the cotangent space, there is an extended norm P ∗x on the tangent space TxM (by
“extended norm”, we mean that some vectors may have infinite norm). The annihi-
lator of the kernel of the seminorm Px in the tangent space is the space of tangent
vectors of finite norm. Thus in general, the geometry that we consider is similar to
sub-Riemannian geometry, but we must allow for the possibility that the dimension
of the space of vectors of finite norm is not constant. Further, when the bundles
are one-dimensional, the seminorm is euclidean (once the kernel is factored out),
but when the bundles are higher-dimensional, the norm is more general. Thus we
consider “sub-Finsler” geometry, an extension of sub-Riemannian geometry. We
define various natural distance functions, and show that under various hypotheses
they coincide; but surprisingly, they do not always do so, and we give a number of
examples that show that results that are obvious in more restricted circumstances
may in fact be false in our more general context. For example, we show that it may
not be possible to measure the length of a smooth curve by considering a smooth
parametrisation, and that the “right” distance to measure propagation may not be
euclidean. Because “obvious” results may be false, we feel that we are justified in
giving fairly complete proofs of most results; expert readers may skip over proofs,
in the knowledge that they are the proofs that may be expected, but we do suggest
looking at the counterexamples later in the paper.

As we commented above, most of the ideas that we consider are not new, but have
been considered in less general contexts. For example, our technique for establish-
ing finite propagation speed for first-order operators is well-known in the elliptic
context, but less so in general; there are, for instance, a number of proofs in the
subelliptic context that consider elliptic approximants to subelliptic operators rather
than working directly with subelliptic operators. Some of the analysis of distance
functions that we carry out is familiar in the context of “metric spaces”, but those
who work in the context do not seem usually to consider vector bundles.

We work in the generality of vector bundles, in order to work with self-adjoint op-
erators. Given complex vector bundles E and F , with hermitean fibre inner products
(inner products on each fibre), and a differential operator D : C∞(E )→ C∞(F ),
we define a new differential operator Ð : C∞(E ⊕F )→ C∞(E ⊕F ) as the sum
of D and its formal adjoint D+: more precisely, Ð(f, g) = (D+g,Df ). Then Ð
is formally self-adjoint, and Ð induces the same distance function as D. By study-
ing the propagation of solutions to (∂t − iÐ)u = 0, we can say something about
the wave equation (∂2

t −D+D)v = 0. Vector bundles are also a natural context for
considering systems of vector fields: to {X1, . . . ,Xr}, we associate the differential
operator sending a function f to the vector-valued function (X1f, . . . ,Xrf ), that
is, from a section of a trivial bundle with fibre C to a section of a trivial bundle with
fibre C

r .
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1.1 Notation and Background

Throughout, M is an n-dimensional manifold, by which we mean a smooth σ -
compact, and hence paracompact, manifold without boundary. Then M admits a
countable locally finite atlas (ϕα)α∈A; here each Uα ⊆M and each ϕα is a smooth
bijection from Uα to R

n with smooth inverse. By choosing a partition of unity
(ηα)α∈A subordinate to the cover (Uα)α∈A and then rescaling the ϕα to ensure that
ϕα(supp(ηα))⊆ BRn(0,1), where BRn(x, r) denotes the open ball in R

n with centre
x and radius r , we may suppose that

⋃
α∈A Vα =M , where Vα = ϕ−1

α (BRn(0,1)).
Then

∑
α ηα = 1 and the ηα are bump functions on M , by which we mean smooth

compactly-supported functions taking values in [0,1]. We write O(M) and K(M),
or just O and K, for the collections of all open subsets and all compact subsets of M .

We will endow M , and subsets thereof, with various extended distance functions
� : M ×M → [0,∞]; by this, we mean that � satisfies the usual conditions for
a distance function, but may take the value ∞. One way to do this is to choose
a continuous “fibre seminorm” P on T ∗M , that is, Px is a seminorm on each fibre
T ∗x M , and P : T ∗M→[0,∞) is continuous. Dually, there is an extended fibre norm
P ∗ on the tangent space T M , given by

P ∗x (v)= sup
ξ∈T ∗x M
P(ξ)�1

∣
∣ξ(v)

∣
∣.

We then say that a curve γ : [a, b]→M is subunit if it is absolutely continuous and
P ∗(γ ′) � 1 almost everywhere in [a, b]. We define the (possibly infinite) distance
�P (x, y) between points x and y in M to be the infimum of the set of lengths of the
intervals of definition of subunit curves starting at x and ending at y. We consider
both subunit and smooth subunit curves in the text, and show, under suitable hy-
potheses, that it does not matter which are used, but in general there is a distinction.
It is easier to work with P rather than P ∗, as describing the continuity requirements
on P ∗ is more complex; further, when P and P ∗ arise in the analysis of a first-
order differential operator, P has a simple description in terms of the symbol of the
operator.

In general, the topology induced by �P may not be equivalent to the original
manifold topology of M . It is easier to work with distance functions that do give
rise to the original topology, and we give these a special name.

Definition 1.1 An extended distance function is said to be varietal if the topology
that it induces coincides with the manifold topology.

Given a distance function � on M , a point x in M , and ε ∈R+, we write

B�(x, ε)= {y ∈M : �(x, y) < ε
}

and B−� (x, ε)= {y ∈M : �(x, y) � ε
};

the latter set need not be closed in the manifold topology, and, given a subset X of
M , we write X− for the manifold closure of X. As usual, �(X,x)= infy∈X �(y, x).
We define B�(X, ε) and B−� (X, ε) analogously.
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We equip M with a smooth measure that is equivalent to Lebesgue measure in all
coordinate charts, and write dx, dy, . . . , for the measure elements. Take a smooth
complex finite-rank fibre-normed vector bundle E on M . We use “function nota-
tion” for spaces of sections of E ; for instance, we write L

p

loc(E ) for the space of
(equivalence classes of) sections f of E such that |f |p is locally integrable on
M if p <∞, or |f | is essentially bounded if p = ∞, and L

p
c (E ) for the space

of compactly-supported sections in L
p

loc(E ). The former space is equipped with a
Fréchet structure: fm→ f in L

p

loc(E ) if and only if
∫

K

∣
∣fm(x)− f (x)

∣
∣p dx→ 0 as m→∞

for all K ∈ K(M) (recall that, in general, a Fréchet space structure involves a count-
able family of seminorms Qk such that f = 0 if and only if Qk(f ) = 0 for all
indices k); the latter is an inductive limit of Banach spaces. We write C(E ) for the
space of continuous sections of E . Then convergence in C(E ) means uniform con-
vergence on compacta. If E has a hermitean fibre inner product 〈·, ·〉, then, for all
f,g ∈ L2(E ), we write 〈f,g〉 for their pointwise inner product, which is a function
on M , and 〈〈f,g〉〉 for their inner product:

〈〈f,g〉〉 =
∫

M

〈
f (x), g(x)

〉
dx.

We write T and T r for the trivial bundles over M with fibres C and C
r , and TR

for the trivial bundle over M with fibre R. Thus C∞c (T ) and C∞c (TR) denote the
usual space of smooth compactly-supported complex-valued functions on M , and
the subspace thereof of real-valued functions.

Suppose that ϕα : Uα → R
n is a coordinate chart and E is a vector bundle over

M with fibre C
r . On R

n, as on any contractible manifold, all vector bundles are
trivialisable [16, Corollary 3.4.8]. Thus, when we consider the restriction E |Uα of E
to Uα , there are invertible linear maps Tx from Ex , the fibre over x, to C

r , which vary
smoothly with x in M , so the map w �→ (π(w),Tπ(w)w), where π is the projection
from E to M , is a vector bundle isomorphism of E |Uα with the bundle Uα × C

r

over Uα . In fact, when E has a hermitean structure, then the Tx may be chosen to be
isometries. Furthermore, the map ϕα ⊗ I is a vector bundle isomorphism from the
bundle Uα ×C

r over Uα to the bundle R
n ×C

r over Rn. This isomorphism in turn
induces an identification τE ,α of the sections of E |Uα with the sections of the trivial
bundle R

n × C
r over Rn, which we identify with the C

r -valued functions on R
n.

For instance, τE ,α : C∞c (E |Uα )→ C∞c (Rn ×C
r ) is defined by

τE ,αf (x)= T
ϕ−1

α (x)
f
(
ϕ−1

α (x)
)

for every x ∈Rn.

At the risk of confusion, we usually just write τα rather than τE ,α . We also use τ for
the map of other spaces of sections, such as L1

loc(E ). When we write τ−1
α f , where

f is a section over Rn, we intend the section of E that vanishes outside Uα .
We use the letter κ for constants; these may vary from one paragraph to the next.

We often highlight the parameters on which these constants depend.
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2 Differential Operators and Symbols

We denote by Dk(E ,F ) the space of smooth linear kth-order differential operators
from C∞(E ) to C∞(F ), where E and F are smooth complex finite-rank vector
bundles on M . In local coordinates and trivialisations of the bundles, as described
above, each D ∈Dk(E ,F ) may be written as

τα(Df )(x)=
∑

|J |�k

aJ (x)∂J (ταf )(x) for every x ∈Rn, (1)

where the J are multi-indices and the coefficients aJ (x) are matrices that depend
smoothly on x in R

n. We also write

ταD =
∑

|J |�k

aJ ∂J .

Note that Dk1(E ,F )⊆Dk2(E ,F ) if k1 � k2.
Each D ∈Dk(E ,F ) has an associated symbol σk(D), which is a smooth section

of Hom(Sk(CT ∗M),Hom(E ,F )); that is, the symbol σk(D) at a point x ∈M is a
Hom(Ex,Fx)-valued symmetric k-linear form on CT ∗x M . In local coordinates and
trivialisations, if D is given by (1), then

τα

(
σk(D)

)
(x)
(
ξ
k
)=

∑

|J |=k

ξJ aJ (x) for every x ∈Rn, ξ ∈C
n (2)

where ξ
k denotes the symmetrised version of ξ ⊗ · · · ⊗ ξ (with k factors). The
mapping D �→ σk(D) is C-linear, and its kernel is Dk−1(E ,F ); furthermore, if
D1 ∈ Dk1(E ,F ) and D2 ∈ Dk2(F ,G ), where G is another vector bundle on M ,
then D2D1 ∈Dk1+k2(E ,G ) and

σk1+k2(D2D1)
(
ξ
(k1+k2)

)= σk2(D2)
(
ξ
k2

)
σk1(D1)

(
ξ
k1

)
(3)

for all ξ ∈CT ∗M .
Recall that M is endowed with a smooth measure that is equivalent to Lebesgue

measure in all coordinate charts, and suppose that E and F are endowed with
hermitean fibre inner products. Then each D ∈ Dk(E ,F ) has a formal adjoint
D+ ∈Dk(F ,E ), which is uniquely determined by the identity

〈〈Df,g〉〉 = 〈〈f,D+g
〉〉

(4)

for all f ∈ C∞c (E ) and g ∈ C∞c (F ). This identity extends to sections f and g such
that suppf ∩ suppg is compact, since 〈〈Df,g〉〉 = 〈〈D(ηf ), ηg〉〉 for all bump func-
tions η equal to 1 on suppf ∩ suppg. Clearly, the mapping D �→D+ is conjugate-
linear and (D2D1)

+ =D+1 D+2 . Moreover, for all θ ∈ Sk(CT ∗M),

σk

(
D+
)
(θ)= (−1)k

(
σk(D)(θ̄)

)∗ (5)
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where the final ∗ denotes the adjoint with respect to the hermitean inner products
along the fibres of E and F ; note that the symbol of the formal adjoint does not
depend on the choice of measure on M .

2.1 Zeroth-Order Differential Operators

Every D ∈D0(E ,F ) is a multiplication operator: it is given by multiplication by a
smooth section of Hom(E ,F ), namely, the symbol σ0(D). Formal adjunction of D

then corresponds to pointwise adjunction of the multiplier:

〈〈hf,g〉〉 = 〈〈f,h∗g
〉〉

(6)

for all h ∈ C∞(Hom(E ,F )), all f ∈ C∞(E ), and all g ∈ C∞(F ) such that
suppf ∩ suppg ∩ supph is compact. Here are some special cases of (6).

First, if E = F and h ∈ C∞(T ), then h corresponds to a scalar section of
Hom(E ,E ), whose pointwise adjoint corresponds to the pointwise conjugate h̄, so

〈〈hf,g〉〉 = 〈〈f, h̄g〉〉.
Next, if h,g ∈ C∞(E ) and f ∈ C∞(T ), then h corresponds to a smooth section

of Hom(T ,E ), whose pointwise adjoint corresponds to the section h∗ = 〈·, h〉 of
E ∗, which we may identify with Hom(E ,T ); now

〈〈f h,g〉〉 = 〈〈f,h∗g
〉〉= 〈〈f, 〈g,h〉〉〉.

Finally, if h ∈ C∞(E ), f ∈ C∞(Hom(E ,F )) and g ∈ C∞(F ), then h corre-
sponds to a smooth section of Hom(Hom(E ,F ),F ), whose pointwise adjoint,
with respect to the Hilbert–Schmidt inner product on Hom(E ,F ), is a section
of Hom(F ,Hom(E ,F )), given, modulo the identification of Hom(E ,F ) with
E ∗ ⊗F , by the pointwise tensor product with h∗, and

〈〈f h,g〉〉 = 〈〈f,h∗ ⊗ g
〉〉
.

By the way, by using a partition of unity and local trivialisations, it is easily
shown that each smooth compactly-supported section h of Hom(E ,F ) may be writ-
ten as a finite sum of sections of the form f ∗ ⊗ g for appropriate f ∈ C∞c (E ) and
g ∈ C∞c (F ).

2.2 First-Order Differential Operators

Suppose that D ∈D1(E ,F ). Given any h ∈ C∞(T ), denote by mE (h) and mF (h)

the multiplication operators f �→ hf on smooth sections of E and F , and define
[
D,m(h)

]=DmE (h)−mF (h)D. (7)
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In local coordinates and trivialisations, if D is given by (1), then

τα

([
D,m(h)

]
f
)
(x)=

n∑

j=1

∂j (ταh)(x)aj (x)ταf (x) for every x ∈Rn;

in other words, the commutator [D,m(h)] : C∞(E )→ C∞(F ) acts by multipli-
cation by σ1(D)(dh) ∈ C∞(Hom(E ,F )). Observe that the correspondence h �→
σ1(D)(dh) is a differential operator Dσ ∈D1(T ,Hom(E ,F )), given in local co-
ordinates by

τα

(
Dσ h

)
(x)=

n∑

j=1

∂j (ταh)(x)aj (x) for every x ∈Rn.

Clearly Dσ is homogeneous, that is, Dσ 1 = 0, and the map D �→ Dσ is linear.
Moreover (7) may be rewritten as Leibniz’ rule for D, that is,

D(hf )= (Dσ h
)
f + hDf

for all f ∈ C∞(E ) and h ∈ C∞(T ). This identity, together with (4) and its zeroth-
order instances discussed in Sect. 2.1, easily implies that

(
Dσ
)+(

f ∗ ⊗ g
)= 〈D+g,f

〉− 〈g,Df 〉 (8)

for all f ∈ C∞(E ) and g ∈ C∞(F ), whereas from (5) it follows that

(
D+
)σ

h=−(Dσ h̄
)∗

for all h ∈ C∞(T ).
For more on differential operators, see [21, Sect. IV], [4, Sect. 2.1], and [23,

Sect. IV.2]; see also [14, Sect. 10] for the first-order case.

3 Distributions and Weak Differentiability

Recall that C∞c (E ) denotes the LF-space of compactly-supported smooth sections
of E ; its conjugate dual C∞c (E )′ is the space of E -valued distributions on M . As
usual, we identify a locally integrable section f ∈ L1

loc(E ) with the distribution ϕ �→
〈〈f,ϕ〉〉 and extend the inner product between sections of E to denote the duality
pairing between C∞c (E )′ and C∞c (E ).

Every differential operator D ∈Dk(E ,F ) then extends to an operator on distri-
butions: given any u ∈ C∞c (E )′, we define Du ∈ C∞c (F )′ by

〈〈Du,ϕ〉〉 = 〈〈u,D+ϕ
〉〉

for every ϕ ∈ C∞c (F ). (9)
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Since zeroth-order differential operators are multiplication operators, (9) includes
the definition of the “pointwise product” of smooth sections and distributions, in all
the variants discussed in Sect. 2.1. Moreover the identity

〈〈
u∗, ϕ

〉〉= 〈〈u,ϕ∗
〉〉−

allows us to extend pointwise adjunction to Hom(E ,F )-valued distributions.
For a first-order operator D, with these definitions, we may extend the identities

of Sect. 2.2 to the realm of distributions. For instance, to show that

(
D+
)σ

h=−(Dσ h̄
)∗ (10)

for all h ∈ C∞c (T )′, we note that it suffices to test this distributional identity on
sections of the form f ∗ ⊗ g where f ∈ C∞c (E ) and g ∈ C∞c (F ); to do this, we
apply (8). Similarly it may be proved that

D(hf )= (Dσ h
)
f + hDf (11)

when h ∈ C∞c (T )′ and f ∈ C∞(E ), or when h ∈ C∞(T ) and f ∈ C∞c (E )′.
For D ∈Dk(E ,F ), the definition of the D-derivative of an E -valued distribution

is based on that of the formal adjoint D+ and depends on the choice of measure on
M and on the hermitean structures on E and F ; the same holds for the definition
of the embedding of L1

loc(E ) in C∞c (E )′. However, L1
loc(E ) and L1

loc(F ) do not
depend on those structures: if we change the measure or inner products, then we
get the same linear spaces, with equivalent families of seminorms and so equivalent
Fréchet structures. Moreover, if f ∈ L1

loc(E ) and Df ∈ L1
loc(E ), then the section

in L1
loc(F ) that corresponds to the distributional derivative Df does not depend on

these structures.
We say that f ∈ L1

loc(E ) is weakly D-differentiable if Df ∈ L1
loc(F ). Given any

p ∈ [1,∞] and D ∈Dk(E ,F ), we define the local Sobolev space W
p

D,loc(E ) by

W
p

D,loc(E )= {f ∈ L
p

loc(E ) :Df ∈ L
p

loc(F )
}
,

which is given a Fréchet structure by identifying it with a closed subspace of
L

p

loc(E ) × L
p

loc(F ) by the map f �→ (f,Df ). Similarly, we define the Sobolev
space W

p
D(E ) by

W
p
D(E )= {f ∈ Lp(E ) :Df ∈ Lp(F )

}
.

The Banach space W
p
D(E ) depends on the choice of measure on M and on the

hermitean structures on E and F , while W
p

D,loc(E ) does not. Finally, W
p

D,0(E )

denotes the closure of C∞c (E ) in W
p
D(E ).
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3.1 Mollifiers and Smooth Approximation

Mollifiers, introduced by Friedrichs [10], allow us to approximate distributions, and
in particular, locally integrable functions, by smooth functions. We now describe the
application of this technique to sections of vector bundles on the manifold M .

For convenience, we first consider the case where M is R
n, equipped with

Lebesgue measure and euclidean distance function, and T is the trivial bundle
R

n ×C over Rn. Recall that all vector bundles on R
n are trivialisable, and sections

of a trivial bundle over Rn with fibre C
r may be identified with functions from R

n

to C
r . Hence it is easy to define mollifiers on R

n globally, and mollifiers on general
manifolds and bundles may then be defined by local trivialisations and partitions of
unity.

Choose a bump function ϕ ∈ C∞c (T ) with unit mass and support in the unit ball;
for all ε ∈ ]0,1], define ϕε(x) = ε−nϕ(ε−1x) for all x ∈ R

n. For a distributional
section f ∈ C∞c (T r )′ of a trivial bundle with fibre C

r , we set

Jεf (x)= ϕε ∗ f (x)=
r∑

k=1

〈〈
f,ϕε(x − ·)ek

〉〉
ek for every x ∈R

n, (12)

where {e1, . . . , er} is the canonical basis of Cr .

Proposition 3.1 Suppose that E is the trivial bundle R
n × C

r over R
n, and that

1 � p �∞. For all f ∈ C∞c (E )′, the formula (12) defines smooth sections Jεf of
E that converge to f distributionally as ε→ 0. Moreover, the following hold.

(i) (Supports) suppJεf ⊆ B−
Rn(suppf, ε).

(ii) (Equicontinuity) The operators Jε are bounded on L
p

loc(E ), uniformly for ε in
]0,1].

(iii) (Approximation) If p <∞ and f ∈ L
p

loc(E ), then Jεf → f in L
p

loc(F ) as
ε→ 0; the same holds if p =∞ and f ∈ C(E ).

(iv) (Upper bound) For all continuous fibre seminorms P on E , all K ∈ K(Rn) and
all f ∈ L∞loc(E ),

lim sup
ε→0

sup
x∈K

P (Jεf )(x) � inf
W∈O
W⊇K

ess sup
x∈W

P(f )(x).

Proof These are well-known facts about convolution and approximate identities
in R

n, and we omit the proofs, except for part (iv).
For all x ∈R

n and ε ∈R+,

Jεf (x)=
∫

Rn

ϕε(y)f (x − y)dy.

Since the functions ϕε are nonnegative and have unit mass, while Px : Ex → R is
convex, Jensen’s inequality implies that

Px

(
Jεf (x)

)
�
∫

Rn

ϕε(y)Px

(
f (x − y)

)
dy,
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whence

P(Jεf )(x) �
∫

Rn

ϕε(y)P (f )(x − y)dy

+
∫

Rn

ϕε(y)
(
Px

(
f (x − y)

)− Px−y

(
f (x − y)

))
dy. (13)

Suppose now that K ⊆W , where K ∈ K(Rn) and W ∈O(Rn). Take ε̄ ∈ R
+ such

that B−
Rn(K, ε̄)⊆W . Since f ∈ L∞loc(E ),

ess sup
x∈B−

Rn (K,ε̄)

∣
∣f (x)

∣
∣<∞;

further, P : E → R is continuous, so uniformly continuous when restricted to
B−
Rn(K, ε̄) × {v ∈ C

r : |v| � R}, for all R ∈ R
+. Thus the second integral on the

right-hand side of (13) tends to 0 as ε→ 0, while the first integral is bounded by
ess supx∈W P(f )(x) when ε � ε̄. Part (iv) follows. �

The interaction of mollifiers and differentiation is more interesting: for a differ-
ential operator D ∈Dk(E ,F ), it is reasonable to ask whether DJεf converges to
Df as ε→ 0. When we are working on R

n with trivial bundles E and F , we al-
ready know that JεDf approximates Df . In this case, the problem reduces to the
study of the commutator operators [D,Jε], given by

[D,Jε]f =DJεf − JεDf.

If D is translation-invariant, then [D,Jε] = 0. For an arbitrary D, it is clear that
[D,Jε]f → 0 distributionally as ε→ 0. Stronger forms of convergence to 0 may
be proved easily for first-order operators D.

Proposition 3.2 Suppose that E and F are the trivial bundles Rn×C
r and R

n×C
s

over Rn, that D ∈D1(E ,F ), and that 1 � p �∞. Then the following hold.

(i) (Equicontinuity) The operators [D,Jε] are bounded from L
p

loc(E ) to L
p

loc(F ),
uniformly for ε in ]0,1].

(ii) (Vanishing) If p < ∞ and f ∈ L
p

loc(E ), then [D,Jε]f → 0 in L
p

loc(F ) as
ε→ 0; the same holds if p =∞ and f ∈ C(E ).

Proof Compare with [11, Appendix].
We may suppose that D has the form

Df (x)= b(x)f (x)+
n∑

j=1

aj (x)∂jf (x)=D0f (x)+D1f (x),

say, where the matrix-valued functions aj and b are smooth.
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Since D0 is a multiplication operator, it is bounded from L
p

loc(E ) to L
p

loc(F ) for
all p ∈ [1,∞]. Hence, by Proposition 3.1, both D0Jε and JεD0 are bounded from
L

p

loc(E ) to L
p

loc(F ), uniformly for ε in ]0,1], and

D0Jεf →D0f and JεD0f →D0f

in L
p

loc(F ) as ε→ 0 if either p <∞ and f ∈ L
p

loc, or p =∞ and f ∈ C. Hence
parts (i) and (ii) hold for [D0, Jε], and it suffices to consider D1.

If f ∈ C∞c (E ), then

Jεf (x)=
∫

Rn

f (x − y)ϕε(y)dy,

so

[D1, Jε]f (x)=D1Jεf (x)− JεD1f (x)

=
∫

Rn

(
n∑

j=1

[
aj (x)− aj (x − y)

]
∂jf (x − y)

)

ϕε(y)dy

= Cεf (x),

say.
Define

Fε(x, y)=
n∑

j=1

(
ϕε(y)∂j aj (x − y)+ [aj (x)− aj (x − y)

]
∂jϕε(y)

)
,

and observe that, when f ∈ C∞c (E ) and λ ∈C,

Cεf (x)=
∫

Rn

(
n∑

j=1

[
aj (x)− aj (y)

]
∂jf (y)

)

ϕε(x − y)dy

=−
∫

Rn

(
n∑

j=1

∂

∂yj

[[
aj (x)− aj (y)

]
ϕε(x − y)

]
)

f (y)dy

=−
∫

Rn

(
n∑

j=1

∂

∂yj

[[
aj (x)− aj (y)

]
ϕε(x − y)

]
)
[
f (y)− λf (x)

]
dy

=
∫

Rn

Fε(x, y)
[
f (x − y)− λf (x)

]
dy.

This formula extends to all f ∈ C∞c (E )′ by continuity, since Fε is smooth and sup-
ported in the set {(x, y) ∈Rn ×R

n : |y|� ε}.
For x ∈R

n, define the quadrilinear form A(x) on C
n ×C

n ×C
r ×C

s by

A(x)
(
u′, u, v,w

)=
n∑

j,k=1

u′j
∂

∂xj

[
uk

(
ak(x)v,w

)]
,
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where (w′,w) denotes
∑s

l=1 w′lwl , and write |A(x)| for the maximum of the ex-
pression |A(x)(u′, u, v,w)| as u′, u, v and w range over the unit spheres in C

n, Cn,
C

r and C
s . Then for v ∈C

r and w ∈Cs ,
∣
∣
∣
∣
∣

(
n∑

j=1

[
aj (x)−aj (x−y)

]
∂jϕε(y)v,w

)∣
∣
∣
∣
∣
=
∣
∣
∣
∣
∣

∫ 1

0
A(x−y+ ty)

(
y,∇(ϕε)(y), v,w

)
∣
∣
∣
∣
∣

� sup
z∈BRn (x,|y|)

∣
∣A(z)

∣
∣ |y| ∣∣∇(ϕε)(y)

∣
∣ |v| |w|

� sup
z∈BRn (x,|y|)

∣
∣A(z)

∣
∣ |∇ϕ|ε(y)| |v| |w|,

where |∇ϕ|ε(y)= ε−n|∇ϕ|(ε−1y), and similarly
∣
∣
∣
∣
∣

n∑

j=1

ϕε(y)∂j aj (x − y)v

∣
∣
∣
∣
∣
= ∣∣ϕε(y)

∣
∣

∣
∣
∣
∣
∣

n∑

j=1

A(x − y)(ej , ej , v,w)

∣
∣
∣
∣
∣

� n
∣
∣ϕε(y)

∣
∣ sup
z∈BRn (x,|y|)

∣
∣A(z)

∣
∣ |v| |w|,

where the ej are the standard basis vectors in R
n.

Set ψ = nϕ + |∇ϕ| and ψε(z)= ε−nψ(ε−1z). Then, taking operator norms,

∣
∣Fε(x, y)

∣
∣�
∣
∣
∣
∣
∣

n∑

j=1

[
∂j aj (x − y)

]
ϕε(y)

∣
∣
∣
∣
∣
+
∣
∣
∣
∣
∣

n∑

j=1

[[
aj (x − y)− aj (x)

]
∂jϕε(y)

]
∣
∣
∣
∣
∣

� sup
z∈BRn (x,ε)

∣
∣A(z)

∣
∣ψε(y).

Now ψ is continuous and supported in the unit ball, hence bounded, so

∣
∣Cεf (x)

∣
∣�
∣
∣
∣
∣

∫

Rn

Fε(x, y)
(
f (x − y)− λf (x)

)
dy

∣
∣
∣
∣

� sup
z∈BRn (x,ε)

∣
∣A(z)

∣
∣
∫

BRn (0,ε)

ψε(y)
∣
∣f (x − y)− λf (x)

∣
∣dy,

whence, from Minkowski’s inequality, for all K ∈ K(Rn) and ε ∈ ]0,1],
(∫

K

∣
∣Cεf (x)

∣
∣p dx

)1/p

� sup
z∈BRn (K,ε)

∣
∣A(z)

∣
∣
∫

BRn (0,ε)

ψε(y)

(∫

K

∣
∣f (x − y)− λf (x)

∣
∣p dx

)1/p

dy

� κn,K,D,ϕ sup
y∈BRn (0,1)

(∫

K

∣
∣f (x − y)− λf (x)

∣
∣p dx

)1/p

.
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On the one hand, when λ= 1, the integral on the right-hand side tends to 0 as y→ 0,
and we obtain part (ii) in the case where p <∞. On the other hand, when λ= 0, it
follows that

(∫

K

∣
∣Cεf (x)

∣
∣p dx

)1/p

� κn,K,D,ϕ

(∫

BRn (K,1)

∣
∣f (x)

∣
∣p dx

)1/p

which establishes part (i) in the case where p <∞. To prove parts (i) and (ii) when
p =∞, we replace the Lp norm in the argument above by an essential supremum. �

We consider now the general case. Recall that there is a countable locally finite
atlas of smooth bijections ϕα : Uα → R

n on M ; here Uα ⊆M and
⋃

α∈A Vα =M ,
where Vα = ϕ−1

α (BRn(0,1)). There is also a partition of unity (ηα)α∈A on M for
which supp(ηα)⊆ Vα .

For each α, there is a trivialisation τα taking sections of E over Uα to sections
of a trivial bundle T r on R

n, and similarly for F . Sections of E with support
contained in Vα are then identified with sections of T r with support contained in
the open unit ball.

Denote by E the set of all sequences (εα)α∈A, where each εα ∈ ]0,1], that is,
E = ]0,1]A. For ε ∈ E and f ∈ L1

loc(E ), define J
E ,τ
ε f , which we usually write as

J τ
ε f , as follows:

J τ
ε f =

∑

α

τ−1
α Jεα τα(ηαf ); (14)

since supp τ−1
α Jεα τα(ηαf )⊆Uα , this sum is locally finite.

Given ε,ε′ ∈E, we write ε � ε′ when εα � ε′α for all α ∈A. The ordering of E

gives a meaning to limit-like expressions along E, such as

lim sup
ε→0

F(ε)= inf
ε̄∈E

sup
ε∈E
ε�ε̄

F(ε)

for a function F : E→[−∞,∞]. We show now that J τ
ε f → f as ε→ 0.

Theorem 3.3 Suppose that E and F are vector bundles on a manifold M , that
D ∈ D1(E ,F ), and that 1 � p �∞. Then the linear operators J τ

ε on L1
loc(E )

defined by (14) have the following properties.

(i) (Smoothing) If f ∈ L1
loc(E ), then J τ

ε f ∈ C∞(E ).
(ii) (Supports) If C is a closed subset of M and W is an open neighbourhood of C,

then there exists ε̄ ∈E such that suppJ τ
ε f ⊆W when suppf ⊆ C and ε � ε̄.

(iii) (Equicontinuity) If ζ ∈ L∞loc(T ), then there exists ξ ∈ L∞loc(T ) such that

∥
∥ζJ τ

ε f
∥
∥

p
� ‖ξf ‖p

for all f ∈ L
p

loc(E ) and ε ∈E; if ζ ∈ L∞c , then we may choose ξ ∈ L∞c .
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(iv) (Approximation) If p <∞ and f ∈ L
p

loc(E ), then

lim sup
ε→0

∥
∥ζ
(
J τ

ε f − f
)∥
∥

p
= 0

for all ζ ∈ L∞loc(T ); the same holds if p =∞ and f ∈ C(E ).
(v) (Upper bound) If f ∈ L∞loc(E ), then, for each continuous fibre seminorm P on

E and closed subset C of M ,

lim sup
ε→0

sup
x∈C

P
(
J τ

ε f
)
(x) � inf

W∈O
W⊇C

ess sup
x∈W

P(f )(x). (15)

Further, the “commutators” [D,J τ
ε ], defined by

[
D,J τ

ε

]
f =DJ E ,τ

ε f − JF ,τ
ε Df,

have the following properties.

(vi) (Equicontinuity) If ζ ∈ L∞loc(T ), then there exists ξ ∈ L∞loc(T ) such that

∥
∥ζ
[
D,J τ

ε

]
f
∥
∥

p
� ‖ξf ‖p

for all f ∈ L
p

loc(E ) and ε ∈E; if ζ ∈ L∞c , then we may choose ξ ∈ L∞c .
(vii) (Vanishing) If f ∈ L

p

loc(E ) and p <∞, then

lim sup
ε→0

∥
∥ζ
[
D,J τ

ε

]
f
∥
∥

p
= 0

for all ζ ∈ L∞loc(T ); the same holds if p =∞ and f ∈ C(E ).

As operators on W
p

D,loc(E ), the J τ
ε have the following properties.

(viii) (Equicontinuity) If ζ ∈ L∞loc(T ), then there exists ξ ∈ L∞loc(T ) such that

∥
∥ζDJ τ

ε f
∥
∥

p
� ‖ξf ‖p + ‖ξDf ‖p

for all f ∈W
p

D,loc(E ) and ε ∈E; if ζ ∈ L∞c , then we may choose ξ ∈ L∞c .

(ix) (Approximation) If f ∈W
p

D,loc(E ) and p <∞, then

lim sup
ε→0

∥
∥ζ
(
DJ τ

ε f −Df
)∥
∥

p
= 0

for all ζ ∈ L∞loc(T ); the same holds if p =∞, f ∈ C(E ), and Df ∈ C(F ).
(x) (Upper bound) If f ∈ C(E ) and Df ∈ L∞loc(F ), then, for each continuous

fibre seminorm P on F and closed subset C of M ,

lim sup
ε→0

sup
x∈C

P
(
DJ τ

ε f
)
(x) � inf

W∈O
W⊇C

ess sup
x∈W

P(Df )(x).
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The alert reader will have already noticed that, in contrast to Propositions 3.1
and 3.2, equicontinuity and the limiting properties here refer to a topology on the
spaces of sections L

p

loc (and C), defined by the “extended seminorms” f �→ ‖ζf ‖p ,
where ζ ranges over L∞loc(T ), which is finer than the usual Fréchet topology when
M is not compact. Indeed, if M is not compact, then the finer topology, known as the
Whitney topology (at least in the case of C [15, Chap. 2]), is not metrisable, nor does
it yield a topological vector space structure: the mapping λ �→ λf is not continuous
unless the section f is compactly-supported. However, like the Fréchet topology, the
Whitney topology is independent of the measure on M and the hermitean structure
of the bundle.

Propositions 3.1 and 3.2 cannot be strengthened by just replacing the Fréchet
topology with the Whitney topology; the stronger approximation result of Theo-
rem 3.3 is due to the fact that the approximant J τ

ε f depends on the sequence ε ∈E

whose components εα may be chosen independently.
A propos of limits along E, the following remark will be useful in the course of

the proof: if {Aβ}β∈B is a collection of subsets of A which is locally finite, in the
sense that {β ∈ B : α ∈Aβ} is finite for all α ∈A, then

lim sup
ε→0

sup
β∈B

Fβ(ε|Aβ )= sup
β∈B

lim sup
ε→0

Fβ(ε|Aβ ) (16)

for all functions Fβ : ]0,1]Aβ →[−∞,∞].

Proof First, the sum defining J τ
ε is a locally finite sum of smooth, compactly-

supported sections of E , so part (i) clearly holds.
Next, for all closed subsets C of M , open neighbourhoods W of C, and α ∈ A,

we may find ε̄α ∈ ]0,1] such that

B−
Rn

(
ϕα(suppηα ∩C), ε̄α

)⊆ ϕα(W),

and part (ii) follows from part (i) of Proposition 3.1.
Further, if ζ ∈ L∞loc(T ), then

∣
∣ζJ τ

ε f
∣
∣�
∑

α

κα

∣
∣Jεα τα(ηαf )

∣
∣

pointwise almost everywhere, where the constants κα are independent of f . We
deduce from part (ii) of Proposition 3.1 that

∥
∥Jεα τα(ηαf )

∥
∥

p
� κ ′α

∥
∥τα(ηαf )

∥
∥

p

and hence
∥
∥ζJ τ

ε f
∥
∥

p
�
∑

α

κ ′′α‖ηαf ‖p � sup
α∈A

κ ′′′α ‖ηαf ‖p
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for new constants κ ′α , κ ′′α and κ ′′′α , and we take ξ to be supα∈A κ ′′′α ηα to prove part (iii).
Analogously, one shows that

∥
∥ζ
(
J τ

ε f − f
)∥
∥

p
� sup

α∈A

κ ′′′′α

∥
∥Jεα τα(ηαf )− τα(ηαf )

∥
∥

p

for suitable constants κ ′′′′α , whence

lim sup
ε→0

∥
∥ζ
(
J τ

ε f − f
)∥
∥

p
� sup

α∈A

κα lim sup
t→0

∥
∥Jt τα(ηαf )− τα(ηαf )

∥
∥

p

by (16), and part (iv) follows from part (iii) of Proposition 3.1.
Suppose now that f ∈ L∞loc(E ) and P is a continuous fibre seminorm on E . Write

Pα for the corresponding seminorm on the fibres of the trivial bundle R
n × C

r

over R
n; in other words, Pα(ταf )(ϕ(x)) = P(f )(x) for all x ∈ Uα for a section

f of E with support in Uα . Given any α ∈ A, write Kα for ϕ−1
α (B−

Rn(0,2)), so
supp τ−1

α Jt τα(ηf )⊆Kα when t � 1, and given any β ∈ A, denote by Aβ the finite
set of indices α in A such that Kα ∩Kβ �= ∅.

Fix δ ∈ R
+. Given any β ∈ A, we may find a finite decomposition of Kβ as

Kβ,1 ∪ · · · ∪Kβ,kβ , in which each Kβ,j is compact and the oscillation of ηα on an
open neighbourhood Wβ,j of Kβ,j is bounded by δ/|Aβ |. Take yβ,j in Kβ,j . Then,
by part (iv) of Proposition 3.1, for all closed subsets C of M and open neighbour-
hoods W of C,

lim sup
ε→0

sup
x∈Kβ,j∩C

P
(
J τ

ε f
)
(x) �

∑

α∈Aβ

lim sup
t→0

sup
x∈Kβ,j∩C

Pα

(
Jtτα(ηαf )

)(
ϕα(x)

)

�
∑

α∈Aβ

ess sup
x∈Wβ,j∩W

Pα

(
τα(ηαf )

)(
ϕα(x)

)

�
∑

α∈Aβ

sup
x∈Wβ,j

ηα(x) ess sup
z∈W

P(f )(z)

�
∑

α∈Aβ

(
ηα(yβ,j )+ δ/|Aβ |

)
ess sup

z∈W

P(f )(z)

� (1+ δ) ess sup
z∈W

P(f )(z)

for each Kβ,j . Since the restriction of P(J τ
ε f ) to Kβ,j depends only on ε|Aβ , and

the set {(β, j) : α ∈Aβ} =⋃β∈Aα
{β} × {1, . . . , kβ} is finite for all α ∈A,

lim sup
ε→0

sup
x∈C

P
(
J τ

ε f
)
(x)= sup

β∈A
j=1,...,kβ

lim sup
ε→0

sup
x∈Kβ,j∩C

P
(
J τ

ε f
)
(x)

� (1+ δ) ess sup
z∈W

P(f )(z),

by (16), and part (v) follows from the arbitrariness of δ and W .
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We now write D ∈ D1(E ,F ) in local coordinates, and decompose [D,J τ
ε ] as

I 1
ε + I 2

ε , where

I 1
ε f =

∑

α

τ−1
α Jεα τα

((
Dσ ηα

)
f
)

I 2
ε f =

∑

α

τ−1
α

[
τα(D),Jεα

]
τα(ηαf ).

The properties (vi) and (vii) of [D,J τ
ε ] follow from the analogous properties of I 1

ε

and I 2
ε , which in turn are obtained from Propositions 3.1 and 3.2, by arguing as in

the proofs of parts (iii) and (iv) of this theorem and observing that

∑

α

(
Dσ ηα

)
f =

(

Dσ
∑

α

ηα

)

f = 0.

Finally, the decomposition

DJ E ,τ
ε f = [D,J τ

ε

]
f + JF ,τ

ε Df

shows that part (viii) follows from parts (iii) and (vi), while part (ix) follows from
parts (iv) and (vii). Moreover, given any continuous fibre seminorm P on F ,

∣
∣P
(
DJ E ,τ

ε f
)− P

(
JF ,τ

ε Df
)∣
∣� P

([
D,J τ

ε

]
f
)
,

and, by part (vii), the right-hand side tends to 0 uniformly as ε→ 0 whenever f is
continuous; therefore, under our assumptions,

lim sup
ε→0

sup
x∈C

P
(
DJ E ,τ

ε f
)
(x)= lim sup

ε→0
sup
x∈C

P
(
JF ,τ

ε Df
)

for all subsets C of M , and part (x) follows from part (v). �

Not only is the Whitney topology finer than the Fréchet space topology on L
p

loc,
but also, when restricted to Lp , it is finer than the usual Banach space topology
of Lp . Hence the following density result is an immediate consequence of Theo-
rem 3.3.

Corollary 3.4 Suppose that D ∈D1(E ,F ) and 1 � p <∞. Then C∞c (E ) is dense
in W

p

D,loc(E ), and W
p
D ∩C∞(E ) is dense in W

p
D(E ).

An analogous result when p =∞ may be obtained by restricting to continuous
sections with continuous D-derivatives. The following weaker result, however, does
not require the continuity of the D-derivatives.

Corollary 3.5 Suppose that D ∈ D1(E ,F ), f ∈ C(E ), Df ∈ L∞loc(F ), and, for
some continuous fibre seminorm P on F , ‖P(Df )‖∞ � 1. Then there exists a
sequence of C∞(E )-sections fm that converges to f uniformly on compacta, such



164 M.G. Cowling and A. Martini

that ‖P(Dfm)‖∞ � 1 for all m and suppfm ⊆W for all open neighbourhoods W

of suppf once m is large enough. Moreover, if E = T and f is real-valued, then
the fm may be chosen to be real-valued.

Proof By parts (iv) and (x) of Theorem 3.3, lim supε→0 ‖J τ
ε f − f ‖∞ = 0 and

lim sup
ε→0

∥
∥P
(
DJ τ

ε f
)∥
∥∞ �

∥
∥P(Df )

∥
∥∞ � 1.

We fix a decreasing countable base {Wm}m∈N of open neighbourhoods of suppf ,
and then choose, for all m ∈ N, a sequence ε in E such that the section gm = J τ

ε f

satisfies ‖gm−f ‖∞ � 2−m and ‖P(Dgm)‖∞ � 1+2−m. We may also assume that
suppgm ⊆Wm by part (ii) of Theorem 3.3. The conclusion then follows by taking
fm = (1+ 2−m)−1gm. �

3.2 Integration and Differentiation

Approximation using mollifiers allows us to extend results such as integration by
parts, Leibniz’ rule, and the chain rule to the realm of weakly differentiable sections
(see, for instance, [13, Chap. 7]). In what follows, p′ denotes the index conjugate to
p, that is, 1/p′ + 1/p = 1.

Proposition 3.6 (Integration by parts) Suppose that D ∈D1(E ,F ) and that 1 �
p �∞. If f ∈W

p

D,loc(E ) and g ∈W
p′
D+,loc(F ), and moreover supp(f ⊗ g) is com-

pact, then

〈〈Df,g〉〉 = 〈〈f,D+g
〉〉
.

Proof By exchanging f with g and D with D+ if necessary, we may suppose that
p <∞.

Take a bump function η equal to 1 on supp(f ⊗g). By Corollary 3.4, there exists
a sequence of C∞c (E )-sections fm such that (fm,Dfm)→ (f,Df ) in L

p

loc(E ⊕F ),
and then (ηfm,D(ηfm))→ (ηf,D(ηf )) in L

p
c (E ⊕F ). Now

D(ηf )= (Dσ η
)
f + ηDf

by Leibniz’ rule (11) for a smooth function η and a distribution f , and moreover
Dσ η vanishes on supp(f ⊗ g), so 〈〈(Dσ η)f,g〉〉 = 0. Hence (9) implies that

〈〈Df,g〉〉 = 〈〈D(ηf ), g
〉〉= lim

m

〈〈
D(ηfm), g

〉〉

= lim
m

〈〈
ηfm,D+g

〉〉= 〈〈ηf,D+g
〉〉

= 〈〈f,D+g
〉〉
,

as required. �
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Proposition 3.7 (Leibniz’ rule) Suppose that D ∈D1(E ,F ) and 1 � p �∞. Sup-

pose also that h ∈W
p

Dσ ,loc(T ) and f ∈W
p′
D,loc(E ). Then hf ∈W 1

D,loc(E ) and

D(hf )= (Dσ h
)
f + hDf.

Proof By Hölder’s inequality, hf ∈ L1
loc(E ) and (Dσ h)f + hDf ∈ L1

loc(F ). We
must show that the F -valued distributions D(hf ) and (Dσ h)f +hDf coincide. In
fact, for all ϕ ∈ C∞c (F ),

〈〈
D(hf ),ϕ

〉〉= 〈〈hf,D+ϕ
〉〉= 〈〈f, h̄D+ϕ

〉〉
.

Leibniz’ rule (11) for a smooth section ϕ and a distribution h̄, together with (10),
leads to the distributional equality

D+(h̄ϕ)=−(Dσ h
)∗

ϕ + h̄D+ϕ.

By the hypotheses, each summand in the right-hand side lies in L
p
c (E ), therefore

D+(h̄ϕ) ∈ L
p
c (E ) too, and

〈〈
D(hf ),ϕ

〉〉= 〈〈f,D+(h̄ϕ)+ (Dσ h
)∗

ϕ
〉〉= 〈〈hDf + (Dσ h

)
f,ϕ

〉〉

by Proposition 3.6, since h̄ϕ is compactly-supported and in L
p

loc(F ). �

Proposition 3.8 (Chain rule) Suppose that D ∈ D1(T ,E ) is homogeneous. If
1 � p <∞ and f ∈W

p

D,loc(T ) is real-valued, and the function g : R→ C is con-

tinuously differentiable and g′ is bounded, then g ◦ f ∈W
p

D,loc(T ) and

D(g ◦ f )= (g′ ◦ f
)
Df.

Proof By Corollary 3.4, there exists a sequence of C∞c (TR)-sections fm such that
(fm,Dfm)→ (f,Df ) in L

p

loc(T ⊕ E ); by extracting a subsequence, we may sup-
pose that the convergence is also pointwise almost everywhere. Now g is Lipschitz
and fm→ f in L

p

loc(T ), and so g ◦fm→ g ◦f in L
p

loc(T ). Moreover, by the chain
rule for C1-functions,

D(g ◦ fm)= (g′ ◦ fm

)
Dfm =

(
g′ ◦ fm

)
(Dfm −Df )+ (g′ ◦ fm

)
Df.

Since ‖g′ ◦ fm‖∞ � ‖g′‖∞ <∞, the first summand converges to 0 in L
p

loc(E );
moreover, since g′ is continuous, g′ ◦ fm → g′ ◦ f pointwise almost everywhere,
and therefore the second summand converges to (g′ ◦f )Df in L

p

loc(E ) by the domi-
nated convergence theorem. Thus g ◦fm→ g ◦f in W

p

D,loc(T ), and the conclusion
follows. �
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4 Reversible Sub-Finsler Geometry

Suppose that P is a continuous fibre seminorm on T ∗M , and P ∗ is the dual extended
fibre norm on T M . Thus

Px(ξ)= sup
v∈TxM

P ∗(v)�1

∣
∣ξ(v)

∣
∣ and P ∗x (v)= sup

ω∈T ∗x M
P(ω)�1

∣
∣ξ(v)

∣
∣

by the finite-dimensional Hahn–Banach theorem.
As a function on the tangent bundle, P ∗ need not be continuous. However, it may

be approximated by continuous fibre norms on T M , as we are about to show.

Lemma 4.1 There exists a countable family GP of Riemannian metrics on M such
that

P ∗(v)= sup
g∈GP

|v|g for every v ∈ T M (17)

or, equivalently,

P(ξ)= inf
g∈GP

|ξ |g for every ξ ∈ T ∗M. (18)

Proof Recall that a Riemannian metric on M is given by a smooth fibre inner prod-
uct on T M , or, by duality, by a smooth fibre inner product on T ∗M . From a geo-
metric point of view, proving (17) amounts to realising the closed unit ball of P ∗
at a point x ∈M (which is convex but may have no interior) as the intersection of
the closed unit balls of the metrics g in GP , which are ellipsoids, and proving (18)
amounts to realising the open unit ball of P at a point x ∈M (which is convex, but
may be unbounded) as the union of the open unit balls of the metrics g, which are
also ellipsoids. In general, this may require an infinite number of ellipsoids, as we
may see by considering the problem of realising a square as an intersection or union
of g balls. We consider the cotangent space problem only.

It is easy to show that a Riemannian metric that satisfies

P(ξ) � |ξ |g for every ξ ∈ T ∗M (19)

exists. Indeed, if g is a Riemannian metric on M , then the function

x �→ sup
ξ∈T ∗x M
|ξ |g�1

P(ξ)

is locally finite, therefore it is majorised by a strictly positive function ψ ∈ C∞(T ),
and one simply needs to rescale g by ψ2.

Take a Riemannian metric g on M satisfying (19) and the countable atlas
(ϕα)α∈A. Recall that each ϕα maps Uα to R

n, that Vα = ϕ−1
α (BRn(0,1)), and that

M =⋃α∈A Vα . Each subbundle T ∗Uα of T ∗M is trivialisable.
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Fix α ∈ A, and choose a bump function ζα with compact support in Uα that is
equal to 1 on Vα and a countable set Yα of smooth sections of T ∗Uα such that

{
ω(x) : ω ∈Yα

}− = {ξ ∈ T ∗x M : |ξ |g = 1
}

(20)

for all x ∈ Uα . To do this, it is sufficient to consider constant sections taking values
in a countable dense subset of the unit sphere with respect to a trivialisation of T ∗Uα

given by a g-orthonormal frame.
Next, fix ω ∈Yα . Since P(ω) is a continuous nonnegative function on Uα , there

is a sequence of smooth functions ψω,k :Uα →R such that

P(ω)+ 2−k � ψω,k � P(ω)+ 21−k.

We now define, for all k ∈N, a smooth inner product (·, ·)α,ω,k and associated norm
| · |α,ω,k along the fibres of T ∗Uα by

(ξ1, ξ2)α,ω,k =ψω,k(x)2(〈π(ξ1),π(ξ2)
〉
g
+ 22k

〈
ξ1 − π(ξ1), ξ2 − π(ξ2)

〉
g

)

=ψω,k(x)2(〈ξ1,ω(x)
〉
g

〈
ξ2,ω(x)

〉
g

+ 22k
(〈ξ1, ξ2〉g −

〈
ξ1,ω(x)

〉
g

〈
ξ2,ω(x)

〉
g

))

for all ξ1, ξ2 ∈ T ∗x M and x ∈ Uα , where π(ξ) is the projection of ξ in TxM onto
Rω(x), that is, π(ξ)= 〈ξ,ω(x)〉gω(x). Now

∣
∣π(ξ)

∣
∣
g

� |ξ |α,ω,k

ψω,k(x)
and

∣
∣ξ − π(ξ)

∣
∣
g

� |ξ |α,ω,k

2kψω,k(x)

for all ξ ∈ T ∗x M and x ∈Uα , and so, from (19),

P(ξ) � P
(
π(ξ)

)+ P
(
ξ − π(ξ)

)

�
∣
∣
〈
ξ,ω(x)

〉
g

∣
∣P
(
ω(x)

)+ ∣∣ξ − π(ξ)
∣
∣
g

� |ξ |α,ω,k

ψω,k(x)

(
P
(
ω(x)

)+ 2−k
)

� |ξ |α,ω,k.

Hence

P(ξ) � inf
k∈N

ω∈Yα

|ξ |α,ω,k. (21)

Moreover, for all x ∈Uα , from the definitions of ψω,k and (·, ·)α,ω,k ,

P
(
ω(x)

)+ 21−k � ψω,k(x)= ∣∣ω(x)
∣
∣
α,ω,k

.

More generally, for all ξ ∈ T ∗x Uα such that |ξ |g = 1 and all k ∈ N, we may
choose ω ∈ Yα such that |ξ − ω(x)|g � 2−2k , by (20). Then by construction,
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|ξ −ω(x)|α,ω,k � 3× 2−2k and P(ξ −ω(x)) � 2−2k , hence

P(ξ) � |ξ |α,ω,k − 21−k − 3× 2−k − 2−2k

and the reverse of inequality (21) follows. Putting everything together, we deduce
that

P(ξ)= inf
k∈N

ω∈Yα

|ξ |α,ω,k

for all x ∈Uα and ξ ∈ T ∗x M .
For each α ∈ A, choose a bump function ζα with compact support in Uα that is

equal to 1 on Vα , and define a Riemannian metric gα,ω,k on M by setting

〈ξ, ξ 〉gα,ω,k
= ζα(x)(ξ, ξ)α,ω,k +

(
1− ζα(x)

)〈ξ, ξ 〉g
for all x ∈M and ξ ∈ T ∗x M ; the first summand is defined to vanish whenever x /∈
Uα . Then clearly P(ξ) � |ξ |gα,ω,k

for all ξ ∈ T ∗M . Moreover, if x ∈M , then x ∈ Vα

for some α, therefore |ξ |gα,ω,k
= |ξ |α,ω,k for all ξ ∈ T ∗x M . We now set

GP = {gα,ω,k : ω ∈Yα, k ∈N, α ∈A},
and the desired conclusion follows. �

Define the finite subspace of P ∗ in T M and the zero subspace of P in T ∗M by

F
(
P ∗x
)= {v ∈ TxM : P ∗(v) <∞} and Z(Px)=

{
ξ ∈ T ∗x P : P(ξ)= 0

}
.

Then F(P ∗x ) is the annihilator of Z(Px), so dimF(P ∗x ) = codimZ(Px), and the
function x �→ dimF(P ∗x ) is lower-semicontinuous. When this function is continu-
ous, that is, when it is locally constant, P ∗ has additional continuity properties. We
define F(P ∗)=⋃x∈M F(P ∗x ).

Proposition 4.2 Suppose that x �→ dimF(P ∗x ) is continuous. Then F(P ∗) is closed
in T M , and P ∗ restricted to F(P ∗) is continuous.

Proof Without loss of generality, we suppose that M is connected, so the function
x �→ dimF(P ∗x ) is constant, that is, codimF(P ∗x )= k for some k and all x ∈M .

Write G for the kth grassmannian bundle over T ∗M , so Gx is the set of k-
dimensional subspaces of T ∗x M , and define X = {S ∈ G : P |S = 0}. Then X is
closed in G, because P is continuous, and X ∩Gx = {Z(Px)} for all x ∈M . Since
G has compact fibres, X is the image of a continuous section of G, and this section
may be lifted locally to a continuous section of the frame bundle of T ∗M . Thus
there is a continuous local frame {ω1, . . . ,ωn} for T ∗M in the neighbourhood of
each point of M such that Z(Px)= span{ω1|x, . . . ,ωk|x}, whence

F
(
P ∗x
)= kerω1|x ∩ · · · ∩ kerωk|x = span

{
ω∗k+1

∣
∣
x
, . . . ,ω∗n

∣
∣
x

}
,
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where {ω∗1, . . . ,ω∗n} is the dual local frame for T M . This proves that F(P ∗) is closed
in T M , and determines a continuous subbundle E of T M .

Denote by ι∗ : T ∗M→E∗ the pointwise transpose of the inclusion map ι : E→
T M . Then Z(Px)= ker ι∗|T ∗x M , hence P induces a continuous fibre norm Q on E∗
such that Q ◦ ι∗ = P . It is then easily checked that the restriction of P ∗ to E is the
dual norm of Q pointwise.

By the use of local trivialisations of E∗, we may find, for all x ∈M , a neigh-
bourhood U of x and linear isomorphisms ty : E∗x →E∗y for all y ∈U such that the
mapping (y, ξ) �→ ty(ξ) is continuous from U ×E∗x to E∗. The continuity of Q and
the compactness of the unit sphere of Qx in E∗x then imply that, for all positive ε,
there is a neighbourhood V of x in M such that, for all y ∈ V ,

(1+ ε)−1Qy ◦ ty � Qx � (1+ ε)Qy ◦ ty

and correspondingly

(1+ ε)−1P ∗y |F(P ∗y ) � P ∗x |F(P ∗x ) ◦ t∗y � (1+ ε)P ∗y |F(P ∗y ).

This proves the continuity of P ∗|F(P ∗). �

Definition 4.3 A tangent vector v ∈ TxM is said to be P -subunit if P ∗(v) � 1.

Definition 4.4 We write Γ k([a, b]) for the set of all curves γ : [a, b]→M of class
Ck ; here k may be ∞. A curve γ : [a, b] →M is said to be P -subunit if it is abso-
lutely continuous and γ ′(t) is P -subunit for almost all t ∈ [a, b]. We write Γ unit

P (I )

for the set of all P -subunit curves defined on the interval I , and Γ unit
P for the set

of all P -subunit curves when the interval of definition may vary. We write �P for
the distance function induced by P , that is, �P (x, y) is the infimum of the set of all
T ∈R

+ for which there exists γ ∈ Γ unit
P ([0, T ]) such that γ (0)= x and γ (T )= y.

The infimum need not be attained: for instance, in R
2 \{(0,0)}with the euclidean

metric, there is no minimising curve joining (−1,0) and (1,0).
Absolute continuity may be defined in various equivalent ways: here is one.

Definition 4.5 The curve γ : [a, b]→M is said to be absolutely continuous if ϕα ◦
γ is locally absolutely continuous for each ϕα in the atlas A. We write AC([a, b])
for the set of all absolutely curves on the interval [a, b].

Suppose that P is a norm induced by a Riemannian metric g on M and �g is the
distance function induced by g. If γ ∈ Γ unit

P ([a, b]), then

�g

(
γ (s), γ (t)

)
� |s − t | for every s, t ∈ [a, b]. (22)

Conversely, a curve γ : [a, b] →M that satisfies (22) is P -subunit: the derivative
γ ′(t) may be computed in exponential coordinates centred at γ (t), and the differ-
ence quotient is controlled by the Lipschitz constant.
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Thanks to Lemma 4.1, a similar result may be proved for an arbitrary fibre semi-
norm P . We use the family GP of Riemannian metrics defined in Lemma 4.1.

Proposition 4.6 The function �P is an extended distance function on M ,

�g(x, y) � �P (x, y) (23)

for all x, y ∈M and g ∈GP , and the topology induced by �P is at least as fine as the
manifold topology. Further, for a function γ : [a, b]→M , the following conditions
are equivalent:

(i) γ is a P -subunit curve;
(ii) �P (γ (s), γ (t)) � |s − t | for all s, t ∈ [a, b];

(iii) �g(γ (s), γ (t)) � |s − t | for all s, t ∈ [a, b] and all g ∈GP .

Proof For a Riemannian metric g ∈GP , inequality (23) follows easily from the fact
that, for each γ ∈ Γ unit

P ([0, T ]) joining x to y, the g-norm of γ ′(t) is at most 1 for
almost all t , so

�g(x, y) �
∫ T

0

∣
∣γ ′(t)

∣
∣
g

dt � T .

From (23), if �P (x, y) = 0, then �g(x, y) = 0 and hence x = y; it follows im-
mediately that �P satisfies the other axioms for an (extended) distance function.
Moreover, again by (23), the topology induced by �P is no coarser than the topol-
ogy induced by �g , that is, the original topology of M .

Further, for a function γ : [a, b]→M , condition (i) implies condition (ii) by the
definition of �P , while condition (ii) implies condition (iii) by (23). Finally, if con-
dition (iii) holds, then γ is absolutely continuous and, for all g ∈GP , |γ ′(t)|g �1
for almost all t ∈ [a, b]. As GP is countable, we may reverse the order of the quan-
tifiers on g and t , and deduce from Lemma 4.1 that P ∗(γ ′(t)) � 1 for almost all
t ∈ [a, b], which is condition (i). �

4.1 Topologies on M

By Proposition 4.6, the topology induced by �P is no coarser than the original mani-
fold topology of M ; recall (from Definition 1.1) that �P is varietal if the two topolo-
gies are equivalent. In general, the topology induced by �P may be finer than the
original manifold topology of M . Unless otherwise specified, we do not assume that
�P is varietal, and topological concepts such as compactness and convergence refer
to the original topology of M .

Lemma 4.7 Suppose that a sequence of curves γm ∈ Γ unit
P ([a, b]) converges point-

wise to a curve γ : [a, b]→M . Then γ ∈ Γ unit
P ([a, b]).
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Proof The characterisation of P -subunit curves in Proposition 4.6(iii) is preserved
by pointwise convergence. �

Recall that B−P (K,R) denotes {x ∈M : �P (K,x) � R}.

Proposition 4.8 Suppose that K is a compact subset of M and R ∈ R
+. If

B−P (K,R) has compact closure, then it is compact and coincides with the set of all
x ∈M for which there exists γ ∈ Γ unit

P ([0,R]) such that γ (0) ∈K and γ (R) = x.
Moreover B−P (K,R′) is also compact for some R′ greater than R.

Proof Take a Riemannian metric g ∈GP . If B−P (K,R) is relatively compact, then
B−g (B−P (K,R),Rε) is compact for sufficiently small positive ε.

Take x ∈ B−P (K,R). We may then find γm ∈ Γ unit
P ([0,R(1 + εm)]) such that

γm(0) ∈K and γm((1+ εm)R)= x, where 0 � εm � ε and εm ↓ 0. Hence the im-
ages of the γm are all contained in B−g (B−P (K,R),Rε). If we rescale these curves so
that they are all defined on [0,R], we obtain a sequence of curves γ̃m : [0,R]→M

which are (1+ ε)-Lipschitz with respect to �g , and whose images are all contained
in B−g (B−P (K,R),Rε). By the Arzelà–Ascoli theorem, after taking a subsequence,
the γ̃m converge uniformly to a curve γ : [0,R] → M for which γ (0) ∈ K and
γ (R)= x.

Now, for all positive δ, the rescalings of the curves γ̃m on [0, (1+ δ)R] are even-
tually P -subunit (since εm→ 0), therefore their limit, that is, the rescaling of γ on
[0, (1+ δ)R], is also P -subunit, by Lemma 4.7. In other words, P ∗(γ ′(t)) � 1+ δ

for all positive δ and almost all t ∈ [0,R]. It follows by exchanging quantifiers that
γ is P -subunit.

Finally, take x in the closure of B−P (K,R). Then there is a sequence of P -subunit
curves γm : [0,R] →M such that γm(0) ∈K and γm(R)→ x. As before, we may
extract a subsequence that converges uniformly to a P -subunit curve γ : [0,R] →
M such that γ (0) ∈K and γ (R)= x, and therefore x ∈ B−P (K,R). This shows that
B−P (K,R) is closed, hence compact. The same argument proves that B−P (K,R(1+
ε)) is compact too, since it is contained in the compact set B−g (B−P (K,R),Rε). �

If �P is varietal, then the proof of Proposition 4.8 may be simplified.

Definition 4.9 For a compact subset K of M , we define

RP (K)= sup
{
R ∈R

+ : B−P (K,R) ∈ K(M)
}
. (24)

For a point x in M , we write RP (x) instead of RP ({x}).

By Proposition 4.8, the supremum is never a maximum and is always strictly
positive.
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4.2 Distance, Rectifiability and Length

The previous characterisation of P -subunit curves shows that (M,�P ) is an (ex-
tended) length space, in the sense of Gromov (see, for instance, [22]).

Definition 4.10 Suppose that γ : [a, b] →M is a continuous curve. The P -length
of γ , written �P (γ ), is defined to be

sup

{
m∑

j=1

�P

(
γ (tj−1), γ (tj )

) :m ∈N, a = t0 � · · ·� tm = b

}

. (25)

To help state the next results, we define ΓP ([a, b]) and Γ ([a, b]) to be the sets
of all �P -continuous and all continuous curves γ : [a, b]→M .

Proposition 4.11 For all x, y ∈M , the distance �P (x, y) is equal to

inf
{
�P (γ ) : γ ∈ ΓP

([a, b]), γ (a)= x, γ (b)= y
}
. (26)

Proof Write �̃P (x, y) for the expression (26). On the one hand, �̃P is an ex-
tended distance function and �̃P � �P since �P (γ ) � �P (γ (a), γ (b)) for all
γ ∈ ΓP ([a, b]). On the other hand, if γ ∈ Γ unit

P ([0, T ]), then γ ∈ ΓP ([a, b]) and
�P (γ ) � T , by Proposition 4.6, and the reverse inequality �̃P � �P follows. �

Next we show that the expression (26) does not change if we require only that
the curves γ are continuous with respect to the manifold topology.

Proposition 4.12 If γ ∈ Γ ([a, b]) and �P (γ ) <∞, then γ ∈ ΓP ([a, b]), and the
topology on γ ([a, b]) induced by �P and the relative topology coincide.

Proof Since γ is continuous, γ ([a, b]) is compact, hence RP (γ ([a, b])) > 0 by
Proposition 4.8.

Fix now t̄ ∈ [a, b[. First, since �P (γ ) <∞,

inf
ε>0

sup
t,t ′∈]t̄ ,t̄+ε[

�P

(
γ (t), γ

(
t ′
))= 0;

in fact, if the infimum η were positive, then we could find a decreasing sequence
(tm)m∈N tending to t̄ such that �P (γ (t2k+1), γ (t2k)) � η/2, and deduce that

�P (γ ) �
j−1∑

k=0

�P

(
γ (t2k+1), γ (t2k)

)
� j

η

2

for all j ∈N, which is a contradiction.
Therefore, for every positive δ, there is a positive ε such that

γ
(]t̄ , t̄ + ε[)⊆ B−P

(
γ (t), δ

)
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for all t ∈ ]t̄ , t̄ + ε[. If δ < RP (γ ([a, b])), then B−P (γ (t), δ) is closed, hence

γ (t̄) ∈ γ
(]t̄ , t̄ + ε[)− ⊆ B−P

(
γ (t), δ

)

by the continuity of γ , which means that �P (γ (t̄), γ (t)) � δ.
This proves that limt→t̄+ �P (γ (t), γ (t̄))= 0. The proof when t̄ ∈ ]a, b] and t →

t̄− is similar. To conclude, recall that a continuous map from a compact space to
a Hausdorff space is closed; hence every topology on M that makes γ continuous
induces the quotient topology induced by γ on γ ([a, b]). �

Corollary 4.13 For all x, y ∈M , the distance �P (x, y) is equal to

inf
{
�P (γ ) : γ ∈ Γ

([a, b]), γ (a)= x, γ (b)= y
}
.

Proof This follows immediately from Propositions 4.11 and 4.12. �

We may express the length of an absolutely continuous curve as an integral.

Proposition 4.14 Suppose that γ ∈AC([a, b]). Then

�P (γ )=
∫ b

a

P ∗
(
γ ′(t)

)
dt. (27)

If �P (γ ) <∞, then γ is also �P -absolutely continuous and

P ∗
(
γ ′(t)

)= lim
s→t

�P (γ (s), γ (t))

|s − t | (28)

for almost all t ∈ [a, b].

We remark that, in the general theory of absolutely continuous curves in metric
spaces (see, for example, [3, Sect. 4.1] or [2, Sect. 1.1]), the right-hand side of (28)
is known as the metric derivative of γ .

Proof Note first that the corresponding statement for a Riemannian metric g on M

is easily proved. To do so, define �g like �P in Definition 4.10, but with �P replaced
by �g . By using exponential coordinates centred at γ (t), one sees that

∣
∣γ ′(t)

∣
∣
g
= lim

s→t

�g(γ (s), γ (t))

|s − t | (29)

for all points t in [a, b] at which γ is differentiable, and it follows from the theory
of absolutely continuous curves in metric spaces that

�g(γ |[t1,t2])=
∫ t2

t1

∣
∣γ ′(τ )

∣
∣
g

dτ (30)
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whenever a � t1 � t2 � b. From (17), (23) and (29), we deduce that

P ∗
(
γ ′(t)

)
� lim inf

s→t

�P (γ (s), γ (t))

|s − t | (31)

for all t ∈ [a, b] where γ is differentiable.
Suppose now that �P (γ ) < ∞. Then the function r : [a, b] → R, defined by

r(t)= �P (γ |[a,t]), is non-decreasing, so differentiable almost everywhere, and

∫ b

a

r ′(τ )dτ � r(b)− r(a)= �P (γ ).

Now

�P

(
γ (t1), γ (t2)

)
� �P (γ |[t1,t2])= r(t2)− r(t1)

whenever a � t1 � t2 � b, so P ∗(γ ′(t)) � r ′(t) for almost all t ∈ [a, b] from (31),
and a fortiori

∫ b

a

P ∗
(
γ ′(τ )

)
dτ � �P (γ ).

The same inequality holds trivially when the right-hand side is infinite.
Conversely, if T = ∫ b

a
P ∗(γ ′(τ ))dτ <∞, then define r̃ : [a, b]→ [0, T ] by

r̃(t)=
∫ t

a

P ∗
(
γ ′(τ )

)
dτ.

The function r̃ is non-decreasing and surjective. Further, if a � t1 � t2 � b and
g ∈GP , then

�g

(
γ (t1), γ (t2)

)
�
∫ t2

t1

∣
∣γ ′(τ )

∣
∣
g

dτ �
∫ t2

t1

P ∗
(
γ ′(τ )

)
dτ = r̃(t2)− r̃(t1),

by (17) and (30). In particular, if r̃(t1) = r̃(t2) then γ (t1) = γ (t2), hence we may
define a function γ̃ : [0, T ] →M by γ = γ̃ ◦ r̃ , and γ̃ is 1-Lipschitz with respect
to �g for every g ∈ GP . By Proposition 4.6, this implies that γ̃ : [0, T ] → M is
1-Lipschitz with respect to �P , hence γ̃ ∈ Γ unit

P ([0, T ]) and

�P (γ )= �P (γ̃ ) � T =
∫ b

a

P ∗
(
γ ′(τ )

)
dτ.

Again, this inequality holds trivially when the right-hand side is infinite, and we
have proved (27).

If �P (γ ) <∞, then P ∗(γ ′(·)) is integrable on [a, b] and

�P (γ |[t1,t2])=
∫ t2

t1

P ∗
(
γ ′(τ )

)
dτ
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whenever a � t1 � t2 � b; now (28) follows from the theory of absolutely continu-
ous curves in metric spaces. �

Corollary 4.15 For all x, y ∈M ,

�P (x, y)= inf

{∫ b

a

P ∗
(
γ ′(t)

)
dt : γ ∈AC

([a, b]), γ (a)= x, γ (b)= y

}

.

We conclude our discussion of curves and lengths by pointing out that any curve
of finite P -length may be reparametrised using arc-length, and then becomes a sub-
unit curve, from part (iii) of Proposition 4.6.

4.3 Completeness

We say that the fibre seminorm P is complete if the set B−P (K,R) is relatively
compact for all compact subsets K of M and all positive R. By Proposition 4.8,
P is complete if and only if RP (K)=∞ for all compact subsets K of M .

Proposition 4.16 If P is complete, then the metric space (M,�P ) is complete. The
converse holds if �P is varietal.

Proof Suppose that P is complete, and take a �P -Cauchy sequence (xm)m∈N in M .
The set {xm}m∈N is �P -bounded, hence it is relatively compact, thus we may find a
subsequence (xnk

)k∈N that converges to a point x ∈M in the manifold topology. By
completeness and Proposition 4.8, the function �P (xm, ·) is lower-semicontinuous,
whence

�P (xm,x) � lim inf
k→∞ �P (xm,xnk

),

and the right-hand side tends to 0 as m tends to ∞ since (xm)m∈N is �P -Cauchy,
hence �P (xm,x) tends to 0.

Conversely, suppose that (M,�P ) is complete and �P is varietal. Then each com-
pact subset K of M is �P -bounded, so B−P (K,R) is also bounded for all positive R,
and it is closed because �P is continuous. Since (M,�P ) is a complete locally com-
pact length space, closed �P -bounded subsets of M are compact [22, Theorem 1.5],
and we are done. �

Definition 4.17 The closed set {x ∈M : Px �= 0}− is said to be the support of the
fibre seminorm P .

Proposition 4.18 If P is compactly-supported, then it is complete.

Proof If x ∈M \ supp(P ), then the only P -subunit vector in TxM is the null vector.
Hence all P -subunit curves passing through M \ supp(P ) are constant, and every
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point of M \ supp(P ) has infinite �P -distance to every other point of M . Hence, for
all compact subsets K of M and all positive R,

B−P (K,R)=K ∪B−P
(
K ∩ supp(P ),R

)
,

and necessarily B−P (K ∩ supp(P ),R) ⊆ supp(P ). Thus B−P (K ∩ supp(P ),R) is
compact, by Proposition 4.8, and consequently B−P (K,R) is compact. �

4.4 Subunit Vector Fields and Hörmander’s Condition

We begin with a definition.

Definition 4.19 A smooth section of T M that is P -subunit everywhere in M is said
to be a P -subunit vector field.1 We write XP for the set of all P -subunit vector fields
and L(XP ) for the Lie algebra of vector fields generated by XP .

Various extended distance functions may be defined as in Definition 4.4, by re-
stricting γ to a subclass of Γ unit

P . For example, we might restrict out attention to
smooth P -subunit curves, or piecewise smooth P -subunit curves, or flow curves
along P -subunit vector fields. More precisely, the flow curves of a P -subunit vec-
tor field are smooth P -subunit curves, and any concatenation of flow curves of P -
subunit fields is a P -subunit curve; such a concatenation will be called a P -subunit
piecewise flow curve.

Definition 4.20 We write Γ∞P for the set of smooth P -subunit curves, Γ flow
P for the

set of P -subunit piecewise flow curves, �∞P for the extended distance corresponding
to the class Γ∞P and �flow

P for the extended distance function corresponding to the
class Γ flow

P .

It is not obvious that these three distance functions are the same, however

�P � �∞P � �flow
P . (32)

The second inequality is justified because we may obtain the distance function �∞P
either by taking the class of smooth P -subunit curves or by taking the class of
piecewise smooth P -subunit curves, that is, the P -subunit curves γ : [a, b]→M for
which a finite subdivision {t0, . . . , tk} of [a, b] such that γ |[tj−1,tj ] is smooth when
j = 1, . . . , k. Indeed, for every positive ε, there is a smooth increasing bijection
η : [a, b+ε]→ [a, b] such that η′ � 1 and η(h)(η−1(tj ))= 0 when j = 0, . . . , k and
h � 1, so the reparametrisation γ ◦ η : [a, b+ ε]→M is P -subunit and smooth.

Example 4.21 Suppose that ϕ : R→ R is continuous but not differentiable any-
where, and that ϕ(0) = 0. Given (p, q) ∈ R

2, define the seminorm P(p,q) : R2 →

1We consider all vector fields to be smooth.
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[0,∞[ by

P(p,q)(ξ, η)= ∣∣ξ + ϕ(q)η
∣
∣/
(
1+ ϕ(q)2)1/2

.

Then

P ∗(p,q)(u, v)=
{
|(u, v)| if (u, v) ∈R(1, ϕ(q))

∞ otherwise.

It is easy to check that the vector field ∂/∂x along the x axis does not extend to a P -
subunit vector field, because we require vector fields to be smooth. In fact, there are
no nonnull P -subunit vector fields. It follows that �flow

P ((0,0), (1,0)) =∞, while
�∞P ((0,0), (1,0))= 1.

Definition 4.22 The fibre seminorm P is said to satisfy Hörmander’s condition if
{X|x :X ∈ L(XP )} = TxM for every x ∈M .

Proposition 4.23 If P satisfies Hörmander’s condition, then �flow
P is varietal and a

fortiori �P and �∞P are varietal too.

Proof Recall that L(XP ) is the linear span of the iterated Lie brackets of elements
of XP . Hence, for every fixed x ∈M , there is a finite subset X of XP such that the
iterated commutators of elements of X up to some order, m say, evaluated at x, span
TxM . Denote by �X the extended distance function corresponding to the class of
P -subunit curves that are concatenations of flow curves of vector fields in X. Then
clearly �flow

P � �X, so, by Chow’s theorem (see, for example, [20, Chap. 2]), for
some g ∈GP and constant κ ,

Bg(x, r)⊆ B�X

(
x, κr1/m

)⊆ B�flow
P

(
x, κr1/m

)

for all sufficiently small positive r . Hence the �flow
P -balls centred in x are neigh-

bourhoods of x and, by the arbitrariness of x, the �flow
P -open sets are open. The

conclusion follows from the inequalities (23) and (32). �

We remark that when the dimension of the spaces of finite vectors varies from
point to point, the Hörmander condition depends on the seminorm P as well as on
the vector space of finite vectors. For example, take a smooth function ϕ : R→ R,
and define the seminorm P(p,q) on R

2 by

P(p,q)(u, v)= (u2 + ϕ2(p)v2)1/2
.

Then P satisfies Hörmander’s condition if ϕ(p)= pk where k ∈ N, but not if ϕ is
the smooth extension of p �→ e−1/p2

to R (see the discussion in Sect. 8.7). However,
the spaces of finite vectors coincide everywhere for these two examples.

Definition 4.24 The fibre seminorm P is said to satisfy the Lipschitz seminorm
condition if, for every α ∈ A, there is a countable family X of P -subunit vector
fields on Uα and a constant L, which may depend on α, such that
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(i) |ταX(x)− ταX(y)|� L|x − y| for all x, y ∈ BRn(0,1) and X ∈X, and
(ii) {X|x :X ∈X}− = {v ∈ TxM : P ∗(v) � 1} for all x ∈ Vα .

Since the Vα are relatively compact in M and form a locally finite cover of M ,
the Lipschitz seminorm condition for P does not depend on the choice of the atlas
{ϕα}α∈A.

Theorem 4.25 Suppose that P satisfies the Lipschitz seminorm condition, and that
γ ∈ Γ unit

P ([0, T ]). For all neighbourhoods W of γ (T ) there exists a neighbourhood
U of γ (0) such that, for all x ∈U , there exists δ ∈ Γ flow

P ([0, T ]) for which δ(0)= x

and δ(T ) ∈W .

Proof Fix a Riemannian metric g ∈GP .
With a view to a contradiction, suppose that γ ∈ Γ unit

P ([0, T ]) is “bad”, that is,
the conclusion does not hold for γ . Clearly γ |[0,T /2] or γ (· + T/2)|[0,T /2] is bad
too. Iteration of this bisection procedure, together with a compactness argument,
shows that we may suppose that γ ([0, T ])⊆ B−g (z, r) for some z ∈M and r ∈ R

+
such that B−g (z,3r)⊆ Vα for some α ∈A; further iteration allows us to suppose that
T < r , so

γ
([0, T ])⊆ B−P

(
B−g
(
γ (0), T

)
, T
)⊆ Vα. (33)

Now take the countable family X of P -subunit vector fields Xk and the Lipschitz
constant L corresponding to α as in Definition 4.24. There is a constant κ such that

∣
∣τα(v)

∣
∣� κP ∗(v) for every v ∈ T Vα, (34)

where | · | denotes the euclidean norm on R
n.

Take x ∈ B−g (γ (0), T ). We aim to construct δ : [0, T ] →M that is a piecewise
flow curve of fields in X, such that δ(0) = x, and δ(T ) is arbitrarily near γ (T )

whenever x is sufficiently near γ (0). The image of any such δ is contained in Vα

by (33), therefore from now on we work in the coordinates ϕα . For simplicity, we
continue to write γ rather than ϕα ◦ γ . Hence

γ (t)= γ (0)+
∫ t

0
γ ′(τ )dτ. (35)

By altering γ ′ on a negligible subset of [0, T ], we may suppose that γ ′ is a Borel
function, γ ′(t) is P -subunit for all t ∈ [0, T ], and (35) still holds.

Fix ε ∈R
+. By the density and smoothness properties of the family X, the func-

tion ν0 : [0, T ]→N, given by

ν0(t)=min
{
k ∈N : ∣∣Xk

(
γ (t)

)− γ ′(t)
∣
∣� ε

}
,

is well-defined and Borel. Fix N ∈ Z
+ and set d = T/N and b(t)= �t/d�d . Then

the function ν1 : [0, T ]→N, given by

ν1(t)=min
{
k ∈N : ∣∣Xk

(
γ
(
b(t)

))−Xν0(t)

(
γ
(
b(t)

))∣
∣� ε

}
,
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is also well-defined and Borel; furthermore, since b takes its values in the finite set
{0, d,2d, . . . ,Nd} and the unit P ∗-ball at γ (jd) is compact when j = 0, . . . ,N ,
the function ν1 takes a finite number of values too.

Set Ij = [jd, (j + 1)d[, where j = 0, . . . ,N − 1. We define ν2 : [0, T ] → N to
be the increasing rearrangement of ν1 on each of the intervals Ij , that is, ν2(t)= n

when |I�t/d� ∩ {ν1 � n−1}|� t−b(t) < |I�t/d� ∩ {ν1 � n}|, and set ν2(T )= ν1(T ).
Hence ν2 takes a finite number of values and is piecewise constant. Concatenating
flow curves along fields in X, we define δ : [0, T ]→M by

δ(t)= x +
∫ t

0
Xν2(τ )

(
δ(τ )

)
dτ. (36)

We want now to estimate |γ (T )− δ(T )|.
Set Dj = |δ(jd)− γ (jd)| when j = 0, . . . ,N . Clearly

Dj+1 � Dj +
∣
∣
∣
∣

∫

Ij

(
γ ′(τ )−Xν2(τ )

(
δ(τ )

))
dτ

∣
∣
∣
∣.

Decompose the integrand as

γ ′(τ )−Xν2(τ )

(
δ(τ )

)= γ ′(τ )−Xν0(τ )

(
γ (τ)

)

+Xν0(τ )

(
γ (τ)

)−Xν0(τ )

(
γ (jd)

)

+Xν0(τ )

(
γ (jd)

)−Xν1(τ )

(
γ (jd)

)

+Xν1(τ )

(
γ (jd)

)−Xν2(τ )

(
γ (jd)

)

+Xν2(τ )

(
γ (jd)

)−Xν2(τ )

(
δ(τ )

)
.

The norms of the first and third pieces are at most ε, by definition of ν0 and ν1.
The second and the fifth pieces are controlled by the Lipschitz seminorm condition,
together with inequalities

∣
∣γ (τ)− γ (jd)

∣
∣� κd and

∣
∣δ(τ )− γ (jd)

∣
∣� Dj + κd

for all τ ∈ Ij , by (34), (35) and (36). The fourth piece vanishes after integration
over Ij , because it is the difference of two simple functions, one of which is a
rearrangement of the other. Putting everything together,

Dj+1 � Dj + εd +Lκd2 + εd +L(Dj + κd)d

= (1+Ld)Dj + 2εd + 2Lκd2,

and by induction,

Dj � (1+Ld)jD0 + 2(κd + ε/L)
(
(1+Ld)j − 1

)
.

Since d = T/N and (1+LT/N)N � eLT ,
∣
∣δ(T )− γ (T )

∣
∣� eLT

∣
∣x − γ (0)

∣
∣+ 2(κT /N + ε/L)

(
eLT − 1

)
.
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Note now that T , κ and L do not depend on the parameters x, ε and N of the
construction. Hence by taking N sufficiently large, ε sufficiently small, and x suf-
ficiently near γ (0), we may construct a subunit piecewise flow curve δ for which
|δ(T )− γ (T )| is arbitrarily small. This contradicts the badness of γ and proves the
desired result. �

Corollary 4.26 Suppose that P satisfies the Lipschitz seminorm condition. For all
x, y ∈M such that x �= y,

�P (x, y) � lim inf
z→y

�flow
P (x, z). (37)

If �flow
P is varietal, then �P = �flow

P . More generally, if �∞P is varietal, then
�P (x, y)= �∞P (x, y), and both are equal to

inf
{
�P (γ ) : γ ∈ Γ∞

([a, b]), γ (a)= x, γ (b)= y
}

(38)

for all x, y ∈M .

Proof The inequality (37) is trivially satisfied when �P (x, y) =∞. Otherwise, by
Theorem 4.25, for all open neighbourhoods W of y that do not contain x and all
T greater than �P (x, y), we may find δ ∈ Γ flow

P ([0, T ]) such that δ(0) = x and
δ(T ) ∈W . Since δ([0, T ]) is connected and δ is not constant, δ([0, T ])∩W �= {y};
hence we may find z ∈ δ([0, T ])∩W \ {y} such that �flow

P (x, z) � T .
In particular, if �flow

P is varietal, then it is continuous, hence

�flow
P (x, y) � �P (x, y) � lim inf

z→y
�flow

P (x, z)= �flow
P (x, y)

by (32) and (37), and the equality �P = �flow
P follows. In fact, (32) and (37) also im-

ply that �P (x, y) � lim infz→y �∞P (x, z) when x �= y, therefore the same argument
proves that �P = �∞P whenever �∞P is varietal. It remains to note that the infimum
(38) is at least �P (x, y) by Corollary 4.13, and at most �∞P (x, y) because �P (γ ) � T

for all γ ∈ Γ∞P ([0, T ]). �

It is interesting to compare the expressions for the distance as the infimum of the
lengths of curves in the preceding corollary, Proposition 4.11, and Corollary 4.13.
When the function x �→ dimZ(Px) is continuous, the equality of �∞P (x, y) and (38)
may be obtained without the hypotheses of Corollary 4.26, thanks to the following
result.

Proposition 4.27 Suppose that x �→ dimZ(Px) is continuous and that γ ∈
Γ 1([a, b]). Then �P (γ ) is the infimum of the set of all T ∈ R

+ for which there
is a smooth diffeomorphism r : [0, T ]→ [a, b] such that γ ◦ r is P -subunit.

Proof By Proposition 4.6, �P (γ ) = �P (γ ◦ r) � T when γ ◦ r ∈ Γ unit
P ([0, T ]).

Hence we are done if �P (γ ) = ∞. Otherwise, by Propositions 4.2 and 4.14, the
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set {t ∈ [a, b] : P ∗(γ ′(t)) <∞} is closed in [a, b] and has full measure, so is all of
[a, b]. This means that P ∗(γ ′(t)) <∞ for all t ∈ [a, b], and hence t �→ P ∗(γ ′(t))
is continuous by Proposition 4.2 again.

Take now ε ∈R
+. We may find a smooth function hε : [a, b]→R such that

P ∗
(
γ ′(t)

)+ ε/2 � hε(t) � P ∗
(
γ ′(t)

)+ ε for every t ∈ [a, b],
and then define the smooth diffeomorphism sε : [a, b]→ [0, sε(b)] by

sε(t)=
∫ t

a

hε(τ )dτ.

Denote by rε : [0, sε(b)] → [a, b] the inverse of sε . Then γ ◦ rε is P -subunit since
(γ ◦ rε)

′ = (γ ′ ◦ rε)/(hε ◦ rε). The conclusion now follows because

sε(b)=
∫ b

a

hε(τ )dτ → �P (γ )

as ε→ 0 by Proposition 4.14. �

In Sect. 8.7, we show that Proposition 4.27 need not hold if x �→ dimZ(Px) is
not continuous.

5 The Control Distance for a Differential Operator

Take D ∈D1(E ,F ). We define a continuous fibre seminorm PD on T ∗M by

PD(ξ)= ∣∣σ1(D)(ξ)
∣
∣
op.

All the notions introduced in Sect. 4 in connection with the seminorm PD may
be applied to D: we will speak, for example, of D-subunit vectors and D-subunit
curves, and the distance function �PD

will be called the control distance function
associated to D and written �D . These notions depend only on the seminorm PD ,
so by (5), they do not change if we replace D with D+, or with the operator Ð ∈
D1(E ⊕F ,E ⊕F ) given by

Ð(f, g)= (D+g,Df
)
, (39)

which satisfies Ð =Ð+ and

σ1(Ð)(ξ)=
(

0 σ1(D
+)(ξ)

σ1(D)(ξ) 0

)

,

so PÐ = PD = PD+ .
We will also say that D is complete if PD is complete. In particular, by Propo-

sition 4.18, D is complete if its symbol σ1(D) is a compactly-supported section of
Hom(CT ∗M,Hom(E ,F )).
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5.1 The Weak Differentiability of Lipschitz Functions

Recall from Sect. 4.4 that a D-subunit vector field is a smooth section X of T M that
is D-subunit at each point of M , and that �flow

D � �D because any concatenation of
flow curves of D-subunit fields is a D-subunit curve.

Lemma 5.1 Suppose that a representative of f ∈ L1
loc(T ) satisfies

∣
∣f (x)− f (y)

∣
∣� L�flow

D (x, y) for every x, y ∈M,

where L ∈R
+. Then, for all D-subunit vector fields X, the distributional derivative

Xf is in L∞(T ) and ‖Xf ‖∞ � L.

Proof Compare with [12, Theorem 1.3]. Without loss of generality, we suppose that
L= 1.

Take x ∈M , and a smooth bump function η that is equal to 1 in a neighbourhood
of x. It is enough to show that ηXf ∈ L1

loc(T ) and ‖ηXf ‖∞ � 1. We may therefore
suppose that suppX is compact and contained in a coordinate chart. Moreover, since
weak derivatives are independent of the measure on M , we may suppose that the
measure coincides with Lebesgue measure in coordinates. It will then be sufficient
to show that

∣
∣〈〈Xf, ϕ̄〉〉∣∣� ‖ϕ‖1

for all ϕ ∈ C∞c (T ) with support contained in the coordinate chart.
Now

〈〈Xf, ϕ̄〉〉 = 〈〈f,X+ϕ̄
〉〉=−

∫

f (x)Xϕ(x)dx −
∫

f (x)(divX)(x)ϕ(x)dx.

Denote by (t, x) �→ Ft(x) the flow of X, so

−
∫

f (x)Xϕ(x)dx = lim
t→0

∫

f (x)
ϕ(F−t (x))− ϕ(x)

t
dx

= lim
t→0

∫
f (Ft (x))− f (x)

t
ϕ(x)det dFt(x)dx

+ lim
t→0

∫

f (x)ϕ(x)
det dFt(x)− 1

t
dx.

Note that the last limit exists, since (d det dFt(x)/dx)|t=0 = divX(x), hence

〈〈Xf, ϕ̄〉〉 = lim
t→0

∫
f (Ft (x))− f (x)

t
ϕ(x)det dFt(x)dx.

Further, t �→ Ft(x) is a flow curve of the D-subunit field X for all x. Therefore
�flow

D (Ft (x), x) � |t | and so |f (Ft (x)) − f (x)| � |t |. Moreover, det dF0 is identi-
cally equal to 1, and the desired conclusion follows. �
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Proposition 5.2 Suppose that a representative of f ∈ L1
loc(TR) satisfies

∣
∣f (x)− f (y)

∣
∣� L�flow

D (x, y) for every x, y ∈M,

where L ∈R
+. Then f is weakly Dσ -differentiable and ‖ |Dσ f |op‖∞ � L.

Proof Again, we suppose that L= 1.
Consider first the case where E = F and D = D+. Given any section V ∈

C∞(E ), define the differential operator XV ∈D1(T ,T ) by

XV h= iV ∗
(
Dσ h

)
V = 〈iσ1(D)(dh)V,V

〉;
this is the differential operator Dσ composed with the multiplication operator
g �→ iV ∗gV . This operator is homogeneous (that is, it annihilates constants) and
preserves real-valued functions by (10), because D = D+; therefore XV corre-
sponds to a smooth vector field on M . Moreover, if ‖V ‖∞ � 1, then

∣
∣dh(XV )

∣
∣= ∣∣〈iσ1(D)(dh)V,V

〉∣
∣�
∣
∣σ1(D)(dh)

∣
∣
op,

from which it follows that XV is a D-subunit vector field; in this case, therefore,
XV f ∈ L∞(T ) and ‖XV f ‖∞ � 1 by Lemma 5.1.

More generally, we may define the operators XV,Wh = iW ∗(Dσ h)V , and (10)
implies that (XV,Wh)− =XW,V h̄. Since f is real-valued,

XV,Wf = 1

2
(XV+Wf −XV f −XWf )+ i

2
(XV+iWf −XV f −XiWf ),

so ‖XV,Wf ‖∞ � 3 when max{‖V ‖∞,‖W‖∞}� 1.
To prove that Dσ f ∈ L∞, it will be sufficient to show that there is a constant κ

such that
∣
∣
〈〈
Dσ f,ϕ

〉〉∣
∣� κ‖ϕ‖1

for each ϕ ∈ C∞c (Hom(E ,E )) supported in an open subset U of M in which E is
trivialisable. We may write ϕ as

ϕ =
∑

j,k

ϕj,kV
∗
k ⊗ Vj

for a suitable choice of orthonormal frame {V1, . . . , Vr} of E |U and sections ϕj,k ∈
C∞c (T |U), so

〈〈
Dσ f,ϕ

〉〉=
∑

j,k

〈〈
V ∗j
(
Dσ f

)
Vk,ϕj,k

〉〉=−i
∑

j,k

〈〈XVk,Vj
f,ϕj,k〉〉,

hence
∣
∣
〈〈
Dσ f,ϕ

〉〉∣
∣� 3

∑

j,k

‖ϕj,k‖1 � 3r2‖ϕ‖1.
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Thus Dσ f is an L∞-section of Hom(E ,E ) that satisfies (Dσ f )∗ = −Dσf

pointwise almost everywhere. By using local trivialisations, it is easy to construct a
countable family of sections Vm ∈ C∞c (E ) such that ‖Vm‖∞ � 1 and the set of the
Vm(x) of unit norm is dense in the unit sphere of Ex for all x ∈M . Thus

∣
∣Dσ f

∣
∣
op = sup

m∈N

∣
∣
〈(
Dσ f

)
Vm,Vm

〉∣
∣= sup

m∈N
|XVmf |� 1

pointwise almost everywhere.
In the general case, if Ð is defined as in (39), then Ð+ = Ð and �D = �Ð ,

therefore our last result implies that Ðσ f ∈ L∞ and ‖ |Ðσ f |op ‖∞ � 1. However,

Ðσ h=
(

0 (D+)σ h

Dσ h 0

)

,

so weak Ðσ -differentiability implies weak Dσ -differentiability, and |Ðσ f |op =
|Dσ f |op pointwise almost everywhere. The conclusion follows. �

Proposition 5.2 extends to complex-valued functions f , by decomposing f in
its real and imaginary parts; however in this way one obtains the weaker estimate
|Dσ f |op � 2. The example where M =R

2, E =T , D = ∂1− i∂2, and f (x1, x2)=
x1 + ix2 shows that this estimate cannot be improved; since |Ðσ f |op � |Dσ f |op,
the assumption that D =D+ does not help.

A partial converse of Proposition 5.2 is easily established under additional regu-
larity assumptions on f .

Proposition 5.3 Suppose that f ∈ C1(TR) and ‖ |Dσ f |op‖∞ � L, where L ∈R
+.

Then
∣
∣f (x)− f (y)

∣
∣� L�D(x, y) for every x, y ∈M.

Proof Again, we suppose that L= 1.
Take a D-subunit curve γ : [0, T ]→M from x to y. Then f ◦ γ : [0, T ]→R is

absolutely continuous and

∣
∣(f ◦ γ )′(t)

∣
∣= ∣∣df |γ (t)

(
γ ′(t)

)∣
∣�
∣
∣σ1(D)(df |γ (t))

∣
∣
op =

∣
∣Dσ f

(
γ (t)

)∣
∣
op � 1

for almost all t ∈ [0, T ], since γ ′(t) is D-subunit. Hence

∣
∣f (x)− f (y)

∣
∣�
∫ T

0

∣
∣(f ◦ γ )′(t)

∣
∣dt � T .

The conclusion follows from the arbitrariness of γ . �

To remove the regularity assumptions on f from the previous statement, we need
an extra hypothesis on the �D-topology.
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Proposition 5.4 Suppose that f ∈ W∞
Dσ ,loc(TR) and �D is varietal. Then f has

a continuous representative. If also ‖ |Dσ f |op‖∞ � L, where L ∈ R
+, then this

continuous representative satisfies
∣
∣f (x)− f (y)

∣
∣� L�D(x, y) for every x, y ∈M.

Proof Since f is real-valued, the smooth approximants Jεf given by Theorem 3.3
are real-valued too, and form a bounded set in W∞

Dσ ,loc(T ).
Given any x ∈ M , take Rx in ]0,RD({x})[ and write Kx for the closed ball

B−D(x,Rx). By Proposition 4.8, for all y ∈ Kx there exists a D-subunit curve
γ : [0, T ] →M joining x to y such that T = �D(x, y) � Rx , hence the points of
γ lie in Kx . Now, arguing as in the proof of Proposition 5.3,

∣
∣Jεf (x)− Jεf (y)

∣
∣� �D(x, y) sup

z∈Kx

∣
∣Dσ Jεf (z)

∣
∣
op.

Since �D is varietal, the boundedness of the set {Jεf }ε∈E in W∞
Dσ ,loc(T ) implies

the local equiboundedness and equicontinuity of the Jεf , so, by the Arzelà–Ascoli
theorem, there exists a subsequence of the net (Jεf )ε∈E that converges uniformly
on compacta to a continuous function g : M→R. Further, f = g pointwise almost
everywhere since Jεf → f in L1

loc(E ), and by replacing f with g we may suppose
that f is continuous on M .

If moreover ‖ |Dσf |op‖∞ � L almost everywhere, then Corollary 3.5 yields a
sequence of smooth real-valued functions fm that converges locally uniformly to f ,
for which ‖ |Dσ fm|op‖∞ � L. Since these fm are L-Lipschitz with respect to �D

by Proposition 5.3, their limit f is L-Lipschitz too. �

In general, Propositions 5.3 and 5.4 do not extend to complex-valued functions f .
Indeed, suppose that M =C=R

2, E =T , and D = ∂1 + i∂2. Then a holomorphic
function f : C→ C satisfies Df = 0 but may not be globally Lipschitz. However,
when D =D+, the propositions do extend, since, by (10),

∣
∣Dσ Ref

∣
∣
op �

(∣
∣Dσ f

∣
∣
op +

∣
∣Dσ f̄

∣
∣
op

)
/2= ∣∣Dσ f

∣
∣
op.

We present now a consequence of Proposition 5.2 that does not require �D to be
varietal.

Proposition 5.5 Suppose that 1 � p <∞. Then L
p
c ∩W

p
D(E )⊆W

p

D,0(E ). If D is

complete, then W
p
D(E )=W

p

D,0(E ).

Proof If f ∈W
p
D(E ) is compactly-supported, then it may be approximated in W

p
D

by compactly-supported smooth sections of E , by parts (i), (ii), (iv), and (ix) of
Theorem 3.3, hence f ∈W

p

D,0(E ).
Suppose now that D is complete. Take a sequence of compact sets Km in M such

that Km is contained in the interior of Km+1 and
⋃

m Km =M , and define

gm(x)= (1− n−1�D(Km,x)
)
+
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for all positive n. By Proposition 4.8, the gm are upper-semicontinuous and com-
pactly-supported; moreover 0 � gm � 1, gm ↑ 1 pointwise and

∣
∣gm(x)− gm(y)

∣
∣� n−1�D(x, y),

so gm is weakly Dσ -differentiable and ‖ |Dσ gm|op‖∞ � n−1, by Proposition 5.2. If
u ∈W

p
D(E ), then, by Proposition 3.7,

D(gmu)= (Dσ gm

)
u+ gmDu,

therefore gmu,D(gmu) ∈ Lp and (gmu,D(gmu))→ (u,Du) in Lp by the domi-
nated convergence theorem. Since the gmu are compactly-supported, they belong to
W

p

D,0(E ), and we conclude that u ∈W
p

D,0(E ) too. �

5.2 Equivalent Definitions of the Control Distance

Since the control distance function �D is the distance function associated with the
fibre seminorm PD , various equivalent characterisations of �D are contained in
Sect. 4. In particular, the results of Sect. 4.4 apply because of the following property.

Proposition 5.6 The fibre seminorm PD satisfies the Lipschitz seminorm condition.

Proof Since PD = PÐ , it is not restrictive to suppose that D =D+. We may sup-
pose moreover that the local trivialisations of E are isometric. Take α ∈ A, and
choose a bump function η on R

n which is equal to 1 on BRn(0,1), and a countable
dense set W of the unit sphere in C

r . For every w ∈ W , define Vw ∈ C∞c (E ) by
requiring that Vw is supported in Uα and

τα(Vw)(x)= η(x)w for every x ∈R
n,

and then define the D-subunit field Xw by

Xwh= iV ∗w
(
Dσ h

)
Vw =

〈
iσ1(D)(dh)Vw,Vw

〉
.

If D is expressed in coordinates, as in (1), then (2) implies that

ταXw(x)= (iη(x)2〈aj (x)w,w
〉)

j
for every x ∈R

n,

from which it is clear that the family {ταXw}w∈W is equi-Lipschitz, with a Lipschitz
constant depending on the derivatives of the smooth coefficients aj of D. Moreover,
for all x ∈ Vα , the set {Vw|x}w∈W is dense in the unit sphere of Ex , so

PD(ξ)= ∣∣σ1(D)(ξ)
∣
∣
op = sup

w∈W

∣
∣ξ(Xw|x)

∣
∣
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for all x ∈ Vα and ξ ∈ T ∗x M . The bipolar theorem [19, Sect. 20.8] implies that,
for all x ∈ Vα , the set {v ∈ TxM : P ∗D(v) � 1} is the closed convex envelope of
{±Xw|x : w ∈ W }. Hence the set X of convex combinations with rational coeffi-
cients of elements of {±Xw :w ∈W } is a countable family of compactly-supported
D-subunit fields, such that {ταX}X∈X is equi-Lipschitz, and {X|x}X∈X is dense in
{v ∈ TxM : P ∗D(v) � 1} for all x ∈ Vα . �

The following result is an immediate consequence of Proposition 4.23 and Corol-
lary 4.26.

Corollary 5.7 If PD satisfies Hörmander’s condition, then �flow
D is varietal, and,

�D(x, y)= �∞D (x, y)= �flow
D (x, y) for all x, y ∈M ; further, all are equal to

inf
{
�D(γ ) : γ ∈ Γ∞

([a, b]), γ (a)= x, γ (b)= y
}
.

Another characterisation of the control distance may be given in terms of smooth
functions with “bounded gradient”.

Proposition 5.8 Suppose that �D is varietal. Then

�D(x, y)= sup
{∣
∣ξ(x)− ξ(y)

∣
∣ : ξ ∈ C∞(TR),

∥
∥
∣
∣Dσ ξ

∣
∣
op

∥
∥∞ � 1

}
. (40)

If D is complete, then the supremum may be restricted to ξ in C∞c (TR).

Proof The left-hand side of (40) is greater than or equal to the right-hand side,
without any assumptions on D, from Proposition 5.3. For the reverse inequality,
take x, y ∈M and λ ∈ ]0, �D(x, y)[, and define

f (z)= (λ− �D(x, z)
)
+ for every z ∈M.

Then f is finite and continuous; moreover, by Proposition 5.2, f is weakly Dσ -
differentiable and ‖ |Dσ f |op‖∞ � 1. Therefore, by Corollary 3.5, there is a se-
quence of real-valued smooth functions fm such that |Dσ fm|op � 1 and fm con-
verges locally uniformly to f ; thus

∣
∣fm(x)− fm(y)

∣
∣→ ∣

∣f (x)− f (y)
∣
∣= λ,

and the first part of the conclusion follows by the arbitrariness of λ. If D is com-
plete, then the function f is compactly-supported, and by Corollary 3.5 the smooth
approximants fm may also be chosen compactly-supported. �

Now we are going to show that the characterisation of �D given by Proposi-
tion 5.8 may hold even when �D is not varietal.

Fix a Riemannian metric g on M . This induces a fibre inner product on CT ∗M .
For all m ∈N, define Dm ∈D1(E ⊕T ,F ⊕CT ∗M) by

Dm(f,g)= (Df,2−m dg
)
. (41)
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Then

(Dm)σ h=
(

Dσ h 0
0 2−m dh

)

,

so

PDm(ξ)=max
{
PD(ξ),2−m|ξ |g

}
for every ξ ∈ T ∗M.

In particular, a vector v ∈ T M is D-subunit if and only if it is Dm-subunit for all
m ∈N. Moreover, �Dm � 2m�g , so �Dm is varietal for all m ∈N.

Proposition 5.9 Suppose that D0, given by (41), is complete. Then

�D(x, y)= sup
m∈N

�Dm(x, y) for every x, y ∈M.

Proof Recall from Proposition 4.6 that a curve is P -subunit if and only if it is 1-
Lipschitz with respect to �P . From the definition of D0, it is clear that �D � �Dm

for all m ∈N.
Fix x, y ∈M such that supm∈N �Dm(x, y) is finite, and take a finite T greater than

the supremum. For all m ∈N, we choose a Dm-subunit curve γm : [0, T ]→M such
that γm(0) = x and γm(T ) = y. If m � m′, then �Dm � �Dm′ by definition, hence
γm′ is also Dm-subunit.

Consequently, all the curves γm are 1-Lipschitz with respect to �D0 , and all take
their values in B−D0

(x, T ), which is compact because D0 is complete. By the Arzelà–
Ascoli theorem, there is a subsequence of (γm)m∈N that converges uniformly to a
continuous curve γ : [0, T ] →M . Then γ (0) = x and γ (T ) = y; further, γ is 1-
Lipschitz with respect to all the �Dm , that is, γ is Dm-subunit for all m ∈ N. Thus
γ ′(t) is Dm-subunit for almost every t ∈ [0, T ] and all m ∈ N, which implies that
γ ′(t) is D-subunit. Hence γ is D-subunit, and �D(x, y) � T . �

Corollary 5.10 Suppose that D0, given by (41), is complete. Then, for all x, y ∈M ,

�D(x, y)= sup
{∣
∣ξ(x)− ξ(y)

∣
∣ : ξ ∈ C∞c (TR),

∥
∥
∣
∣Dσ ξ

∣
∣
op

∥
∥∞ � 1

}
.

Proof Fix x, y ∈M , and take λ less than �D(x, y). By Proposition 5.9, there exists
m ∈ N such that λ < �Dm(x, y). Since �Dm is varietal and Dm is complete, there
exists ξ ∈ C∞c (TR) such that |ξ(x)− ξ(y)|> λ and ‖ |Dσ

mξ |op‖∞ � 1 by Proposi-
tion 5.8. However,

∣
∣Dσ

mξ
∣
∣
op =max

{∣
∣Dσ ξ

∣
∣
op,2−m|dξ |g

}
�
∣
∣Dσ ξ

∣
∣
op,

so ‖ |Dσ ξ |op‖∞ � 1. �

In general, the completeness of D0 depends on the choice of the Riemannian
metric g in (41). However, if M is compact, then any Riemannian metric g gives
a complete D0. Moreover, if D0 is complete for some g, then D is complete too.
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The following examples show that the completeness hypothesis is stronger than
necessary to ensure (40), but that it does not always hold.

Example 5.11 Suppose that M = ]0,1[2 and D = ∂/∂x1. Then

�D(x, y)=
{
|x1 − y1| if x2 = y2,

∞ otherwise,

and (40) holds without �D being varietal or D being complete.

Example 5.12 Suppose that M =R
2 \ {(0,0)} and D = ∂/∂x1. Then

�D

(
(−1,0), (1,0)

)=∞.

However, for all smooth ξ : M → R, the condition that ‖Dξ‖∞ � 1 implies
that |ξ(−1, t) − ξ(1, t)| � 2 when t �= 0 by the mean value theorem, and hence
|ξ(−1,0)− ξ(1,0)|� 2 by continuity.

6 The L2 Theory: Formal and Essential Self-adjointness

Given a differential operator D ∈Dk(E ,F ), we denote for the moment by Ds its
restriction to compactly-supported smooth sections and by Dd its extension to dis-
tributions. Then Ds may be thought of as a densely defined operator L2(E ) ���
L2(F ), and we may consider its Hilbert space adjoint (Ds)

∗ : L2(F ) ��� L2(E ).
It is easily checked that the domain of (Ds)

∗ is the space W 2
D+(F ), that is,

{
f ∈ L2(F ) :D+d f ∈ L2(E )

}
,

and (Ds)
∗ is the restriction of D+d to this domain. In particular, (Ds)

∗ ⊇ D+s , so
(Ds)

∗ is densely defined, Ds is closable and

(Ds)
− = (Ds)

∗∗ ⊆ (D+s
)∗

.

The domains of (Ds)
− and (D+s )∗ will be called the minimal and maximal domains

of D respectively; note that the maximal domain of D is W 2
D(E ), whereas the min-

imal domain of D is W 2
D,0(E ). If D is formally self-adjoint, that is, E =F and

D =D+, then

(Ds)
− = (Ds)

∗∗ ⊆ (Ds)
∗,

and clearly (Ds)
− and (Ds)

∗ are the minimal and maximal closed symmetric exten-
sions of Ds respectively; the essential self-adjointness of Ds is thus equivalent to
the equality of the minimal and maximal domains of D.

Henceforth, we will write D, D∗ and D− instead of Ds , (Ds)
∗ and (Ds)

−.
We now rephrase the content of Proposition 5.5 when p = 2.
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Proposition 6.1 Suppose that D ∈D1(E ,F ). A compactly-supported section f ∈
L2(E ) belongs to the maximal domain of D if and only if it belongs to its minimal
domain. If moreover D is complete, then the minimal and maximal domains of D

coincide.

Corollary 6.2 Suppose that D ∈D1(E ,E ) is complete and formally self-adjoint.
Then D is essentially self-adjoint.

7 Finite Propagation Speed

Take a formally self-adjoint element D ∈D1(E ,E ). We say that ut is a solution of

d

dt
ut = iD∗ut (42)

if t �→ ut is an L2(E )-valued map defined on a subinterval I of R, which is contin-
uously differentiable on I (as an L2(E )-valued map), takes its values in the domain
of D∗ and satisfies (42) for all t ∈ I ; we say moreover that ut is energy-preserving
if t �→ ‖ut‖2 is constant.

If D admits a self-adjoint extension D̃, so

D− ⊆ D̃ = (D̃)∗ ⊆D∗,

then ut = eitD̃f is an energy-preserving solution of (42) for all f in the domain
of D̃, since eitD̃ is unitary. In fact, ut = eitD̃f is defined for an arbitrary f ∈ L2(E ),
but need not be differentiable in t , and satisfies an integral version of the (42), that is,

ut = u0 + iD∗
∫ t

0
us ds

[8, Lemma II.1.3]; however such a “mild solution” of (42) may be approximated by
“classical solutions” because the domain of D̃ is dense in L2(E ).

In any case, for an arbitrary D, compactly-supported solutions automatically pre-
serve energy.

Proposition 7.1 If ut is a solution of (42), defined on an interval I , and supput is
compact for all t ∈ I , then ut is energy-preserving.

Proof The function t �→ ‖ut‖2
2 is differentiable, with derivative

i
〈〈
D∗ut , ut

〉〉− i
〈〈
ut ,D

∗ut

〉〉
.

Since supput is compact, ut is in the domain of D− by Proposition 6.1, therefore
〈〈
ut ,D

∗ut

〉〉= 〈〈D−ut , ut

〉〉= 〈〈D∗ut , ut

〉〉
,

and hence the derivative of t �→ ‖ut‖2
2 is identically null. �
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The relationship between preservation of energy and compactness of support may
be partially reversed.

Theorem 7.2 Suppose that K ⊆W , where K ∈ K(M) and W ∈O(M). There exists
ε, depending on K and W , such that, for all energy-preserving solutions ut of (42)
defined on an interval I containing 0, if

suppu0 ⊆K

then

supput ⊆W

for all t ∈ I ∩ ]−ε, ε[.

Proof See [14, Proposition 10.3.1].
Choose a bump function g that is equal to 1 on K and supported in W , and take

ε less than ‖ |Dσg|op‖−1∞ . Choose also a smooth non-decreasing function ϕ : R→
[0,1] such that ϕ(t) < 1 when t < 1 and ϕ(t)= 1 when t � 1.

Define functions ht : M→[0,1] for all t ∈ [0,∞[ by

ht (x)= ϕ
(
g(x)+ ε−1t

)
.

Now ht depends smoothly on t , with derivative (relative to t) given by

ḣt (x)= ε−1ϕ′
(
g(x)+ ε−1t

)
� 0,

since ϕ is smooth and non-decreasing; further, by the chain rule,

Dσ ht (x)= ϕ′
(
g(x)+ ε−1t

)
Dσ g(x)= ε ḣt (x)Dσ g(x).

Consequently,

ḣt − iDσ ht = ḣt

(
1− iεDσ g

)
� 0 (43)

pointwise as a section of Hom(E ,E ), since iεDσg is pointwise self-adjoint by (10),
and ‖ |iεDσ g|op‖∞ � 1.

Take ut as in the hypotheses. Then, by Leibniz’ rule,

D(htut )=
(
Dσ ht

)
ut + htDut .

Now htut ∈ L2 and D(htut ) ∈ L2 since ut ∈ L2, Dut ∈ L2, ht ∈ L∞, and Dσ ht ∈
L∞. Moreover htut is compactly-supported, so belongs to the domain of D− by
Proposition 6.1, and

〈〈
htut ,D

∗ut

〉〉= 〈〈D−(htut ), ut

〉〉= 〈〈D∗(htut ), ut

〉〉
,
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hence

d

dt
〈〈htut , ut 〉〉 = 〈〈ḣt ut , ut 〉〉 + i

〈〈
htD

∗ut , ut

〉〉− i
〈〈
htut ,D

∗ut

〉〉

= 〈〈ḣt ut , ut 〉〉 − i
〈〈(

Dσ ht

)
ut , ut

〉〉
� 0

by Leibniz’ rule and (43). Therefore, for all positive t ,

〈〈htut , ut 〉〉� 〈〈h0u0, u0〉〉 = 〈〈u0, u0〉〉 = 〈〈ut , ut 〉〉,
since ut is energy-preserving, suppu0 ⊆ K and h0 is equal to 1 on K . But then
htut = ut almost everywhere, since 0 � ht � 1. Note that ht = ϕ(ε−1t) < 1 on the
open set M \ suppg when t < ε; hence supput ⊆ suppg ⊆W .

The case where t < 0 may be treated by replacing D with−D and ut with u−t . �

As a consequence, we establish the uniqueness of energy-preserving solutions of
(42) for small times and compactly-supported initial datum.

Corollary 7.3 Suppose that K is a compact subset of M . There exists ε ∈ R
+, de-

pending on K , such that, for all f ∈ L2(E ) for which suppf ⊆ K , two energy-
preserving solutions ut and vt of (42) that satisfy u0 = v0 = f coincide when
|t |< ε. In particular, when |t |< ε, the value of eitD̃f does not depend on the self-
adjoint extension D̃ of D.

Proof Take a relatively compact open neighbourhood W of K in M , and take ε,
depending on K and W , as in Theorem 7.2.

Write wt for ut − vt . The wt is a solution of (42), and suppwt ⊆W when |t |< ε

by Theorem 7.2, therefore wt is energy-preserving when |t |< ε by Proposition 7.1,
and the conclusion follows since ‖w0‖2 = 0. �

7.1 Propagation and the Control Distance

By using the control distance function �D associated to D =D+ ∈D1(E ,E ), we
establish a quantitative version of Theorem 7.2. Recall Definition 4.9 of RD(K).

Theorem 7.4 Suppose that K is a compact subset of M . If U is an energy-
preserving solution of (42) defined on an interval I containing 0 and

suppu0 ⊆K,

then

supput ⊆ B−D
(
K, |t |)

for all t ∈ I ∩ ]−RD(K),RD(K)[.
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Proof It suffices to prove that supput ⊆ B−D(K,ε) when |t |< ε, since

B−D
(
K, |t |)=

⋂

δ>|t |
B−D(K, δ).

Take any ε such that |t |< ε < RD(K). We now follow the proof of Theorem 7.2,
with one modification: we define g, which is no longer smooth, by

g(x)= (1− ε−1�D(K,x)
)
+ for every x ∈M.

Again by Proposition 4.8, B−D(K, r) is compact when r � ε, and hence g is upper-
semicontinuous; moreover it is clear that 0 � g � 1, that g = 1 on K , that suppg ⊆
B−D(K,ε) and that

∣
∣g(x)− g(y)

∣
∣� ε−1�D(x, y),

so g is weakly Dσ -differentiable and ‖ |Dσ g|op‖∞ � ε−1 by Proposition 5.2. The
steps of the proof of Theorem 7.2 may now be repeated, interpreting Dσ -derivatives
in the weak sense, and using Propositions 3.7 and 3.8 whenever Leibniz’ rule and
the chain rule are invoked. �

A quantitative version of Corollary 7.3 on uniqueness of energy-preserving so-
lutions may be derived as before. In fact, with a little more effort, we also establish
an existence result. To avoid boundary value problems, we restrict attention to the
interval ]−RD(K),RD(K)[.

Theorem 7.5 Suppose that K ∈ K(M) and that f ∈ W 2
D(E ) is supported in K .

Then there exists an energy-preserving solution ut of (42) on the interval ]−RD(K),

RD(K)[ such that u0 = f ; moreover, any other energy-preserving solution of (42)
with initial datum f coincides with ut on the intersection of their domains.

Proof Every energy-preserving solution ut such that suppu0 ⊆ K remains com-
pactly-supported when |t |< RD(K) by Theorem 7.4, so uniqueness of the solution
on ]−RD(K),RD(K)[ is proved as in Corollary 7.3. It remains to show the exis-
tence of an energy-preserving solution on all intervals [−R,R] where R < RD(K).

Note that, if D is complete, then D∗ is self-adjoint by Corollary 6.2, and ut =
eitD∗f is the required solution. In the general case, take a bump function η that is
equal to 1 on a neighbourhood of B−D(K,R), and define D0 ∈D1(E ,E ) by

D0f = 1

2

(
ηDf +D(ηf )

)= ηDf + 1

2

(
Dσ η

)
f.

Then it is easily checked that D0 is formally self-adjoint and σ1(D0) = ησ1(D) is
compactly-supported, therefore D0 is complete by Proposition 4.16, and we may
take ut = eitD∗0 f , which is an energy-preserving solution of

d

dt
ut = iD∗0ut
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for all t ∈ R. Since σ1(D0) = ησ1(D) and |η| � 1, all D0-subunit vectors are D-
subunit, hence �D � �D0 and consequently, by Theorem 7.4,

supput ⊆ B−D0
(K,R)⊆ B−D(K,R)

for all |t |� R. Moreover, D and D0 coincide on a neighbourhood of B−D(K,R) by
construction, therefore ut is a solution of (42) when |t |� R. �

7.2 Second-Order Operators

Consider now the second-order equation

(
d

dt

)2

ut =−L∗ut , (44)

for some positive L ∈D2(E ,E ). Suppose that L̃ is a positive self-adjoint extension
of L, denote the continuous extension of λ �→ λ−1 sinλ to R by sinc, and define ut

by

ut = cos
(
tL̃1/2)f + t sinc

(
tL̃1/2)g. (45)

It is well-known that ut satisfies (44) together with the initial conditions u0 = f and
u̇0 = g, at least when f is in the domain of L̃ and g is in the domain of L̃1/2.

Suppose that L factorises as L = D+D for some D ∈ D1(E ,F ), and recall
that Ð =D ⊕D+. If Ð̃ is any self-adjoint extension of Ð , then Ð̃2 preserves the
decomposition of L2(E ⊕F ) as L2(E )⊕L2(F ), and Ð̃2(f,0)= (L̃f,0) for some
positive self-adjoint extension L̃ of L. In particular,

(
cos
(
tL̃1/2)f,0

)= cos
(
t
(
Ð̃2)1/2)

(f,0)= cos(tÐ̃)(f,0)

= eitÐ̃ + e−itÐ̃

2
(f,0),

because the cosine function is even, and moreover

d

dt

(
t sinc

(
tL̃1/2)g

)= cos
(
tL̃1/2)g.

Therefore if suppf ∪ suppg is compact and ut is defined by (45), then from Theo-
rem 7.4 we deduce that

supput ⊆ B−D
(
suppf ∪ suppg, |t |)

whenever |t |< RD(suppf ∪ suppg).
Note that

PD(ξ)= ∣∣σ1(D)(ξ)
∣
∣
op =

(∣
∣σ2(L)

(
ξ
2)∣∣

op

)1/2
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by (3) and (5), so the fibre seminorm PD and the associated distance function may
be expressed directly in terms of the second-order symbol of L.

When PD is complete, Ð is essentially self-adjoint by Corollary 6.2. In fact the
smoothness of solutions of symmetric hyperbolic systems with smooth coefficients
(see [1, Sect. 7.6] for an elementary proof), together with the finite propagation
speed, implies that the operators eitÐ∗

preserve C∞c (E ⊕F ), and an argument of
Chernoff [6, Lemma 2.1] proves that Ð2 is essentially self-adjoint too. In partic-
ular, if L = D+D, then L is essentially self-adjoint, and W 2

L(E ) ⊆ W 2
D(E ) with

continuous inclusion, because

〈〈Df,Df 〉〉 = 〈〈f,Lf 〉〉� ‖f ‖2‖Lf ‖2

for every f in the maximal domain of L. It is then not difficult to deduce that, for
all maps t �→ ut in C2(I ;L2(E )) that satisfy (44), the equality

vt = (u̇t , iDut)

defines a mild solution of
d

dt
vt = iÐ∗vt ,

and consequently vt = eitÐ∗
v0 (see [8, Propositions VI.3.2 and II.6.4]). This implies

that (44) has a unique solution for given initial data u0 = f and u̇0 = g, that is,

ut = cos
(
t
(
L∗
)1/2)

f + t sinc
(
t
(
L∗
)1/2)

g.

8 Examples

This section contains examples that illustrate our theory. We begin with a discus-
sion of multilinear algebra, then pass to the examples. Most of these are concerned
with applications to differential operators, but the final example shows that smooth
subunit parametrisations of smooth curves may not enable us to compute length.

8.1 Preliminaries on Multilinear Algebra

Suppose that V is an n-dimensional vector space over C. As usual, if {v1, . . . , vn} is
a basis of V and J = {j1, . . . , jk}, where 1 � j1 < · · ·< jk � n, then we define the
element vJ of the exterior algebra

⊕n
k=0 ΛkV by

vJ = vj1 ∧ · · · ∧ vjk
.

When V is endowed with a hermitean inner product 〈·, ·〉, there exists a unique
hermitean inner product 〈·, ·〉 on the exterior algebra ΛV such that ΛkV ⊥ Λk′V
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when k �= k′ and, for every orthonormal basis {v1, . . . , vn} of V , the multivectors
vJ , where J varies over the k-element subsets of {1 . . . , n}, form an orthonormal
basis of ΛkV when k = 0, . . . , n.

Given any α,β ∈ΛV , we define α ∨ β ∈ΛV by requiring that

〈α ∨ β,γ 〉 = 〈β,α ∧ γ 〉 for every γ ∈ΛV.

The map (α,β) �→ α ∨ β is sesquilinear (conjugate-linear in the first variable), and
moreover

〈α ∧ β,α ∨ γ 〉 = 〈α ∧ α ∧ β,γ 〉 = 0,

so

|α ∧ β + α ∨ γ |2 = |α ∧ β|2 + |α ∨ γ |2.
Suppose now α ∈Λ1V = V . Then we set α = |α|v1 and extend v1 to an orthonormal
basis {v1, . . . , vn} of V . If β =∑J bJ vJ for some bJ ∈C, where J ranges over the
subsets of {1, . . . , n}, then

α ∧ β = |α|
∑

J ��1

bJ vJ∪{1} and α ∨ β = |α|
∑

J ��1

bJ∪{1}vJ ,

hence

|α ∧ β − α ∨ β|2 = |α ∧ β|2 + |α ∨ β|2 = |α|2|β|2. (46)

8.2 Riemannian Manifolds

Let M be an n-dimensional manifold. The exterior algebra ΛM over the complex-
ified cotangent bundle CT ∗M is the bundle

⊕m
k=0 ΛkM ; its sections are known as

differential forms. In particular, Λ0M = T , Λ1M = CT ∗M , and the differential
d ∈ D1(Λ

0M,Λ1M) extends to the exterior derivative d ∈ D1(ΛM,ΛM), which
satisfies d2 = 0 and

dα ∈ C∞
(
Λk+1M

)
and d(α ∧ β)= dα ∧ β + (−1)kα ∧ dβ

for all α ∈ C∞(ΛkM) and all β ∈ C∞(ΛM). Hence

[
d,m(h)

]
α = d(hα)− hdα = dh∧ α,

for all h ∈ C∞(T ) and α ∈ C∞(ΛM), that is,

σ1(d)(ξ)β = ξ ∧ β,

when x ∈M , ξ ∈CT ∗x M , and β ∈ΛxM .
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Suppose now that M is endowed with a Riemannian metric g. This defines a
hermitean fibre inner product on CT ∗M , which in turn extends to a hermitean fibre
inner product 〈·, ·〉 on ΛM . The formal adjoint d+ of the exterior derivative d is then
defined, and satisfies

σ1
(
d+
)
(ξ)β =−ξ̄ ∨ β

where x ∈M , ξ ∈ CT ∗x M and β ∈ ΛxM , by (5). We set D = d + d+. Then D is
formally self-adjoint and

σ1(D)(ξ)β = ξ ∧ β − ξ̄ ∨ β,

so, when ξ = ξ̄ ∈ T ∗x M is real,
∣
∣σ1(D)(ξ)β

∣
∣= |ξ ||β|,

by (46), and

PD(ξ)= ∣∣σ1(D)(ξ)
∣
∣
op = |ξ |.

Thus the control distance function �D associated to D is just the Riemannian dis-
tance function �g on M .

Define Δ=D2 = dd+ + d+d. This is the Laplace operator on forms induced by
the Riemannian structure. Hence, according to Sect. 7.2, when (M,g) is complete,
the Riemannian distance also describes the propagation of the solution ut of the
second-order equation üt =−Δut given by

ut = cos
(
tΔ1/2)u0 + t sinc

(
tΔ1/2)u̇0.

Since Δ preserves the degree of forms, such a solution ut is a k-form for all t ∈ R

whenever the initial data u0 and u̇0 are both k-forms.

8.3 Hermitean Complex Manifolds

Suppose now that M is a complex manifold of real dimension 2n. The decomposi-
tion

CT ∗M =Λ1,0M ⊕Λ0,1M

given by the complex structure in turn induces a decomposition of ΛkM , namely,

ΛkM =
⊕

p+q=k

Λp,qM;

then
⊕

Λp,qM is an algebra bigrading of ΛM . Let πp,q ∈Hom(ΛM,ΛM) denote
the projection onto Λp,qM . The exterior derivative d decomposes as ∂ + ∂̄ , where

∂α = πp+1,q dα and ∂̄α = πp,q+1 dα for every α ∈ C∞
(
Λp,qM

);
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then ∂2 = ∂∂̄ + ∂̄∂ = ∂̄2 = 0 and

∂(α ∧ β)= ∂α ∧ β + (−1)kα ∧ ∂β and ∂̄(α ∧ β)= ∂̄α ∧ β + (−1)kα ∧ ∂̄β

for all α ∈ C∞(ΛkM), β ∈ C∞(ΛM). As before,
[
∂,m(h)

]
α = ∂h∧ α and

[
∂̄,m(h)

]
α = ∂̄h∧ α,

so

σ1(∂)(ξ)β = π1,0ξ ∧ β and σ1(∂̄)(ξ)β = π0,1ξ ∧ β.

For any choice of Riemannian metric g on M ,

σ1
(
∂+
)
(ξ)β =−π1,0ξ̄ ∨ β and σ1

(
∂̄+
)
(ξ)β =−π0,1ξ̄ ∨ β,

by (5), hence also, when ξ = ξ̄ , that is, ξ is real,
∣
∣σ1
(
∂ + ∂+

)
(ξ)β

∣
∣= |π1,0ξ ||β| and

∣
∣σ1
(
∂̄ + ∂̄+

)
(ξ)β

∣
∣= |π0,1ξ ||β|

by (46). In particular, if g is compatible with the complex structure (that is, the
complex structure J : TxM→ TxM is an isometry for every x ∈M), then for real ξ ,

|π1,0ξ |2 = |π0,1ξ |2 = |ξ |2/2,

so the distance functions associated to ∂ + ∂+ and ∂̄ + ∂̄+ coincide with the Rie-
mannian distance function on M multiplied by

√
2 (that is, the propagation speed

with respect to the Riemannian distance is at most 1/
√

2). The complex Laplacian
� on forms is given by

�= (∂̄ + ∂̄+
)2 = ∂̄ ∂̄+ + ∂̄+∂̄;

when M is a Kähler manifold, Δ= 2�, which is consistent with the result already
obtained for Δ.

See [9, 23] for more on the material in this subsection.

8.4 CR Manifolds

Let M be an n-dimensional manifold with a CR structure of codimension n− 2k,
that is, an involutive complex subbundle L of CT M of rank k such that Lx ∩L x =
{0} for all x in M . The exterior algebra Λ0,•M = Λ(L

∗
) over the dual of L

may be identified with the quotient of ΛM by a suitable graded fibre ideal I .
Correspondingly C∞(Λ0,•M) may be identified with C∞(ΛM)/C∞(I ). The ex-
terior derivative d passes to the quotient bundle, giving a differential operator
∂̄b ∈D1(Λ

0,•M,Λ0,•M) that satisfies

∂̄2
b = 0,
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∂̄bα ∈ C∞
(
Λ0,q+1M

)
,

∂̄b(α ∧ β)= ∂̄bα ∧ β + (−1)qα ∧ ∂̄bβ

for all α ∈ C∞(Λ0,qM) and all β ∈ C∞(Λ0,•M).
Note that Λ0,0M =Λ0M =T , so ∂̄bf = πdf , where π : CT ∗M →L

∗
is the

restriction morphism. Thus

[
∂̄b,m(h)

]
α = ∂̄bh∧ α and σ1(∂̄b)(ξ)β = πξ ∧ β.

Any choice of hermitean fibre inner product on L induces a hermitean inner product
along the fibres of Λ0,•M , and

σ1
(
∂̄+b
)
(ξ)β =−πξ̄ ∨ β,

so again, for all real ξ ,
∣
∣σ1
(
∂̄b + ∂̄+b

)
(ξ)β

∣
∣= |πξ ||β|,

that is, if D = ∂̄b + ∂̄+b , then

PD(ξ)= |πξ |.
If ξ ∈ T ∗M , then πξ = 0 if and only if ξ vanishes on T M ∩ (L ⊕ L ); in

other words, the Levi distribution T M ∩ (L ⊕L ) is the subbundle spanned by
the D-subunit vectors. In particular, if M is a non-degenerate CR manifold and
n= 2k+ 1, then PD satisfies Hörmander’s condition; for a discussion of the higher-
codimensional case, see, for example, [5, Sect. 12.1].

Note moreover that the Kohn Laplacian �b on the tangential Cauchy–Riemann
complex is given by

�b =D2 = ∂̄b∂̄
+
b + ∂̄+b ∂̄b.

For more information on CR manifolds, see, for example, [5, 7].

8.5 Sub-Riemannian Structures

Let E be a real vector bundle on M , endowed with a fibre inner product and a smooth
bundle homomorphism μ : E→ T M . Consider the adjoint morphism μ∗ : T ∗M→
E∗, and its complexification μ∗ : CT ∗M → CE∗. Define the differential opera-
tor D ∈D1(T ,CE∗) by Df = μ∗(df ). Then Dσ =D, modulo the identification
Hom(T ,CE∗) = CE∗; further PD(ξ) = |μ∗(ξ)|, P ∗D(v) = inf{|w| : v = μ(w)},
and the D-subunit vectors are the images under μ of the w ∈E such that |w|� 1.

A commonly considered case is when E is a subbundle of T M and μ is the
inclusion map. Then E is called the horizontal distribution [20, Sect. 1.4], and is the
set of the tangent vectors v for which P ∗D(v) <∞.
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Another commonly considered case [12, 17] is when E is the trivial bundle T r

with the standard inner product. In this case, there are (subunit) vector fields Xj =
μ(Yj ), where the Yj are the constant sections of E corresponding to the standard
basis of Rr . Hence

PD(ξ)2 =
∑

j

∣
∣μ∗(ξ)(Yj )

∣
∣2 =

∑

j

∣
∣ξ(Xj )

∣
∣2,

so
∣
∣Dσ f

∣
∣2
op = |Df |2 =

∑

j

|Xjf |2,

and

P ∗D(v)2 = inf

{∑

j

c2
j : v =

∑

j

cjXj |x
}

for every v ∈ TxM.

8.6 Non-Riemannian Propagation

The fibre seminorm PD on T ∗M associated to D ∈D1(E ,F ) is defined to be the
pullback of an operator norm along the fibres of Hom(E ,F ). In the previous exam-
ples, however, PD is actually induced by some (possibly degenerate) inner product
on T ∗M . We present now a simple example showing that this is not always the
case.

Let M be R
n, take E =F =T n, and define D by

D(f1, . . . , fn)= (i∂1f1, . . . , i∂nfn),

where ∂1, . . . , ∂n are the partial derivatives on R
n. Then

σ1(D)(ξ)=
⎛

⎜
⎝

iξ1
. . .

iξn

⎞

⎟
⎠ ,

so PD(ξ) = |ξ |∞ and P ∗D(v) = |v|1; here, as usual, |ξ |∞ = maxj |ξj | and |v|1 =∑
j |vj |. Consequently, �D(x, y)= |x−y|1, hence �D is varietal and D is complete,

therefore D is essentially self-adjoint, and

eitD(f1, . . . , fn)(x)= (f1(x1 − t, x2, . . . , xn), . . . , fn(x1, . . . , xn−1, xn − t)
)
.

Hence the condition supp(eitDf ) ⊆ B−D(suppf, |t |) given by Theorem 7.4 is opti-
mal. This shows that the natural distance describing the propagation of solutions of
(42) need not be Riemannian or even sub-Riemannian.
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8.7 Nonsmooth Arc-Length Reparametrisation

Construction of the Sub-Riemannian Structure Take M = R
2 with Lebesgue

measure.
Fix a smooth u : R2→R. Define the smooth vector fields X,Y on R

2 by

X|p = 2
√

4+ 3u(p)2

(
∂

∂x
+ u(p)

√
3

2

∂

∂y

)

,

Y |p = u(p)

2
√

1+ u(p)2

2
√

4+ 3u(p)2

(

−u(p)

√
3

2

∂

∂x
+ ∂

∂y

)

,

where {∂/∂x, ∂/∂y} denotes the standard basis of R2. With respect to the standard
Riemannian (that is, euclidean) structure of R2,

〈X,Y 〉 = 0, |X| = 1, and |Y | = |u|
2
√

1+ u2

at every point of R2. Indeed, if we define the “matrix field” M by

M|p = 1
√

4+ 3u(p)2

(
2 −u(p)

√
3

u(p)
√

3 2

)

,

then M is pointwise orthogonal and

X =M
∂

∂x
, Y = u

2
√

1+ u2
M

∂

∂y

pointwise.
Define the differential operator D ∈D1(T ,T 2) by Df = (Xf,Yf ). Then

σ1(D)|p(ξ)= (〈X|p, ξ 〉, 〈Y |p, ξ 〉),
hence the associated fibre seminorm on the cotangent bundle T ∗R2 is given by

PD|p(ξ)2 = ∣∣σ1(D)|p(ξ)
∣
∣2
op = 〈X|p, ξ 〉2 + 〈Y |p, ξ 〉2

= 〈ξ,H |p ξ 〉,
where

H = 1

4(1+ u2)

(
4+ u2 2

√
3u

2
√

3u 4u2

)

.

On the one hand, at points p where u(p) �= 0, the matrix H |p is non-degenerate;
in this case, the norm P ∗D on the tangent bundle is given by

PD|p(v)2 = 〈v,H |−1
p v
〉
,
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where

H−1 = 1

u2

(
4u2 −2

√
3u

−2
√

3u 4+ u2

)

,

and {X|p,Y |p} is an orthonormal basis for the corresponding inner product on
TpR

2.
On the other hand, at points p where u(p)= 0,

PD|p(ξ)=
∣
∣
∣
∣

〈
∂

∂x
, ξ

〉∣
∣
∣
∣,

hence P ∗D is the extended norm

P ∗D|p(v)=
{
|〈∂/∂x, v〉| if 〈∂/∂y, v〉 = 0,

∞ otherwise,

and X|p = ∂/∂x and Y |p = 0. In particular,

P ∗D|p
(

∂

∂x

)

=
{

2 if u(p) �= 0,

1 if u(p)= 0.

A Choice of u Let Q= {qm}m∈N be an enumeration of the rational numbers, and
set

A=
⋃

m∈N

]
qm − 2−m−3, qm + 2−m−3[.

Then A is a dense open subset of R whose measure |A| is at most
∑∞

m=0 2−m−2,
that is, 1/2.

Since R \ A is closed in R, there exists a smooth function v : R→ [0,1] such
that v−1(0) = R \ A [18, Theorem 1.5]. In fact, after composing v with a smooth
function from R to [0,1] that vanishes exactly on ]−∞,0], we may suppose that v

vanishes to infinite order at all points of R \A. Set then u(x, y)= v(x).

Hörmander’s Condition Let Z be a D-subunit field. Then Z = ϕX + ψY for
some real-valued functions ϕ,ψ with ϕ2 + ψ2 = 1. Since 〈Z,X〉 = ϕ, we see that
ϕ is smooth, so ϕX and ψY are smooth too. Moreover, since |ψ |� 1, the smooth
field ψY vanishes at least to the same order as Y , at every point of R2, and hence
ψY vanishes to infinite order at every point of (R \A)×R.

Take now a system Z1, . . . ,Zr of D-subunit vector fields, and decompose Zj as
ϕjX+ψjY . Then any iterated Lie bracket of Z1, . . . ,Zr is the sum of an iterated Lie
bracket of ϕ1X, . . . , ϕrX and of iterated Lie brackets where some of the ψjY occur.
The first summand is then a smooth multiple of X, whereas the other summands
vanish to infinite order at every point of (R \ A) × A (indeed, the set of smooth
vector fields vanishing to infinite order at some p ∈M is an ideal of the Lie algebra
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of smooth vector fields). We conclude that the iterated Lie bracket of Z1, . . . ,Zr ,
evaluated at any point of (R \A)×R, is a multiple of X.

Hence Hörmander’s condition for PD fails at all points of (R \A)×R.

Topologies Define Z = 2−1∂/∂x and W = u(
√

4+ u2 )−1∂/∂y, and then set X=
{Z,W }. Then X is a system of smooth D-subunit vector fields on R

2. Write �X
for the distance function corresponding to the class of D-subunit curves that are
piecewise flow curves of Z or W . Clearly

�D � �∞D � �flow
D � �X.

We now show that �X is varietal, so all the other distance functions above are.
Take (x, y) ∈ R

2 and r ∈ R
+. We want to prove that B−

X
((x, y), r) is a neigh-

bourhood of (x, y). Since A is dense in R, there is x′ ∈ A such that |x − x′|< r/8
and v(x′) �= 0. We claim that every point (x̃, ỹ) ∈R2 such that

∣
∣(x̃, ỹ)− (x, y)

∣
∣∞ < min

{
r

8
,
r

4

|v(x′)|
√

4+ v(x′)2

}

belongs to B−
X

((x, y), r). The idea is to go from (x, y) to (x′, y) along the flow of Z,
then from (x′, y) to (x′, ỹ) along the flow of W , and finally from (x′, ỹ) to (x̃, ỹ)

along the flow of Z. Such a curve is defined on an interval of length

2
∣
∣x − x′

∣
∣+

√
4+ v(x′)2

|v(x′)| |y − ỹ| + 2
∣
∣x′ − x̃

∣
∣<

r

4
+ r

4
+ r

2
= r,

hence its final point (x̃, ỹ) belongs to the ball B−
X

((x, y), r).

A Smooth Curve with Nonsmooth Arc-Length Let ϕ : [0, T ] → R be abso-
lutely continuous, and define γ (t)= (ϕ(t),0). Then

P ∗D
∣
∣
γ (t)

(
γ ′(t)

)=
{

2|ϕ′(t)| if ϕ(t) ∈A,

|ϕ′(t)| if ϕ(t) /∈A,

at every point t where ϕ is differentiable.
The set Ã = ϕ−1(A) is open in [0, T ], but need not be dense. However, any

connected subset of [0, T ] \ Ã is mapped by ϕ onto a connected subset of R \ A,
which has at most one element because A is dense. Hence ϕ is locally constant
on the interior of [0, T ] \ Ã, so ϕ′(t) = 0 for every interior point t of [0, T ] \ Ã.
The remaining points of [0, T ] \ Ã, that is, the boundary points, also belong to the
closure of Ã.

Suppose now that γ is D-subunit and C1. Then |ϕ′(t)|� 1/2 for all t ∈ Ã. Since
ϕ′ is continuous, |ϕ′| � 1/2 on the closure of Ã, hence on all [0, T ]. This means
that

∣
∣ϕ(T )− ϕ(0)

∣
∣�
∫ T

0

∣
∣ϕ′(t)

∣
∣dt � T/2,

that is, T � 2|ϕ(T )− ϕ(0)|.
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Suppose further that ϕ is non-decreasing, ϕ(0) = 0 and ϕ(T ) = 1, so T � 2.
The length �D(γ ) does not depend on the parametrisation. Therefore, if we define
γ̃ (t)= (t,0) for all t ∈ [0,1], then

�D(γ )= �D(γ̃ )=
∫ 1

0
P ∗D
∣
∣
γ̃ (t)

(
γ̃ ′(t)

)
dt

= 2
∣
∣[0,1] ∩A

∣
∣+ ∣∣[0,1] \A

∣
∣

= 1+ ∣∣[0,1] ∩A
∣
∣� 3/2 < 2.

In summary, every D-subunit, C1 reparametrisation of γ is defined on an interval
of width at least 2. By contrast, the arc-length reparametrisation of γ is D-subunit
and defined on an interval of width at most 3/2.
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On the Boundary Behavior of Holomorphic
and Harmonic Functions

Fausto Di Biase

Abstract We present old and new problems in the study of the boundary behav-
ior of holomorphic and harmonic functions. The key issue is the sharpness of the
natural approach regions that appear in qualitative results (such as the Fatou-type
theorems on the a.e. convergence) as well as in quantitative results (such as the
Hardy–Littlewood inequality). Roughly speaking, we address the following ques-
tion: Are there larger approach regions for which these results hold? The answer
turns out to depend on the meaning we assign to the notion of being larger.

Keywords Harmonic functions · Holomorphic functions · Approach regions ·
Boundary behavior · Independence results · NTA domains · Hardy spaces
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1 Starting from the Unit Disc

The unit disc D lies at the confluence of two subjects, or viewpoints, just as the
city of St. Louis sits at the confluence of two rivers. The first viewpoint is complex
analysis, where we look at D as the set

D = {
z ∈ C : |z| < 1

}
.

Here D is a ground for holomorphic functions. The second viewpoint is potential
theory (and real-variables methods), where we look at D as the set

D = {
x ∈R

2 : x2
1 + x2

2 < 1
}
.

Here D is a ground for harmonic functions. Indeed, harmonic functions and holo-
morphic functions do exhibit a different behavior, but this is true in C much less
than in C

n. Moreover, the unit disc also serves as spring for the natural stream of
classical Fourier analysis.
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1.1 The First Viewpoint

We start with a basic theorem of Fatou [17], where D is seen from the first viewpoint.
In order to state this result, we need some terminology.

T The topological boundary of D is denoted by T. Thus T = {z ∈C : |z| = 1}.
P(D) The set of all subsets of D is denoted by P(D).
O(D) The set of holomorphic functions on D is denoted by O(D).

Definition 1.1 An approach region in D at w ∈ T is an element of P(D) whose
closure (in the ambient space C) contains w. Let Dw be the set of all approach
regions in D at w.

According to this definition, an approach region need not be open. If A ∈ Dw ,
and ϕ : D → C, then the notion of the limit value limA�z→w ϕ(z) can be defined in
the familiar fashion. Here the relevant part of A that matters is the one that lies close
to w: We call it a tail of A.

Definition 1.2 If A ∈Dw , a tail of A (at w) is a subset of A of the form
{
z ∈D : z ∈ A, |z − w| < r

}

for some r > 0.

Definition 1.3 Any open Euclidean triangle ∇ of vertex w ∈ T, contained in D, is
called a Stolz approach region at w in D. We denote by STOLZw the collection of
all the Stolz approach regions at w in D. Hence STOLZw ⊂ Dw .

If z ∈ D converges to w ∈ T, and z ∈ ∇ , where ∇ ∈ STOLZw , then z fails to
approach the boundary tangentially. In other words, the quantity1

dw(z) = distance(z,T)

distance(z,w)
= 1 − |z|

|z − w| (1)

stays bounded away from 0. Observe that 0 < dw(z) � 1 for each z ∈D and w ∈ T.

1.1.1 Qualitative Results for Holomorphic Functions

Definition 1.4 Let ϕ be a complex-valued function defined on D, and let w ∈ T.
We say that the angular limit of ϕ exists at w, or that ϕ�(w) exists, if the limit value
lim∇�z→w ϕ(z) exists for each ∇ ∈ STOLZw . Since the various triangles in STOLZw

are not all mutually disjoint, this limit value (when it exists) is independent of ∇
and is denoted by ϕ�(w).

1This is the normalized distance to the boundary, where the distance from z to w serves as nor-
malizing term.
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Theorem 1.5 (Fatou, 1906) If F ∈ O(D) and supz∈D |F(z)| < ∞ then there is a
subset EF of T such that

(i) the set EF has zero linear (Lebesgue) measure;
(ii) for each point w ∈ T \ EF , the angular limit F�(w) exists.

See [17]. The set of functions that satisfy the hypothesis of Theorem 1.5 is de-
noted by H∞(D). Theorem 1.5 says that, if F ∈ H∞(D), then, for a.e. boundary
point w ∈ T (with respect to linear measure), F(z) has a limit value, when z → w

and z stays within any open triangle contained in D, with vertex at w.
In 1923, F. Riesz obtained a result stronger than Theorem 1.5; see [54]. He proved

that the same conclusion of Theorem 1.5 holds under weaker hypothesis, as follows.

Theorem 1.6 (F. Riesz, 1923) Let 0 < p < ∞. If F is a holomorphic function on D,
and

sup
0<r<1

∫ 2π

0

∣∣F
(
reiθ

)∣∣p dθ < ∞

then, for a.e. w ∈ T (with respect to linear measure), F�(w) exists.

The set of functions that satisfy the hypothesis of Theorem 1.6 is denoted by
Hp(D). The function spaces Hp(D) are the Hardy spaces of holomorphic functions
in D.

The conclusion reached in Theorems 1.5 and 1.6 (on the existence a.e. of angular
limits) is of a qualitative nature. Before stating a quantitative version of these basic
result, we state another result, also of a qualitative nature, that may appear paradox-
ical. First, we need one more notion. Let n > 1 and w ∈ T, and dw be as in (1), and
define

Γn(w) =
{
z ∈D : dw(z) >

1

n

}
.

Observe that Γn(w) ∈ Dw , and that n �→ Γn(w) is a strictly increasing (set-valued)
function.

The approach regions Γn(w) and the Stolz approach regions at w are equivalent,
from the point of view of limit values. Indeed, there is a tail of Γn(w) that is con-
tained in a Stolz approach region at w (the larger is n, the wider will be the angle of
the Stolz approach), and any Stolz approach region at w has a tail that is contained
in Γn(w), for n large enough.

The precise value of the parameter n is not important, if we are interested in the
behavior of f for a.e. w, rather than in the behavior at a single w ∈ T. The following
result may appear paradoxical but it clarifies this claim.

Theorem 1.7 Let ϕ : D → C be any function. Let n0 > 1 be fixed. Assume that, for
a.e. w ∈ T, the limit

lim
Γn0 (w)�z→w

ϕ(z)

exists. Then, for a.e. w ∈ T, the angular limit of ϕ at w exists.
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A proof (of a more general version) of Theorem 1.7 can be found in [11].
Theorem 1.7 is one of several examples of phenomena that hold almost every-

where but do not hold at a single fixed point.
Observe that the function ϕ in Theorem 1.7 is not assumed to be continuous or

even measurable. Indeed, a priori, it is not necessary, in order for the conclusion of
this theorem to make sense, to assume that ϕ is continuous or measurable.

Definition 1.8 A regularity condition, in the statement of a theorem, is a hypothesis
that is not a priori needed in order for the conclusion of the theorem to make sense.

Osgood (1916) had the following to say about this issue; see [47].

It is unsatisfactory, in stating an important theorem, not to know whether a given hypothesis
is needed merely for convenience of proof, or whether the theorem would be false if it were
omitted. The situation is still more annoying when it is conceivable that the theorem could
be proven with about the same ease without the hypothesis, if one were only able to see
more clearly.

Here are three examples that should convince the reader that it is not possible to
predict a priori whether a regularity condition in a theorem can be safely omitted.

• A theorem of Osgood (1899) says that a bounded function of several complex
variables, that is holomorphic in each variable separately, is holomorphic; see
[46]. In this statement, the boundedness hypothesis is a regularity condition: It
is not necessary to give a meaning to the conclusion of the theorem. In 1906,
Hartogs proved that this regularity condition may be omitted [23]. In other words,
the conclusion holds even if this hypothesis is omitted.

• In [7, Theorem 2 (INT IV.64)], the hypothesis that “the set A is countable” is a
regularity condition.

• In Fatou’s theorem, the hypothesis that the function is bounded is a regularity
condition. If we omit this regularity hypothesis than the conclusion fails, in gen-
eral. However, Theorem 1.12 (stated below), due to Plessner, shows that if we
omit this hypothesis than a weaker conclusion follows. The curious fact is that
the new theorem thus obtained actually implies Fatou’s Theorem.

In Theorem 1.7, there are no hypothesis on the function f , but the width n is
fixed and independent of w. What happens if we allow the width to depend on w?

Definition 1.9 We say that a function F : D → C is non-tangentially bounded at a
point w ∈ T if there exists n0 > 1 and there is a tail T of Γn0(w) on which |F | is
bounded, i.e., such that supz∈T |F(z)| < ∞.

Theorem 1.10 (Privalov, 1923) Let F ∈ O(D). Assume that for each w ∈ T, the
function F is non-tangentially bounded at w. Then, for a.e. w ∈ T, the angular limit
of F at w exists and is finite.

Observe the lack of uniformity: The value of n0 and the bound supz∈T |F(z)|, in
the definition of non-tangential boundedness, depend on w. Theorem 1.10 is due to
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Table 1 Outline of the
qualitative results of this
section for O(D)

P. Fatou (1906) Boundedness

F. Riesz (1923) Hardy-type growth condition

Privalov (1923) Non-tangential boundedness

Plessner (1927) No growth condition required

Privalov [51]. Actually, in this work he proved a more general, local version, known
as the local Fatou theorem. His proof was based on the Riemann mapping theorem.

Theorem 1.11 (Privalov, 1923) Let F ∈ O(D). Let E ⊂ T. Assume that for each
w ∈ E, the function F is non-tangentially bounded at w. Then, for a.e. w ∈ E, the
angular limit of F at w exists and is finite.

Privalov’s result actually implies Fatou’s theorem.
The following and last result of this section, due to Plessner [49], says that the

a.e. angular boundary behavior of holomorphic functions on D is either “good” or
“bad”.

Theorem 1.12 (Plessner, 1927) Let F : D → C be holomorphic.2 Then there exists
a set EF ⊂ T such that

• the linear measure of EF is zero;
• for each w ∈ T \ EF , either one of the following properties occurs:

(Plessner points) For each ∇ ∈ STOLZw , the set {F(z) : z ∈ ∇} is dense in the
one-point compactification of C.

(Fatou points) The angular limit of F exists and is finite.

Observe that Plessner’s result actually implies Fatou’s theorem.
In this section we have presented four basic results, of a qualitative nature, on

the boundary behavior of holomorphic functions on the unit disc (possibly subject
to certain growth conditions of Hardy-type). Table 1 contains an outline of these
results, with an indication of the boundedness conditions under which the result
holds.

1.1.2 Quantitative Results for Holomorphic Functions

The following result, due to Hardy and Littlewood [22], is rather subtle, and gives a
quantitative version of Fatou’s theorem on the a.e. existence of angular limits.

2As a matter of fact, the conclusion also holds for functions that are merely meromorphic on D.
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Theorem 1.13 (Hardy–Littlewood, 1930) Let 0 < p < ∞, and fix n > 1. Then there
exists a constant c = c(p,n), with 0 < c < ∞, such that, if F ∈ Hp(D), then

∫ 2π

0
sup

z∈Γn(eiθ )

∣∣F(z)
∣∣p dθ � c

∫ 2π

0

∣∣F�

(
eiθ

)∣∣p dθ.

1.1.3 The Optimality Issue

J.E. Littlewood posed the following problem: Is it possible to obtain a result stronger
than Theorem 1.5, by way of proving a stronger conclusion with the same hypoth-
esis? More precisely, his question may be rephrased as follows.

Littlewood’s Question Are there approach regions that are larger than the
Stolz approach and that, moreover, also work for the a.e. convergence of func-
tions in Hp(D)?

The catch here is: larger in what sense? A simple example of an approach region
that is set-theoretically larger than the Stolz approach regions is given by a curve
that is tangential to the boundary at the given point. Of course, we need to fix a
curve for every single boundary point, in order for the problem to be meaningful.

Definition 1.14 A family of approach regions in D is a function

γ : T → P(D), such that γ (w) ∈Dw, for every w ∈ T.

Definition 1.15 Let γ be a family of approach regions in D.

(c) We say that each γ (w) is a curve in D ending at w if the following condition
holds: For each w ∈ T there exists a continuous function [0,1) → D, which,
with slight abuse of language, we call γw , such that

lim
s→1

γw(s) = w, γ (w) = {
γw(s) : s ∈ [0,1)

}
.

(tg) We say that the curves γ (w) are tangential to the boundary if3

• each γ (w) is a curve in D ending at w;
• for every w ∈ T, lims↑1 dw(γw(s)) = 0.

(aecv) We say that the functions in H∞(D) converge a.e. along γ to their angular
limits if the following conditions holds: For every f ∈ H∞(D), the set

3Recall that dw(z) is the normalized distance to the boundary. See (1).
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C(f,γ ) :=
{
w ∈ T : both f�(w) and lim

γ (w)�z→w
f (z) exist and are equal

}

has full linear measure in T.

The STRONG SHARPNESS STATEMENT is the following claim.

Strong Sharpness Statement There is no family of approach regions in D

for which (c), (tg), and (aecv) for H∞ hold.

This claim is consistent with a principle—implicit in Fatou (1906)—whose first
precise rendition is due to Littlewood (1927). He proved the claim under an addi-
tional regularity condition.

Definition 1.16 A family γ of approach regions in D is rotationally-invariant if

for each w ∈ T, γ (w) = {
wz : z ∈ γ (1)

}
.

Here is the precise statement of Littlewood’s result. See [37].

Theorem 1.17 (Littlewood, 1927) Let γ be a family of approach regions in D.
Assume that

• (c) each γ (w) is a curve in D ending at w;
• (tg) the curves γ (w) are tangential to the boundary;
• γ is rotationally-invariant.

Then (aecv) for H∞(D) does not hold for γ . Indeed, there exists f ∈ H∞(D) such
that, for a.e. w ∈ T, the limit value

lim
γ (w)�z→w

f (z)

does not exist.

Littlewood’s result is called a negative theorem, since it bars certain families of
approach regions, larger than the Stolz approach regions, from begin conducive to
a.e. convergence for functions in H∞(D). The hypothesis of rotational-invariance
in Theorem 1.17 is a regularity condition, in the sense of Definition 1.8. The shape,
and, in particular, the order of tangency of γ (w) to the boundary, is fixed and inde-
pendent of w.

Question (Littlewood, 1927) May we allow the curves to change their
shape from point to point in Theorem 1.17?
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This question goes back to Littlewood (1927). It amounts to ask whether it is pos-
sible to omit the regularity condition of rotational-invariance from Theorem 1.17,
and therefore it brings us back to the general question we posed at the beginning of
Sect. 1.1.3 and to the issue of the truth-value of the STRONG SHARPNESS STATE-
MENT. Roughly speaking, we may imagine two radically different scenarios.

• If the hypothesis of rotational-invariance may be omitted from the hypothesis of
Theorem 1.17 without invalidating its conclusion, then the STRONG SHARPNESS

STATEMENT would be true, and this would mean that Fatou’s theorem would be
fairly sharp in its conclusion, from the viewpoint of the set-theoretical largeness
of the approach regions.

• Assume, instead, that when you omit the hypothesis of rotational-invariance from
Theorem 1.17, the conclusion may turn out to be false. Then the STRONG SHARP-
NESS STATEMENT would be false, and this would mean that the Stolz approach
is not as optimal as it could possibly be.

The following result is stronger than Theorem 1.17, since it has a stronger con-
clusion. It was proved in 1957 by Lohwater and Piranian [38].

Theorem 1.18 (Lohwater and Piranian, 1957) Assume that γ is a family of ap-
proach regions in D. Assume that

• (c) each γ (w) is a curve in D ending at w;
• (tg) the curves γ (w) are tangential to the boundary;
• γ is rotationally-invariant.

Then it is not true that (aecv) holds for γ for H∞(D): There exists f ∈ H∞(D)

such that, for every w ∈ T, the limit value

lim
γ (w)�z→w

f (z)

does not exist.

We will now take a brief detour, where we look at the problem of proving a
theorem of Littlewood type with weaker hypothesis. This detour is motivated by
our desire to understand whether it is possible to prove a theorem of Littlewood
type where the regularity condition of rotational-invariance is omitted.

Aikawa proved a theorem of Littlewood type where the condition that γ is
rotationally-invariant is weakened to a hypothesis of a quantitative nature. He ob-
tained the following result; see [1] and [2].

Theorem 1.19 (Aikawa, 1990–1991) Assume that γ is a family of approach regions
in D. Assume that

• (c) each γ (w) is a curve in D ending at w;
• (tg) the curves γ (w) are tangential to the boundary;
• the curves γ (w) are uniformly bi-Lipschitz equivalent.
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Then (aecv) for H∞(D) does not hold for γ . Indeed, there exists f ∈ H∞(D) such
that, for a.e. w ∈ T, the limit value limγ (w)�z→w f (z) does not exist.

In Theorem 1.19 the rotational invariance in Theorem 1.17 is replaced by the
condition that the curves in the family γ are uniformly bi-Lipschitz equivalent.

Di Biase et al. (2006) proved a theorem of Littlewood type where the condition
that γ is rotationally-invariant is weakened to a hypothesis of a qualitative nature,
and obtained the following result [14].

Theorem 1.20 (Di Biase, Stokolos, Svensson, and Weiss, 2006) Assume that γ is
a family of approach regions in D. Assume that

• (c) each γ (w) is a curve in D ending at w;
• (tg) the curves γ (w) are tangential to the boundary;
• for each open U ⊂ D, the set

{
w ∈ T : U ∩ γ (w) �= ∅}

is a measurable subset of T.

Then (aecv) for H∞(D) does not hold for γ . Indeed, there exists f ∈ H∞(D) such
that, for a.e. w ∈ T, the limit value limγ (w)�z→w f (z) does not exist.

Definition 1.21 Let γ be a family of approach regions in D. We say that γ is regular
if, for each open set U ⊂ D, the set {w ∈ T : U ∩ γ (w) �= ∅} is measurable.

Definition 1.22 If U ⊂ D, the set {w ∈ T : U ∩ γ (w) �= ∅} is called the shadow that
U projects on the boundary via γ , or, briefly, the γ -shadow of U .

Hence in Theorem 1.20 the rotational-invariance (in Theorem 1.17) is replaced
by the regularity condition that the γ -shadow of each open subset of the unit disc is
measurable.

Observe that the regularity conditions appearing in Theorems 1.19 and 1.20 are
independent of each other.

We now look at the issue of whether it is possible to weaken the other hypoth-
esis that appear in Littlewood’s theorem (Theorem 1.17). A fairly precise answer,
obtained by Di Biase et al. [14] in 2006, is in Theorem 1.25.

Definition 1.23 A family γ of approach regions in D is ∗-connected if

For each w ∈ T the set {w} ∪ γ (w) is connected.

Observe that, if each γ (w) is a curve in D ending at w, then γ is ∗-connected,
but the converse statement does not hold.

An example of a family γ of approach regions in D that is not ∗-connected is
given as follows: For each w ∈ T, γ (w) is a countable set whose closure contains w.
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Definition 1.24 A family γ of approach regions in D lies eventually outside of the
angular approach if the following condition holds:

For all w ∈ T, for all ∇ ∈ STOLZw, the set γ (w) has a tail that is disjoint from ∇.

Observe that if the curves γ (w) are tangential to the boundary, then γ lies even-
tually outside of the angular approach, but the converse statement does not hold.

Theorem 1.25 (Di Biase, Stokolos, Svensson, and Weiss, 2006) Assume that γ is
a family of approach regions in D. Assume that

• γ is ∗-connected, in the sense of Definition 1.23;
• γ lies eventually outside of the angular approach;
• γ is regular.

Then (aecv) for H∞(D) does not hold for γ . Indeed, there exists f ∈ H∞(D) such
that, for a.e. w ∈ T, the limit value limγ (w)�z→w f (z) does not exist.

Observe that the hypothesis that γ is ∗-connected is significantly weaker than
the hypothesis that each γ (w) is a curve in D ending at w: The former hypothesis
captures the property of curves that is relevant to a theorem of Littlewood type.
Moreover, the hypothesis that γ lies eventually outside of the angular approach
does not depend on the preliminary assumption that each γ (w) is a curve in D

ending at w, and does not depend on any smoothness assumptions.
Is it possible to omit from Theorem 1.25 the hypothesis that γ is ∗-connected?

In 1979, Rudin [56], the author constructed a highly oscillating inner function in D

that led to a result that must have been considered surprising at that time. In order
to state Rudin’s result, we need the following notion.

Definition 1.26 Let γ be a family of approach regions in D. We say that γ lies
frequently outside of the angular approach if the following condition holds:

For each w ∈ T, for each ∇ ∈ STOLZw, no tail of γ (w) is entirely contained in ∇.

Here is Rudin’s surprising result.

Theorem 1.27 (Rudin, 1979) There exists a family γ of approach regions in D that
has the following properties:

• each γ (w) is a curve in D ending at w;
• γ lies frequently outside of the angular approach;
• γ is regular;
• (aecv) for H∞(D) holds for γ .

Observe that Rudin’s (positive) result is compatible with the previous (negative)
results, since the condition that γ lies frequently outside of the angular approach
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is strictly weaker than the condition that it lies eventually outside of the angular
approach.

Rudin’s theorem (Theorem 1.27) implies that in Theorem 1.25 one cannot
weaken the condition the γ lies eventually outside the angular approach to the con-
dition that γ lies frequently outside of the angular approach.

The family of approach regions γ constructed by Rudin in Theorem 1.27 is not
rotationally-invariant. At the time, this point must have appeared the crucial one, at
least to the author. Indeed, Rudin asked the following question.

Question (Rudin, 1979) Is there a family γ of approach regions in D with
the following properties?

• for every w ∈ T, the set γ (w) is a sequence {zw(n)}n∈N of points ending
at w;

• for every w ∈ T, limn→∞ dw(zw(n)) = 0;
• γ is rotationally-invariant;
• if f : T →R is Lebesgue integrable, then

f (w) = lim
n→∞

1

|{eiδ ∈ T : zw(n) ∈ Γ1(eiδ)}|
∫

{eiδ∈T:zw(n)∈Γ1(e
iδ)}

f
(
eiθ

)
dθ

for a.e. w ∈ T (where vertical bars denote Lebesgue linear measure).

Rudin conjectured that the answer would be in the negative. Observe that the set
that appears in the integrals written above is precisely the Γ1-shadow of zw(n). The
issue raised by Rudin is therefore related to the possibility of having a Lebesgue
differentiation theorem where the sets over which we evaluate the mean values are
located in an eccentric manner with respect to the “center” w. There is an inti-
mate tie that binds the Lebesgue Differentiation Theorem to the boundary behavior
of holomorphic (and harmonic) functions (a hint of this tie is glimpsed in Theo-
rem 1.38 below). As a consequence of this tie, Rudin’s conjecture is equivalent to
the following.

Claim There is no family γ of approach regions in D that has the following
properties:

• γ lies eventually outside of the angular approach;
• γ is rotationally-invariant;
• (aecv) for H∞(D) holds for γ .

Observe that if this conjecture were true, it would be a negative result. Caveat:
In this statement it is not required that each γ (w) be a curve in D ending at w, and
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indeed such a requirement would be inconsistent with the theorems of Littlewood
type that we have seen so far. Here the set γ (w) is assumed to be a sequence of
points in D, ending at w, and tangential to the boundary. In other words, since a
rotationally-invariant family of approach regions is regular, Rudin’s conjecture is
related to the question of whether it is possible to omit condition (c) from The-
orem 1.17. It is also related to the question of whether it is possible to omit the
hypothesis that γ is ∗-connected from Theorem 1.25. Indeed, if a family γ of ap-
proach regions exists, with the properties listed above, then Theorem 1.25 implies
that γ cannot be ∗-connected.

Rudin’s conjecture was disproved by Nagel and Stein (1984), who proved the
following surprising results; see [43].

Theorem 1.28 (Nagel and Stein, 1984) There is a family γ of approach regions in
D with the following properties:

• for every w ∈ T, the set γ (w) is a sequence {zw(n)}n∈N of points ending at w;
• for every w ∈ T, limn→∞ dw(zw(n)) = 0;
• γ is rotationally-invariant;
• if f : T →R is Lebesgue integrable, then, for a.e. w ∈ T,

f (w) = lim
n→∞

1

|{eiδ ∈ T : zw(n) ∈ Γ1(eiδ)}|
∫

{eiδ∈T:zw(n)∈Γ1(e
iδ)}

f
(
eiθ

)
dθ.

Theorem 1.29 (Nagel and Stein, 1984) There exists a family γ of approach regions
in D such that

• each γ (w) is a curve in D ending at w;
• γ lies frequently outside of the angular approach;
• γ is rotationally-invariant;
• (aecv) for H∞(D) holds for γ .

Theorem 1.29 is stronger than Rudin’s Theorem, since it shows that γ may be
chosen to be rotationally-invariant.

Theorem 1.30 (Nagel and Stein, 1984) There exists a family γ of approach regions
in D such that

• γ lies eventually outside of the angular approach;
• γ is rotationally-invariant;
• (aecv) for H∞(D) holds for γ .

These results disprove Rudin’s conjecture. They also imply that the family γ

of approach regions constructed in Theorem 1.30 cannot be ∗-connected. Indeed,
for each w ∈ T, γ (w) consists of a sequence of points in D converging to w and
tangential to the boundary of the unit disc. The results of Nagel and Stein imply that
not every such sequence may be used for such a construction.

Theorems 1.29 and 1.30 have the following consequences.
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• In Theorem 1.25, it is not possible to omit the condition that γ is *-connected.
• In Theorem 1.25, it is not possible to relax the condition that γ lies eventually

outside of the angular approach to the condition that it lies frequently outside of
the angular approach.

• Within the collection of all families of regular, ∗-connected approach regions, the
angular approach is optimal (in the sense that “nothing larger will do”), provided
we interpret “larger” in the set-theoretical sense of “lying eventually outside [of
the angular approach]”.

• As soon as we allow families of approach regions that consist of sequences, then
“something larger will do”. This is the so-called Nagel & Stein phenomenon.

We are now ready to go back to the issue of the role played by the regularity
hypothesis in Theorem 1.25. In Rudin (1979), the author also asked the following
question.

Question (Rudin, 1979) Is there a family of approach regions in D for
which (c), (tg), and (aecv) for H∞(D) hold?

This question leads us back again to the issue of the truth-value of the STRONG

SHARPNESS STATEMENT. Rudin conjectured that the answer would be in the neg-
ative. The answer turned out to be outflanking [14].

Theorem 1.31 (Di Biase, Stokolos, Svensson, and Weiss, 2006) Within the ax-
iomatic framework that is currently taken as a foundation of mathematics,4 it is
neither possible to prove nor to disprove the STRONG SHARPNESS STATEMENT. In
other words, the STRONG SHARPNESS STATEMENT is independent of ZFC.

For the details, see [14]. The proof relies on a combination of techniques from
mathematical analysis and modern logic, based upon an insight about the nature of
the link that makes the combination possible. Littlewood could not have possibly
stated this result, since it is based on ideas that appeared after 1927.

Gödel believed that if a meaningful statement can be neither proved nor dis-
proved within a certain axiomatic framework, then one should look for other axioms
that are better suited to capture the mathematical reality which is addressed by the
statement.

Only someone who [. . . ] denies that the concepts and axioms of classical set theory have
any meaning (or any well-defined meaning) could be satisfied with such a solution, not
someone who believes them to describe some well-determined reality. For in this reality
Cantor’s conjecture must be either true or false, and its undecidability from the axioms as
knows today can only mean that these axioms do not contain a complete description of this
reality; and such a belief is by no means chimerical, since it is possible to points out ways in

4To wit: ZFC, i.e., the Zermelo–Fraenkel axioms together with the Axiom of Choice.
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Table 2 A (poetic) analogy

Axiomatic framework Representations of the axioms

Euclid’s axioms Models of Euclidean geometry

The group axioms Groups

A Midsummer night’s dream A representation of this play

The axioms in ZFC

which a decision of the question, even if it is undecidable from the axioms in their present
form, might nevertheless be obtained.5

See [20]. It seems to us that Gödel’s remarks apply equally well to the Strong
Sharpness Statement, if one shares the Platonist viewpoint of Gödel, i.e., if one
believes that holomorphic functions and approach regions do exists somewhere in
the realm of mathematical objects.

How can a theorem such as Theorem 1.31 be proved? Modern mathematical
logic gives us the tools to show that certain statements can be neither proved nor
disproved. The basic idea is familiar: If different models (“representations”) of some
axioms exhibit different properties, then those properties do not follow from the
axioms. Suppose our statement is the parallel postulate. How do we prove that we
cannot prove/disprove it?

DON’TS: Spend time trying to deduce this postulate from the other axioms of Eu-
clidean geometry.

DOS: Find models of Euclidean geometry where this postulate holds/does not
hold.

Similarly, the existence of a non-Abelian group shows that the statement of commu-
tativity cannot be derived from the group axioms.

In order to carry out this scheme, one has to adopt an axiomatic framework.
The currently adopted axioms for mathematics are due to Zermelo and Fraenkel,
together with the axiom of choice. These axioms are known by the acronym of ZFC.
To prove a theorem amounts to deduce the statement of the theorem from ZFC. We
may understand these matters by using the (poetic) analogy in Table 2.

The empty space in Table 1 is filled up by the notion of model of ZFC. Roughly
speaking, a model of ZFC stands to ZFC as, say, a group stands to the group axioms.

If ZFC is consistent, then it has several, different models. Gödel showed, in his
completeness theorem, that a statement can be deduced from ZFC if and only if it
holds in every model of ZFC. In other words, in order to show that a statement
cannot be proved or disproved within ZFC, one has to find one model of ZFC where
the statement does not hold, and another model where the statement holds.

5See [20]. Here Gödel is concerned with Cantor’s conjecture (also known as the Continuum Hy-
pothesis). The “solution” which he refers to was an hypothetical proof of his conjecture that (a gen-
eralized version of) Cantor’s conjecture was actually independent of ZFC. In 1940, Gödel proved
part of this conjecture. The conjecture was proved in full by Cohen in 1963.
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The notion of a model of ZFC can be rather disturbing for working mathemati-
cians, who are used to think (rightly so, in my opinion) that the objects they have
been studying for several or many years do have some well-determined reality and
do exist somewhere in the realm of mathematical objects. As Gödel observed in the
passage quoted above, those who (perhaps unconsciously) nurture this belief should
consider Theorem 1.31 as an indication of the fact that ZFC does not contain a com-
plete description of this reality. One is thus led to hope that new axioms may do a
better job.6

We should perhaps reassure the working mathematicians, since they usually meet
the notion of “a model of ZFC” with the suspicion that these are tricky objects where
weird things happen: In any model of ZFC all our familiar theorems do quietly hold,
no more and no less than in Rudin’s books. See [9, 16, 26] and [34].

Instead, the boundary behavior of functions in H∞(D) is radically different in
different models of ZFC. The following three results will substantiate this claim,
and also prove Theorem 1.31.

Theorem 1.32 (Di Biase, Stokolos, Svensson, and Weiss, 2006) There is a model
of ZFC where there exists a family γ of approach regions such that

• each γ (w) is a curve in D ending at w;
• the curves are tangential to the boundary;
• (aecv) for H∞(D) holds for γ .

Theorem 1.33 (Di Biase, Stokolos, Svensson, and Weiss, 2006) There is a model
of ZFC with the following property: If γ is any family of approach regions in D such
that

• γ is ∗-connected;
• γ lies eventually outside of the angular approach

then there is a function f ∈ H∞(D) such that the set
{
w ∈ T : the limit lim

γ (w)�z→w
f (z) does not exist

}

has full outer linear measure.

The following result can be proved in ZFC, hence it holds in every model of ZFC.

Theorem 1.34 (Di Biase, Stokolos, Svensson, and Weiss, 2006) There exists a fam-
ily γ of approach regions in D such that

• each γ (w) is a curve in D ending at w;
• the curves γ (w) are tangential to the boundary;
• for each f ∈ H∞(D) the set C(f,γ ), introduced in Definition 1.15, has full outer

linear measure in T.

6Gödel himself nurtured this belief.
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We close this section with the following quotation.

Mathematics as (the narrative of) an adventure; [. . . ] a mathematical problem is like a
lantern that can help us to shed light on our path. This viewpoint (more emotional than
rational) leads us to believe that, when a problem turns out to be undecidable, the lantern
burns brighter and enables us to look at the path (and upon our adventure) from above, and
see the farthest regions of the landscape, which perhaps are the axioms (of) ZFC.7

We hope of course to get closer to the “farthest regions of the landscape” and
see what lies beyond, in the new horizon that will then open its view to the working
mathematician.

1.2 The Second Viewpoint

Consider the basic results of the previous section, on the boundary behavior of holo-
morphic functions (in the Hardy spaces Hp(D)), and observe that the holomorphic
Hardy spaces Hp have a natural counterpart in the Hardy spaces hp of harmonic
functions.

Question h (vague version)
Is it possible to obtain corresponding results in the study of the boundary
behavior of harmonic functions (in the Hardy spaces hp)?

A precise definition of the Hardy spaces hp of harmonic functions is needed.

Definition 1.35 (The Hardy spaces of harmonic functions in the unit disc)

• h(D) is the set of real-valued harmonic functions on D.
• h∞(D) is the set {u ∈ h(D) : supz∈D |u(z)| < ∞}.
• hp(D) is the set {u ∈ h(D) : sup0<r<1

∫ 2π

0 |u(reiθ )|p dθ < ∞}.

Observe that

Hp(D) = O ∩ hp(D).

If D ⊂ R
n is a bounded domain,8 then the definition of the Hardy spaces hp(D) of

harmonic functions in D may be given in terms of the Green function of D. Recall
that a real-valued function f defined on D is called harmonic if

7“La matematica come racconto di un’avventura. [. . . ] un problema matematico da risolvere è
come una lanterna che si può usare per illuminare la strada. Allora, da questo punto di vista (e sto
parlando di emozioni non di pensiero razionale) se il problema si rivela non decidibile, la lanterna
finisce per brillare ancora di più, anzi permette di guardare la strada, o l’avventura, dall’alto, in
modo che si possano contemplare i lontani confini del paesaggio, che forse sono gli assiomi di
ZFC.” [19].
8A domain in a topological space is an open and connected set.
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n∑

k=1

∂2f

∂xk
2

= 0,

where x = (x1, x2, . . . , xn) ∈ R
n. Denote by G(x,y) the Green function of D, and

fix x0 ∈ D. If r > 0 then the superlevel set {z ∈ D : G(x0, z) > r} is denoted by Dr .
The boundary of Dr is the level set bDr = {z ∈ D : G(x0, z) = r}.

Definition 1.36 (The Hardy spaces of harmonic functions on bounded domains) Let
D ⊂ R

n be a bounded domain.

• h(D) is the set of real-valued harmonic functions on D.
• h∞(D) is the set {u ∈ h(D) : supz∈D |u(z)| < ∞}.
• hp(D) is the set of all functions u ∈ h(D) such that

sup
0<r

∫

bDr

∣∣u(w)
∣∣pωr(dw) < ∞

here ωr(dw) denotes harmonic measure for Dr with pole at x0 (see infra).

For example, if D = Bn ⊂ R
n is the ball Bn = {x ∈R

n : x2
1 + x2

2 +· · ·+ x2
n < 1},

then the Hardy spaces hp(Bn) of harmonic functions on Bn are defined by the fol-
lowing growth condition:

sup
0<r<1

∫

Sn

∣∣u(rw)
∣∣pω(dw) < ∞,

where Sn is the boundary of Bn and ω is “surface” measure on Sn, i.e., the normal-
ized Hausdorff (n − 1)-dimensional measure on Sn.

It is now possible to give a more precise version of Question h.

Question h in the unit disc Consider the boundary behavior of harmonic
functions in the unit disc (belonging to the Hardy spaces hp(D)): Are there
results corresponding to those obtained for the holomorphic Hardy spaces
Hp(D)?

This problem is natural enough and, indeed, it has been posed at an early stage
in the development of the subject. For example, the work of Hardy and Littlewood
(where the quantitative estimate in Theorem 1.13 is proved) is already set in the
real-variable, potential-theoretic framework of harmonic functions.9

Question h inherently leads to a more general version of itself.

9The maximal operator, a fundamental real-variable construct, has been introduced and exploited
precisely in this paper. See also [59].
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Question h in higher dimensions Consider the boundary behavior of har-
monic functions defined on smoothly bounded domains D ⊂ R

n (belonging to
the Hardy spaces hp(D)). Are there results corresponding to those obtained
for the holomorphic Hardy spaces Hp(D)?

We are thus led to the following more general problem.

Question h in higher dimensions with rough boundary Consider the
boundary behavior of harmonic functions defined on domains D ⊂ R

n (be-
longing to the Hardy spaces hp(D)). Are there results corresponding to those
obtained for the holomorphic Hardy spaces Hp(D), even for domains with
rough boundary? Relax the smoothness assumptions on the boundary of the
domain D as much as possible.

The first lucid statement of this problem is due to E.M. Stein (1962).

[. . . ] it would be desirable to extend these results by considering non-tangential behavior for
sets lying on more general hyper-surfaces. Presumably this could be done without too much
difficulty if the bounding hyper-surface were smooth enough. It would be of definite inter-
est, however, to allow the most general bounding hyper-surface for which non-tangential
behavior is meaningful. Hence, extension of these results to the case when the bounding
hyper-surface is of class C1 would have genuine merit. Whether this can be done is an open
problem.

It is important to point out that the domains considered in these studies are not
necessarily endowed with a group structure (suitably acting on the domain itself),
and have rank one. Here rank one means, roughly speaking, that essentially only
one “radius” can be issued from a boundary point inside the domain.

1.2.1 Motivations

Before we enter a little deeper in these matters, and see the answer that have been
given to these questions, let us look at some of the original motivations that have
prompted mathematical research in this subject.

There are at least three closely allied motivations for Question h in higher dimen-
sions.

Zygmund’s Vision Firstly, we have to recall Zygmund’s efforts to extend the
central results of harmonic analysis to higher dimensions. Indeed, the extension to
harmonic functions in several variables of the results obtained for Hp(D) is due,
to an essential extent, to the development of Zygmund’s vision, by the Chicago
school of analysis. The difficulty here is that some of the results on the boundary
behavior of holomorphic functions (in the Hardy spaces) have been proved using
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complex analytic tools (such as the Riemann mapping theorem) that are not avail-
able in higher dimensions. Therefore, the first task has been that of recapturing
these results without using complex analysis. For example, the result of Privalov,
given in Theorem 1.11, has actually been formulated and proved not only for the
unit disc, but also for planar domains with rectifiable boundary. However, the proof
given by Privalov used the Riemann mapping theorem (of which there is no higher-
dimensional version), and therefore could not be adapted to harmonic functions in
higher-dimensional domains.

The Hilbert Transform and Fourier Series Classical one-dimensional Fourier
analysis lives in the boundary of the unit disc and has been another motivation for
adopting a real-variable viewpoint in phenomena of boundary behavior. It is useful
to see how the need for a real-variable approach arose. Here a major player has been
the Moscow school of function theory, led by Egorov and Luzin.10 Recall that, if
f is an integrable function on T, then the Hilbert transform of f is the singular
integral operator

H(f )
(
eix

) = − 1

2π

∫ π

−π

f (ei(x+u))

tan(u
2 )

du

where the integral (whenever it exists) is interpreted as a principal value.11 Luzin
(1913, 1915) proved that this limit exists almost everywhere, provided f is square-
summable, and that it is equal (almost everywhere) to the boundary values of the
harmonic function that is conjugate to Pf . Privalov (1918) employed Theorem 1.5
(the basic result on the boundary behavior of holomorphic functions) in order to
extend Luzin’s result to functions f that are merely integrable on T. Now, the partial
sums Sn(f ) of the Fourier series of f are linked to the Hilbert transform by the
formula

Sn(f ) = sinn H(f cosn) − cosn H(f sinn) + o(1),

where sinn(x) = sin(nx), cosn(x) = cos(nx), and o(1) → 0 as n → ∞ uniformly
in T (see [39] and [40]). Luzin suspected that

[the convergence of the singular integral defining the Hilbert transform in T, due to] a
certain interference of positive and negative values [. . . ], should be considered as an actual
cause for the a.e. convergence of Fourier–Lebesgue series [of L2 functions].

Luzin believed that, in order to prove his conjecture, one had to understand the
properties of the Hilbert transform without entering inside the unit disc, i.e. without
using complex analysis. Here lie one of the earliest motivations for the search of the
real-variable roots of central results in harmonic analysis.

The (Classical) Dirichlet Problem In the classical Dirichlet’s problem one has
to determine a function that is harmonic in a given domain, and has prescribed

10It is not a coincidence that Privalov also proved some of the first results on the boundary behavior
of (sub)harmonic functions in domains D ⊂ R

3. See for example [31].
11This means that it is interpreted as the limit value limε↓0(

∫ −ε

−π
+ ∫ π

ε
).
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values at the boundary. This boundary value problem is inherently apt to be posed
for higher-dimensional domains.

1.2.2 Two Further Questions

Two further questions contributed to shape the subject.

Question h and probability theory Is it possible to understand (at least
in part) the boundary behavior of harmonic functions using probabilistic no-
tions?

The answer turned out to be in the positive. The tool here is an appropriate diffu-
sion process (Brownian motion), although one may also adopt, as a discrete coun-
terpart, an appropriate Markov process (see infra).

Question h with intrinsic methods Study the boundary behavior of har-
monic functions defined on domains D that are defined by intrinsic properties,
rather than by an embedding in Euclidean spaces.

A suggestive answer to this problem has been given by Ancona in 1987. See [3].

1.2.3 The Dirichlet Problem for the Unit Disc

In order to see the answers that have been given to these questions, it is useful to
look in some detail at the classical Dirichlet’s problem.

The classical Dirichlet’s problem for D is the problem of determining a function
that is harmonic in the unit disc, and has prescribed values at the boundary. More
precisely, if f is the function, defined on T, that encodes the prescribed boundary
values, then we seek an unrestricted harmonic extension of f to D, i.e., a function
Pf , defined on D and harmonic therein, such that

lim
D�z→w

Pf (z) = f (w), ∀w ∈ T. (2)

The maximum principle implies that the classical Dirichlet problem has at most one
solution. If the classical Dirichlet problem for D has a solution, then the boundary
datum f has to be a continuous function on the boundary (because here we have
unrestricted convergence). The following result shows that, in the unit disc, the con-
tinuity of the boundary function is also sufficient.

Theorem 1.37 (Prym 1871, Schwarz 1872) The classical Dirichlet problem for the
unit disc has a solution for each continuous boundary function. The solution is given
by the Poisson integral of f
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Pf (z) = 1

2π

∫ 2π

0

1 − |z|2
|eiθ − z|2

f
(
eiθ

)
dθ (z ∈ D). (3)

Hence the boundary limit (2) recaptures a continuous boundary function from
its Poisson integral. The boundary limit in (2) is called unrestricted because no
restriction on z is required, apart from the necessary requirement that it belongs
to D.

Observe that the Poisson integral Pf in (3) makes also sense when the boundary
function f is assumed to be merely Lebesgue integrable, rather than continuous. In
1906, just a few years after the introduction of Lebesgue measure, Fatou published
a seminal memoir [17], where he treated the following natural question.

An Inversion Problem for f �→ Pf Is it possible to recapture f from Pf

when f is assumed to be merely Lebesgue integrable, rather than continuous?

If the answer were positive, then the Poisson integral Pf could be seen as a
solution, in a wide sense, of the Dirichlet problem. Significantly, Fatou was also
interested in the problem of recapturing a (Lebesgue integrable) function from the
sequence of its Fourier coefficients. The link between these two inversion problems
is not merely formal. Indeed, several results on Fourier series were proved for the
first time by “entering inside the unit disc” and using results on the boundary behav-
ior of harmonic, or holomorphic, functions.12

Since a Lebesgue integrable function is only defined almost everywhere, we can
only hope to recapture f from Pf at almost every point. According to a result of
Lebesgue, for almost every point w ∈ T the value f (w) is equal to the limit value of
the average of f on small boundary intervals containing w (as the intervals “shrink”
to the point). These points are called the Lebesgue points of f . Fatou showed that
the angular limit of Pf exists, and equals f , at every Lebesgue point of f .

Theorem 1.38 (Fatou 1906) If f is a Lebesgue integrable on T, and w ∈ T, then

if w is a Lebesgue point of f then (Pf )�(w) = f (w).

In particular, (Pf )�(w) = f (w) almost everywhere.

A Lebesgue integrable function on T may thus be recaptured from its Poisson
integral, which may be seen as a solution, in a wide sense, of the Dirichlet problem.
Theorem 1.38 hints at the following general principle. See [59].

12The study of the boundary behavior of holomorphic and harmonic functions has remained dear to
the heart of many harmonic analysts, even in cases where the boundary exhibits no group structure.
Indeed, the study of these cases have led to an understanding of boundary behavior from the view-
point of real-analysis. It has also led to the construction of (real-variable) tools that have proved to
be most efficient in these studies. See [18, 59].
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Fatou’s Principle The “differentiability” properties of a boundary function
f at a point w ∈ T positively affect the boundary behavior of Pf at w: higher
regularity of f implies better boundary behavior of Pf .

The following result follows from Theorem 1.38 and is virtually due to Fatou
(1906). It shows that a Fatou-type theorem for h∞(D) does indeed hold.

Theorem 1.39 If u ∈ h∞(D) then the angular limit u�(w) exists for a.e. w ∈ T.

An answer to the other questions has been found by delving deeper into the
Dirichlet problem and by looking to higher dimensions.

1.2.4 The Dirichlet Problem for Bounded Domains in R
n

The classical Dirichlet problem for the unit disc is a special case of a more general
problem. If D ⊂ R

2 is a bounded domain, the classical Dirichlet problem for D is
defined just as in the case of the unit disc, mutatis mutandis. Indeed, it is enough to
replace D with D, and T with bD, the geometric boundary of D.

The maximum principle for harmonic functions implies that the classical Dirich-
let problem for a bounded domain D has at most one solution. Moreover, it implies
that, if the classical Dirichlet problem has a solution, then the boundary datum f

has to be a continuous function on the boundary. Is continuity a sufficient condition
for a solution to exist, in this generality?

Motivations There are at least three reasons that explain why the Dirichlet prob-
lem has kept mathematicians busy for several decades.

• Firstly, it all started with Riemann. The existence of a solution to the Dirichlet
problem for a planar domain D was invoked by Riemann (1851) in order to prove
that if D ⊂ R

2 is bounded simply connected domain, then it is conformally equiv-
alent to the unit disc. However, in 1870 Weierstrass pointed out that the variational
argument, used by Riemann to establish the existence of a solution, appeared to
be incomplete. As we have seen, the first proofs that the classical Dirichlet prob-
lem for the unit disc can be solved were given by Prym (1871) and Schwarz
(1872), after mistaken attempts made by Neumann (1865) and Hankel (1870).
See [52, 57, 58].

• There is no higher-dimensional version of the Riemann mapping theorem, but
there is, as we have seen, a natural higher-dimensional version of the Dirichlet
problem (set in bounded domains in R

n). This more general problem has exerted
a fascinating influence and has pushed mathematical research for several decades,
also because of its connections with various fields.

• The Dirichlet problem (for planar domains as well as for domains in R
3 and

R
n) plays an important role in many problems of mathematical physics. In 1890,

Poincaré published an influential work on these aspects [50].
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The Classical Solution Operator Let D ⊂ R
n be a bounded domain. The fol-

lowing notation will be used.

C(bD) is the Banach space of real-valued continuous functions defined on T.
Ch(bD) is the set of f ∈ C(bD) for which the classical Dirichlet problem has a

solution.

Definition 1.40 If D ⊂ R
n is a bounded domain, then (the boundary of) D is called

regular (for the Dirichlet problem) if the classical Dirichlet problem for D has a
solution for each continuous real-valued boundary function. The classical solution
operator

P : Ch(bD) → h(D)

maps f ∈ Ch(bD) to the solution Pf of the classical Dirichlet problem with bound-
ary values f .

The set Ch(bD) is nonempty, since it contains constant functions and the re-
strictions of harmonic polynomials. The maximum principle for harmonic functions
implies that

• the set Ch(bD) is a closed subspace of C(bD);
• the operator P : Ch(bD) → h(D) is positive and linear.

We have already observed that if the classical Dirichlet problem has a solu-
tion, then the boundary datum f has to be a continuous function on the boundary.
However, the continuity of f may not be enough to ensure the existence of a so-
lution in the classical sense. This fact was shown by examples given in 1911 by
Zaremba [66] and in 1912 by Lebesgue [36]. The following regularity criterion is
useful.

Theorem 1.41 If D ⊂ R
n is a bounded domain, then the following conditions are

equivalent:

• D is regular for the Dirichlet problem, i.e. Ch(bD) = C(bD);
• Ch(bD) is dense in C(bD) with respect to the uniform norm;
• if f and g belong to Ch(bD) then fg belongs to Ch(bD).

A version of Theorem 1.41 is contained in Riemann’s Habilitationsschrift, writ-
ten in 1854, devoted to the problem of recapturing a periodic function from the
sequence of its Fourier coefficients. Riemann had understood that the following two
statements are equiveridical:

(i) the unit disc is regular for the Dirichlet problem;
(ii) trigonometric polynomials13 are dense in C(bD).

13Indeed, a trigonometric polynomial f (θ) = 1
2 a0 + ∑N

k=1(ak cos kθ + bk sin kθ) belongs to

Ch(T), since the function, whose value at z = reiθ ∈ D equals to 1
2 a0 + ∑N

k=1(ak cos kθ +
bk sin kθ)rk , is the unrestricted harmonic extension of f .
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In 1897, Volterra observed that the second statement was virtually within the
reach of the knowledge available in 1854.14

The Generalized Solution Operator The inclusion Ch(bD) ⊂ C(bD) is proper
precisely when D is not regular. In these cases, if we try and extend P to an operator
�P defined on all of C(bD), as in the following diagram,

(4)

then it is not possible to obtain such an extension that would also preserve (2). In
other words, if D is not regular (for the Dirichlet problem), then it is not possible
to define �P in such a way that the diagram in (4) commutes, and, moreover, ensure
that

lim
D�z→w

�Pf (z) = f (w) (5)

for each f ∈ C(bD) and each w ∈ bD. The following theorem is the result of var-
ious decades of efforts. It is a remarkable result.15 Indeed, it is plausible that an
extension of P to C(bD) should exist, but no special meaning could a priori be
attached to it, if it were not unique.16

Theorem 1.42 (Wiener 1924, Perron 1923, Remak 1924, Keldych 1945) Let
D ⊂ R

n be a bounded domain. There exists one and only one operator

�P : C(bD) → h(D)

with the following two properties:

(i) �Pf = Pf for each f ∈ Ch(bD);
(ii) �P is linear and positive.

14Indeed, since continuous functions on T are uniformly continuous, they may be approximated
in the uniform norm by piecewise linear functions, which are piecewise monotonic and to which,
therefore, a theorem of Dirichlet (1829) on Fourier series applies. See [64]. Riemann’s insight,
as well as many others, remained hidden for some time in his work. Weierstrass gave the first
published proof of the second statement, but his proof was not the one indicated by Volterra.
15The uniqueness part of this theorem means that there is indeed an operator �P that extends P , and
which is not merely the result of some (arbitrary) construction, since it has an intrinsic meaning.
The first constructions of �P appear in [48, 53, 65]. The uniqueness is due to Keldych, a work that
is curiously ignored by most treatises on potential theory and harmonic measure. See [28, 29].
16Some authors apply the Hahn-Banach theorem, but this method does not yield uniqueness.
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Probabilistic Counterpart The following proof of the existence of the operator
�P is due to Kakutani, and has the virtue that it brings to light in a natural way
the probabilistic counterpart of �P . Suppose, for notational simplicity, that D ⊂ R

2,
denote by �D the closure of D, and define the operator

K : C(�D) → C(�D) (6)

as follows:

Kϕ(z) =
{

1
2π

∫ 2π

0 ϕ(z + dist(z)
2 eiθ ) dθ if z ∈ D,

ϕ(z) if z ∈ bD

where ϕ ∈ C(�D) and dist(z) = distance(z, bD) = min{|z − w| : w ∈ bD}. Denote
by Kn the composition of K with itself n times. If f ∈ C(bD), let ϕ be any contin-
uous extension of f to �D. Define �Pf as limn→∞ Knϕ. Indeed, one can prove that
this limit exists in the topology of uniform convergence in C(�D), is harmonic on D,
and only depends on f .

The operator K defined in (6) is linked to a Markov process that is a discrete
version of Brownian motion. Indeed, f ∈ C(bD) can be recaptured from �Pf , even
if D is not regular, by way of Brownian motion, a diffusion process strongly linked
to harmonic functions, as the following result shows.

Theorem 1.43 Let D ⊂ R
n be a bounded domain and let f ∈ C(bD). Then almost

every Brownian path from a point of D tends to a point w ∈ D depending on the
path, and �Pf evaluated along the path has limit f (w).

The domain in Theorem 1.43 is not assumed to be regular for the Dirichlet prob-
lem. Theorem 1.43 shows that we may recapture a boundary function f by way of
evaluating �Pf along Brownian paths in D.

We now go back to the unrestricted approach to the boundary.

Regular Points for the Dirichlet Problem Let D ⊂ R
n be a bounded domain.

A point w ∈ bD is called regular (for the Dirichlet problem) if (5) holds for each
f ∈ C(bD).

Observe that D is regular if and only if each point of bD is regular.

Theorem 1.44 Let D ⊂ R
n be a bounded domain, and let w ∈ bD. The following

conditions are equivalent:

• w is regular;
• there is a strictly positive superharmonic function u on D such that

lim
z→w

u(z) = 0;

• limz→w GD(x, z) = 0, for some (equivalently every) point x ∈ D, where GD is
the Green function of D with pole x.



232 F. Di Biase

See [15, Chapter 1.VIII]. The following geometrical conditions ensure regularity.

Theorem 1.45 Let D ⊂ R
n be a bounded domain. Let w ∈ bD, and assume that

either one of the following conditions holds:

• there is a closed ball which meets the closure of D at w but at no other point;
• n = 2 and w is the endpoint of a simple continuous arc which is contained in
R

2 \ D except for w.

Then w is regular.

The following result shows that the irregular points are not too many.

Theorem 1.46 (Kellogg 1928, Evans 1933) If D ⊂ R
n is a bounded domain, then

the set of irregular points has capacity zero.

A bridge between the geometry of the domain and the operator �P : C(bD) →
h(D) is given by the notion of harmonic measure.

Harmonic Measure The following notation will be used, where D ⊂ R
n is a

bounded domain.

B(bD) The σ -algebra of Borel subsets of bD is denoted by B(bD).
C∗(bD) Let C∗(bD) denote the dual of C(bD).
C∗+(bD) We denote by C∗+(bD) ⊂ C∗(bD) the cone in C∗(bD) consisting of

the positive linear functionals on bD. An element of C∗+(bD) may and
will be identified to a positive measure defined on B(bD). The value of
μ ∈ C∗+(bD) at f ∈ C∗(bD) is denoted by 〈μ,f 〉 if μ is seen as a lin-
ear functional, and by

∫
bD

f (w)μ(dw) if μ is seen as a positive Borel
measure.

C∗
1 (bD) We denote by C∗

1 (bD) the convex subset of C∗+(bD) consisting of prob-
ability measures on bD.

Finally, the Dirac embedding

ε : bD → C∗
1 (bD) (7)

is the function that maps w ∈ bD to the Dirac measure εw concentrated at w. The
set {εw : w ∈ bD} is the set of the extreme points of C∗

1 (bD).

Definition 1.47 Let D ⊂ R
n be a bounded domain. The harmonic measure in D is

the harmonic function17

ω : D → C∗
1 (bD) (8)

17Observe that the function ω : D → C∗(bD) is harmonic, in the sense that it is continuous and

it has the mean-value property, i.e., ω(z) = 1
2π

∫ 2π

0 ω(z + reiθ ) dθ for all z ∈ D, with r > 0 small
enough, where the integral is interpreted in the natural way.
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such that

�Pf (z) = 〈ωz,f 〉 =
∫

bD

f (w)ωz(dw)

for each f ∈ C(bD) and each z ∈ D (where we write ωz for ω(z)).

The Borel probability measure ωz on bD is called the harmonic measure for D

with pole z. If we need to emphasize the dependence of ωz on the domain D, we
write

ωz(A|D)

instead of ωz(A), where A ∈ B(bD).
The harmonic function ω : D → C∗

1 (bD) relates the operator �P : C(bD) → h(D)

to the geometry of the domain. For example, Theorem 1.46 implies that18

lim
D�z→w

ωz = εw (9)

for quasi every points w ∈ bD. Indeed, w ∈ bD is regular if and only if (9) holds.

Harmonic Null Boundary Sets The maximum principle for harmonic functions
implies that if A ∈ B(bD), and ωz0(A) = 0 for some z0 ∈ D, then ωz(A) = 0 for
each z ∈ D. See [15, Chapter 1.VIII]. It follows that the notion of “boundary Borel
subset of harmonic measure zero” is well-defined, in the sense that it does not de-
pend on the choice of the pole.

ω-Measurable Boundary Subsets The preceding remark implies that the
measure-theoretic completion of the σ -algebra B(bD), with respect to harmonic
measure, does not depend on the choice of the pole: This σ -algebra will be denoted
by R(bD). Its elements are the resolutive boundary subsets. Hence a boundary sub-
set A is resolutive if and only if there exist boundary Borel subsets B1 and B2 such
that B1 ⊂ A ⊂ B2 and B2 \ B1 has harmonic measure zero.

The σ -algebra B(bD) is strictly contained in R(bD), and the measure ωz ex-
tends in a unique way to R(bD). The sets in R(bD) are also called ω-measurable,
or measurable with respect to harmonic measure.

The following result helps us cope with measurability issues of boundary subsets
that are not Borel.

Analytic Boundary Subsets are ω-measurable Recall that a subset of bD is
called analytic if it is the continuous image of the Baire space.19 Every Borel set

18Loosely speaking, ω is a harmonic extension to D of the Dirac embedding given in (7), and ω

embeds D in the convex (and weak* compact) set C∗
1 (bD).

19The Baire space is the set of all (infinite) sequences of natural numbers, endowed with the product
topology, where N is taken discrete.
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is analytic, but there are analytic sets that are not Borel.20 A theorem of Luzin and
Sierpinski implies the following useful result.

Theorem 1.48 If D ⊂ R
n is a bounded domain, then every analytic set in bD is

measurable with respect to harmonic measure.

Theorem 1.48 is useful to deal with boundary subsets that are analytic but not
Borel.

The following result (Theorem 1.49, due to Beurling, and curiously omitted from
major treatises on harmonic measure) illustrates the fact that harmonic measure re-
lates the operator �P with the geometry of the domain. See [4].

Beurling’s Estimate The quantity

dA(z) = distance(z, bD)

distance(z,A)
= min{|z − w| : w ∈ bD}

inf{|z − a| : a ∈ A}
(where z ∈ D and A ⊂ bD), is a normalized distance to the boundary, with the
distance from z to A serving as normalizing term. Observe that 0 < dA(z) � 1.

Theorem 1.49 Let D ⊂ R
2 be a bounded domain in the plane, and let A ⊂ bD be

measurable for harmonic measure. Then

ωz(A) � 4

π
arctan

√
dA(z).

Beurling proved Theorem 1.49 by using deep tools of complex-analysis.21

1.2.5 Stolz Approach Regions for Harmonic Functions of Several Variables

We have seen that, in its original formulation, the classical Dirichlet problem can-
not be solved for every bounded domain D ⊂ R

n and every continuous boundary
function. However, it is useful to look at a weaker form of the Dirichlet problem.

A Weak Form of the Dirichlet Problem Determine a function �Pf that is har-
monic in a given bounded domain D ⊂ R

n, and has prescribed continuous boundary
values f ∈ C(bD), in the sense that f can be recaptured from �Pf by taking bound-
ary values by some appropriate method.

This weaker problem can be solved for every bounded domain D ⊂ R
n and every

f ∈ C(bD). The solution to this weaker problem is the map �P : C(bD) → h(D)

20Lebesgue [35, pp.191–192] claimed, by a simple, short, but false argument, that the projection
on the x-axis of a Borel subset of R2 is obviously Borel. Suslin showed that this claim is false [61,
Theorem V].
21Is it possible to prove Theorem 1.49 (or a weaker form) by only using potential-theoretic tools?
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described in Theorem 1.42. So far we have seen three “appropriate methods” that
can be used to recover f from �Pf :

• Brownian motion (or its discrete version, given by Kakutani’s Markov chain),
where one evaluates �Pf along Brownian paths (ending at boundary points);

• unrestricted boundary values (to be used at regular points);
• angular limits, to be used at Lebesgue points in the unit disc.

We will now dwell on the third method listed above. So far we have seen in ac-
tion the third method listed above in the unit disc, where it is strongly linked to
Fatou’s Principle, enunciated in Sect. 1.2.3. It is possible to apply it for more gen-
eral bounded domains in R

n? In order to do so, we need a notion of “non-tangential
approach region” for a bounded domain D in R

n. The following natural questions
are also strongly linked to this one.

For which bounded domains D ⊂ R
n it is possible to define the notion of

“non-tangential” approach region that is relevant in the boundary behavior of
harmonic functions (in the Hardy spaces)?

As in Definition 1.1, we denote by P(D) the collection of all subsets of D. An
approach region in D at w ∈ bD is an element of P(D) whose closure (in the
ambient space R

n) contains w. Let Dw be the set of all approach regions in D at w.
Let us first look at the ball Bn = {x ∈R

n : x2
1 + x2

2 + · · · + x2
n < 1}. In this case, the

notion of “Stolz approach region” may be formulated as follows.

Definition 1.50 If D is the unit ball in R
n then a Stolz approach region at w ∈ bD

in D is the intersection of the following three sets:

• the domain D itself;
• an open cone of revolution with vertex w, axis of rotation the inner normal to the

boundary at w and half-angle less than π/2;
• a ball in the ambient space R

n centered at w and sufficiently small radius.

We denote by STOLZw the collection of all the Stolz approach regions at w in D.
Hence STOLZw ⊂ Dw . If z ∈ D converges to w through a Stolz approach region
at w, then z fails to be tangential to the boundary, in the sense that dw(z) stays
bounded away from zero.22 If ϕ be a complex-valued function defined on D, and
w ∈ bD, then we say, as in Definition 1.4, that the angular limit of ϕ exists at w,
or that ϕ�(w) exists, if the limit value lim∇�z→w ϕ(z) exists for each ∇ ∈ STOLZw .
This limit value (when it exists) is independent of ∇ and is denoted by ϕ�(w).

Similar definition can be given when the boundary of D is smooth, or even
merely Lipschitz.

22Here dw(z) = distance(z,bD)

distance(z,w)
is the normalized distance to the boundary, analogous to (1).
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Let f be a real-valued function defined on the boundary of the unit ball in R
n,

and assume that f is integrable with respect to “surface” measure ω.23 The notion
of “Lebesgue point” of f is defined with respect to the “balls” in bD of the natural
isotropic metric induced on bD by restriction of the Euclidean metric of the ambient
space. The following result was obtained at an early stage. See [62].

Theorem 1.51 (Tsuji) Let f be a real-valued function defined on the boundary of
the unit ball in R

n. If f is integrable with respect to surface measure and w ∈ bD

is a Lebesgue point of f , then

(�Pf )�(w) = f (w),

i.e., the angular limit of �Pf exists and equals f (w) through any Stolz approach
region in D at w.

Theorem 1.51 extends and includes Theorem 1.38. The following result follows
from Theorem 1.51 just as Theorem 1.39 follows from Theorem 1.38.

Theorem 1.52 Let u ∈ h∞(Bn), where Bn is the unit ball in R
n. Then u�(w) ex-

ists for almost every point in the boundary of the unit ball (with respect to surface
measure).

Tsuji also obtained the quantitative estimate of Hardy–Littlewood in the unit ball.
See [63].

In 1982, Jerison and Kenig introduced the class of NTA domains in R
n. See

[27]. We will not give the precise definition here. The following facts explain the
importance of the class of NTA domains.

• Every Lipschitz domain is an NTA domain.
• There are NTA domains that are not Lipschitz. For example, the von Koch

snowflake domain is an NTA domain, but it is not Lipschitz.
• The boundary of an NTA domain need not admit a tangent hyperplane. For ex-

ample, the von Koch snowflake is an NTA domain but it is not rectifiable. In par-
ticular, any attempt to define the “non-tangential” approach regions using open
cones of revolution (as in the case of the unit ball) will fail, in this generality. For
example, almost every point in the boundary of the von Koch snowflake (with
respect to harmonic measure) is a twist point, and therefore it is not sectorially
accessible.24

• If D ⊂ R
n is an NTA domain and w ∈ bD, then the approach regions that are

relevant in the study of the boundary behavior of harmonic functions in D are
defined as follows, for n > 1:

Γn(w) =
{
z ∈ D : dw(z) >

1

n

}
.

23The “surface measure” ω is the (n − 1)-dimensional Hausdorff measure restricted to bD.
24This means that it is not the vertex of any open triangle contained in the domain.
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• Jerison and Kenig proved a Fatou-type theorem for functions in hp(D), with 1 �
p � ∞, where D ⊂ R

n is an NTA domain. Here the almost everywhere result is
expressed in terms of harmonic measure.

• Jerison and Kenig also proved a result of Privalov-type for NTA domains (in the
spirit of Theorem 1.11). A result of Plessner-type for NTA domains (in the spirit
of Theorem 1.12) follows from the former, if one pays some attention to certain
measurability issues.

• Jerison and Kenig also proved a Hardy–Littlewood estimate (similar to the one
given by Theorem 1.13) in the context of NTA domain.

• A Littlewood-type result (in the spirit of Theorem 1.25) also holds for NTA do-
mains. See [14].

The unit disc is an NTA domain, and these results, once we set them in the unit
disc, give a fairly precise answer to Question h in higher dimensions (with rough
boundary), posed at the beginning of Sect. 1.2.

2 Return to Holomorphic Functions

Now the natural question is whether these results also hold in the study of the bound-
ary behavior of holomorphic functions (in the Hardy spaces) for bounded domains
D ⊂ C

n. Here, as before, we set25

Hp(D) = O(D) ∩ hp(D),

where O(D) is the space of all holomorphic functions defined on D.

Korányi’s Results The first surprising result is due to Korányi in 1969. See [30].
Let

B = {
z ∈ C

n : |z1|2 + |z2|2 + · · · + |zn|2 < 1
}

and, for w ∈ bB and n > 1, define26

Kn(w) =
{
z ∈ B : distance(z, bB)

distance(z, τw)
>

1

n

}
,

where τw is the complex tangent space to bB at w. What is the shape of Kn(w)?
Since τw is the maximal complex subspace of the tangent hyperplane to bB at w, if
z → w and z ∈ Kn(w), then dw(z) may actually converge to 0, provided z − w is
orthogonal to w in the sense of the Hermitian inner product of Cn. Therefore Kn(w)

is actually tangential to the boundary in the complex tangential directions. Korányi

25A different, somehow unyielding, definition of Hardy spaces of holomorphic functions for do-
mains in C

n is due to Lumer. See [55] and references therein.
26This definition is due to Stein. See also [25].
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proved that every function F ∈ Hp(B) converges a.e. through Kn to F�. This is a
result of Fatou-type. This result was surprising because the approach regions Kn

are actually tangential to the boundary (in the complex tangential directions).

Stein’s Results Stein showed that it is possible to define approach regions in the
spirit of Kn for any bounded domain D in C

n with smooth boundary. We shall also
denote these approach regions by Kn; see [60]. Moreover, he showed that every
F ∈ Hp(D) converges a.e. through Kn to F�, and also proved a Hardy–Littlewood
type inequality for Kn.

The Optimality Issue for the Fatou-Type Theorem Here, as before, one may
ask whether the approach regions Kn are optimal. In other words, whether a result
of Littlewood-type (in the spirit of Theorem 1.17) holds for them. A more precise
version of this question will be given momentarily.

Notation We denote by K•(w) the sequence {Kn}n(w).

Definition 2.1 Let D ⊂ C
n be a bounded domain with smooth boundary. Let w ∈

bD. Let A ⊂ D, and assume that w belongs to the closure of A. We say that A lies
eventually outside of K•(w) if the following condition holds:

For every n > 1, the set A has a tail27 at w which is disjoint from Kn(w).

D’Angelo’s Domains We denote by DA the class of all bounded domains D in
C

n that are pseudoconvex, have smooth boundary, and are of finite type in the sense
of D’Angelo. See [10].

Conjecture 2.2 Let D ∈ DA. Let γ be a family of approach regions in D. Assume
that γ is ∗-connected,28 that γ is regular,29 and that the set

E := {
w ∈ bD : γ (w) lies eventually outside K•

}

has positive outer measure. Then there is a bounded holomorphic functions on D

which, for a.e. w ∈ E, fails to have limits through γ .

As a matter of fact, this conjecture is compatible with all results obtained so far
in the area. In particular, it is compatible with results of Hakim and Sibony (1983);
see [21] and [24], which are set in the unit ball B.

Caveat Let us assume for a moment that Conjecture 2.2 turned out to be true. Then
this would not be the end of the story! In order to make this point precise, we have
to look at a subclass of DA.

27A tail of A at w is a subset of D of the form {z ∈ D : z ∈ A, |z − w| < r}, for some r > 0.
28As in Definition 1.23.
29Recall that this condition means that the γ -shadow of any open subset of D is a measurable
subset of the boundary. See Definition 1.21.
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Convex D’Angelo’s Domains Let us denote by CDA the class of all bounded
domains D in C

n that are convex, have smooth boundary, and are of finite type in
the sense of D’Angelo. See [5] and [42]. Observe that

CDA ⊂ DA.

The Adapted Approach Regions for CDA Let D ∈ CDA. Then there exist in
D still other approach regions that enter in the picture in a somewhat subtle man-
ner. See [12]. We shall call these approach regions adapted,30 and denote them by
Cn(w), where n > 1 and w ∈ bD. The following facts might at first appear confus-
ing to the reader but should eventually clarify the picture.

(i) A Fatou-type convergence result holds for C•, i.e., every F ∈ Hp(D) con-
verges to F� a.e. through Cn.

(ii) If w ∈ bD is only weakly pseudoconvex,31 then, for each n > 1, the set Cn(w)

is essentially larger than K (w), i.e., Cn(w) contains a curve ending at w that
lies eventually outside of K•(w).

(iii) a.e. w ∈ bD is strongly pseudoconvex.
(iv) If w ∈ bD is strongly pseudoconvex, then C•(w) is equivalent to K•(w), in

the sense that

• for each n > 1 there exists j > 1 such that Cn(w) has a tail at w which is
contained in Kj (w);

• for each n > 1 there exists j > 1 such that Kn(w) has a tail at w which is
contained in Cj (w).

(v) The Hardy–Littlewood inequality holds for C•, i.e., for each p ∈ (0,∞) and
each n > 1, there exists c = c(p,n) such that, if F ∈ Hp(D), then

∫

bD

sup
z∈Cn(w)

∣∣F(z)
∣∣pω(dw) � c

∫

bD

∣∣F�(w)
∣∣pω(dw),

where ω is the normalized surface measure on bD and F�(w) is the angular
limit of F at w.

(vi) C• is distributionally larger than K•, i.e., for each n > 1, there is no constant
c > 0 such that the inequality

ω
({

w ∈ bD : sup
z∈Cn(w)

ϕ(z) > λ
})

� cω
({

w ∈ bD : sup
z∈Kn(w)

ϕ(z) > λ
})

holds for each function ϕ : D → [0,+∞) and for each λ > 0. In other words,
the distribution function of supCn(·) |f | is not bounded in terms of the distribu-
tion function of supKn(·) |f |.

30We prefer to avoid the term admissible, since the latter has been used during the years to denote
different objects.
31See [32].
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One may ask: What is the point of introducing these “larger” approach regions C•?
The point is that a Hardy–Littlewood inequality holds for C•, as we will now ex-
plain.

A Few Words of Explanation

• Observe that (i) follows immediately from (iii) and (iv), once we take into account
Stein’s results about K•. In other words, the Fatou-type theorem for C• follows
immediately from the Fatou-type theorem that Stein has proved for K•.

• However, in view of (vi), (v) does not follow from Stein’s results about K•.

The reason that the adapted regions C• are interesting does not reside in the (qual-
itative) Fatou-type result given in (i), since (iii) and (iv) imply that the latter re-
sult follows immediately from the Fatou-type result that Stein proved for K•. The
reason that the adapted regions C• are interesting is that the (quantitative) Hardy–
Littlewood maximal estimate given in (v) holds for these families of approach re-
gions, and this result, in view of (vi), does not follow from the corresponding one
that Stein proved for K•.

Therefore, in several complex variables, the most salient result in the boundary
behavior is the Hardy–Littlewood maximal inequality, that can be considered as a
quantitative version of the a.e. convergence result.

So far, the “adapted” approach regions have been defined for convex domains of
finite type only.32

Conjecture 2.3 The adapted approach regions C• for domains in CDA are optimal
for the Hardy–Littlewood maximal inequality, in the following sense. Let D ∈ CDA.
Assume that, for each n > 1 and w ∈ bD, an approach region En(w) at w in D is
given. Assume that

• for each n > 1, En is a regular and ∗-connected family of approach regions in D;
• for each n > 1 and j > 1, there is a constant c such that

ω
({

w ∈ bD : sup
z∈En(w)

ϕ(z) > λ
})

� cω
({

w ∈ bD : sup
z∈Ej (w)

ϕ(z) > λ
})

for each positive-valued function ϕ on D and each λ > 0;
• if 0 < p � ∞ and F ∈ Hp(D) then F converges to F� a.e. through En;
• the Hardy–Littlewood inequality holds for E•, i.e., for each p ∈ (0,∞) there ex-

ists c = c(p) such that, if F ∈ Hp(D), then

∫

bD

sup
z∈E1(w)

∣∣F(z)
∣∣pω(dw) � c

∫

bD

∣∣F�(w)
∣∣pω(dw).

32In the specific case of the “egg domains”, such as, for example, {z ∈ C
2 : |z1|2 + |z2|4 < 1} the

“adapted” approach regions made their first appearance in [6].
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Then there exists a constant c such that

ω
({

w ∈ bD : sup
z∈E1(w)

ϕ(z) > λ
})

� cω
({

w ∈ bD : sup
z∈C1(w)

ϕ(z) > λ
})

for each positive-valued function ϕ on D and λ > 0.

In other words, Conjecture 2.3 says that C• is optimal for the Hardy–Littlewood
maximal inequality, in the sense that nothing larger will make the Hardy–Littlewood
inequality work, where larger is defined in terms of the distribution function.

The following observation will clarify Conjecture 2.3.

Remark 2.4 Assume that D ⊂ C
3 belongs to CDA, and, to fix ideas, suppose that

D = {
z ∈C

3 : |z1|2 + |z2|4 + |z3|6 < 1
}
.

Then the construction given in [44] applies and yields a certain one-parameter fam-
ily An(w) of approach regions in D (called admissible in [44]), with the following
properties. See also [45].

(i) Each functions F ∈ Hp(D) converges a.e. to F� through An.
(ii) For a.e. w ∈ bD, A•(w) is equivalent to K•(w).

(iii) The Hardy–Littlewood estimate holds for An.
(iv) A• is distributionally larger than K•.

Observe that here as well, in light of (ii), the a.e. convergence result (i) is an im-
mediate consequence of the corresponding one for K•, but, in light of (iv), the
Hardy–Littlewood estimate for A• does not follow from the corresponding one that
is known to hold for K•.

However, if we look at how the approach regions An(w) compare with Cn(w),
we find out that, on the one hand, C• is distributionally larger than A•, and, on the
other hand, A• is subordinate to C•, in the sense that, for each n > 1, there is a
constant c such that

ω
({

w ∈ bD : sup
z∈An(w)

ϕ(z) > λ
})

� cω
({

w ∈ bD : sup
z∈Cn(w)

ϕ(z) > λ
})

for all ϕ and λ > 0, as above. It follows that the Hardy–Littlewood maximal estimate
for A• given in (iii) is an immediate consequence of the corresponding one that
holds for C•, but the converse is false. In other words, the admissible approach
regions A• are not optimal for the Hardy–Littlewood maximal estimate.

We like to stress that the a.e. convergence results for A• and for C• are both an
immediate consequence of the a.e. convergence result that is known to hold for K•,
given the fact that these approach regions are a.e. equivalent to K•.
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Other Open Problems

(i) So far, the “adapted” approach regions have been defined for convex domains
of finite type only. Is it possible to extend this definition to all domains in DA,
and obtain an optimality result similar to the one described in Conjecture 2.3?

(ii) It would be interesting to relax the smoothness assumption on the boundary as
much as possible, just as in the case of the NTA domains for potential theory.33

(iii) It would be interesting to find out whether there is a diffusion process that plays
a role in this context, just as Brownian motion plays a role in potential theory.34

(iv) It would be interesting to develop this theory in an intrinsic setting, along the
lines of Ancona’s work.35 Cf. [3].

Čirka, in the early seventies, wrote that

[. . . ] in the still young theory of boundary properties of holomorphic functions of several
complex variables there is an entire field of white nothingness with widely spaced isolated
results

(see [8]). It seems that now at least we see the contours of the field.

Acknowledgements I am deeply grateful to Steven G. Krantz for sharing with me his insight
during many years, first as a mentor and then as a friend and colleague.
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8. Čirka, E.M.: The Lindelöf and Fatou theorems in Cn. Mat. Sb. (N.S.) 92(134), 622–644

(1973). English translation in: Math. USSR Sb. 21, 619–639 (1973)
9. Cohen, P.J.: Set Theory and the Continuum Hypothesis. Benjamins, Amsterdam (1966)

10. D’Angelo, J.P.: Several Complex Variables and the Geometry of Real Hypersurfaces. CRC
Press, Boca Raton (1993)

33The notion of finite type can be actually be redefined so as to avoid smoothness assumptions on
the boundary.
34P. Malliavin proved some results that give hints in this direction. See [41].
35Krantz proved some results in this direction. See [33]. See also [13].



On the Boundary Behavior of Holomorphic and Harmonic Functions 243

11. Di Biase, F.: Fatou Type Theorems: Maximal Functions and Approach Regions. Birkhäuser,
Boston (1998)

12. Di Biase, F., Fischer, B.: Boundary behavior of Hp functions on convex domains of finite type
in C

n. Pac. J. Math. 183, 25–38 (1998)
13. Di Biase, F., Krantz, S.G.: Boundary Behavior of Holomorphic Functions. Birkhäuser Mathe-

matics (2013, to appear)
14. Di Biase, F., Stokolos, A., Svensson, O., Weiss, T.: On the sharpness of the Stolz approach.

Ann. Acad. Sci. Fenn. Math. 31, 47–59 (2006)
15. Doob, J.L.: Classical Potential Theory and Its Probabilistic Counterpart. Springer, New York

(1984)
16. Drake, F.R.: Set Theory. North-Holland, Amsterdam (1974)
17. Fatou, P.: Séries trigonométriques et séries de Taylor. Acta Math. 30, 335–400 (1906)
18. Fefferman, C., Stein, E.M.: Some maximal inequalities. Am. J. Math. 93, 107–115 (1971)
19. Figà-Talamanca, A.: Personal communication. September 14, 2009
20. Gödel, K.: What is Cantor’s continuum problem? Am. Math. Mon. 54, 515–525 (1983)
21. Hakim, M., Sibony, N.: Fonctions holomorphes bornées et limites tangentielles. Duke Math. J.

50, 133–141 (1983)
22. Hardy, G.H., Littlewood, J.E.: A maximal inequality with function-theoretic applications.

Acta Math. 54, 81–116 (1930)
23. Hartogs, F.: Eine folgerungen aus der Cauchyschen integral formel bei functionen mehrer

Veranderlichen. Sitzungsber. Math.-Phys. Kl. Bayer. Akad. Wiss. Münch. 36, 223–242 (1906)
24. Hirata, K.: Sharpness of the Korányi approach region. Proc. Am. Math. Soc. 133, 2309–2317

(2005)
25. Hörmander, L.: Lp estimates for (pluri-) subharmonic functions. Math. Scand. 20, 65–78

(1967)
26. Jech, T.: Set Theory. Academic Press, New York (1978)
27. Jerison, D., Kenig, C.: Boundary behavior of harmonic functions in non-tangentially accessi-

ble domains. Adv. Math. 46, 80–147 (1982)
28. Keldych, M.V.: On the solubility and stability of the Dirichlet problem. Usp. Mat. Nauk 8,

171–231 (1941)
29. Keldych, M.V.: Sur le problème de Dirichlet. C. R. (Dokl.) Acad. Sci. URSS 32, 308–309

(1941)
30. Korányi, A.: Harmonic functions on Hermitian hyperbolic space. Trans. Am. Math. Soc. 135,

507–516 (1969)
31. Kouznetzoff, P., Privalov, I.I.: Sur les problèmes limites et les classes différentes de fonctions

harmoniques et subharmoniques définies dans un domaine arbitraire. Rec. Math. [Mat. Sb.]
New Ser. 6 (Old Series 48), 345–376 (1939)

32. Krantz, S.G.: Function Theory of Several Complex Variables. Wadsworth & Brooks/Cole,
Pacific Grove (1992)

33. Krantz, S.G.: Invariant metrics and the boundary behavior of holomorphic functions on do-
mains in C

n. J. Geom. Anal. 1, 71–97 (1991)
34. Kunen, K.: Set Theory. An Introduction to Independence Proofs. North-Holland, Amsterdam

(1980)
35. Lebesgue, H.: Sur les fonctions représentables analytiquement. J. Math. Pures Appl. (6) 1,

139–216 (1905)
36. Lebesgue, H.: Sur des cas d’impossibilité du problème de Dirichlet ordinaire. Bull. Soc. Math.

Fr. 41 (supplément spécial: Vie de la Société), 17 (1912)
37. Littlewood, J.E.: Mathematical notes (4): On a theorem of Fatou. J. Lond. Math. Soc. 2, 172–

176 (1927)
38. Lohwater, A.J., Piranian, G.: The Boundary Behavior of Functions Analytic in a Disc. Ann.

Acad. Sci. Fenn. Ser. A. 1 Math., vol. 239, pp. 17 (1957)
39. Luzin, N.N.: Sur la convergence des séries trigonométriques de Fourier. C. R. Math. Acad.

Sci. Paris 156, 1655–1658 (1913)



244 F. Di Biase

40. Luzin, N.N.: Integral i trigonometriceskii ryad [Integral and Trigonometric Series]. Mat. Sb.
30, 1–242 (1916)

41. Malliavin, P.: Équation de la chaleur associée à une fonction plurisousharmonique
d’exhaustion et comportement frontière. Ann. Inst. Fourier 25, 447–464 (1975)

42. McNeal, J.D.: Convex domains of finite type. J. Funct. Anal. 108, 61–373 (1992)
43. Nagel, A., Stein, E.M.: On certain maximal functions and approach regions. Adv. Math. 54,

83–106 (1984)
44. Nagel, A., Stein, E.M., Wainger, S.: Boundary behavior of functions holomorphic in domains

of finite type. Proc. Natl. Acad. Sci. USA 78, 6596–6599 (1981)
45. Nagel, A., Stein, E.M., Wainger, S.: Balls and metrics defined by vector fields I: Basic prop-

erties. Acta Math. 155, 103–147 (1985)
46. Osgood, W.: Note über analytische Functionen mehrerer Veränderlichen. Math. Ann. 52, 462–

464 (1899)
47. Osgood, W.: On functions of several complex variables. Trans. Am. Math. Soc. 17, 1–8 (1916)
48. Perron, O.: Eine neue Behandlung der ersten Randwertaufgabe fuer Δu = 0. Math. Z. 18,

42–54 (1923)
49. Plessner, A.: Über das verhalten analytischer Funktionen am Rande ihres Definitionsbereics.

J. Reine Angew. Math. 158, 219–227 (1927)
50. Poincaré, H.: Sur les équations aux dérivées partielles de la physique mathématique. Am. J.

Math. 12, 211–294 (1890)
51. Privalov, I.I.: Sur une généralisation du théorème de Fatou. Mat. Sb. 31, 232–235 (1923)

52. Prym, F.E.: Zur integration der differentialgleichung ∂2u
∂x2 + ∂2u

∂y2 = 0. J. Reine Angew. Math.

73, 340–364 (1871)
53. Remak, R.: Über potentialconvexe Funktionen. Math. Z. 20, 126–130 (1924)
54. Riesz, F.: Über die Randwerte einer analytischen Funktion. Math. Z. 18, 87–95 (1923)
55. Rudin, W.: Lumer’s Hardy spaces. Mich. Math. J. 24, 1–5 (1977)
56. Rudin, W.: Inner function images of radii. Math. Proc. Camb. Philos. Soc. 85, 357–360 (1979)

57. Schwarz, H.A.: Zur Integration der partiellen Differentialgleichung ∂2u
∂x2 + ∂2u

∂y2 = 0 für die

Fläche eines Kreises. Vierteljahrsschr. Nat.forsch. Ges. Zür. 15, 113–128 (1870)

58. Schwarz, H.A.: Zur Integration der partiellen Differentialgleichung ∂2u

∂x2 + ∂2u

∂y2 = 0. J. Reine

Angew. Math. 74, 218–253 (1872)
59. Stein, E.M.: Singular Integrals and Differentiability Properties of Functions. Princeton Uni-

versity Press, Princeton (1970)
60. Stein, E.M.: Bounday Behaviour of Holomorphic Functions of Several Complex Variables.

Princeton University Press, Princeton (1972)
61. Suslin, M.: Sur une définition des ensembles mesurables B sans nombres transfinis. C. R.

Math. Acad. Sci. Paris 164, 88–91 (1917)
62. Tsuji, M.: On the boundary value of a harmonic function in space. Jpn. J. Math. 19, 111–137

(1944)
63. Tsuji, M.: On Hardy–Littlewood’s maximal theorem. Comment. Math. Univ. St. Pauli 6, 33–

42 (1957)
64. Volterra, V.: Sul principio di Dirichlet. Rend. Circ. Mat. Palermo XI, 83–96 (1897)
65. Wiener, N.: Certain notions in potential theory. J. Math. Phys. Mass. Inst. Tech. 3, 24–51

(1924)
66. Zaremba, S.: Sur le principe de Dirichlet. Acta Math. 34, 293–316 (1911)



Constructing Laplacians on Limit Spaces
of Self-similar Groups

Alfredo Donno

Abstract This paper is basically an explanatory survey focusing on a new and stim-
ulating connection between Analysis on fractals and self-similar group Theory. It
is shown how to construct Dirichlet forms on fractals which are obtained as limit
spaces of contracting self-similar groups acting on regular rooted trees. The key
idea is to give a prefractal approximation of the limit space by using the sequence
of finite Schreier graphs of the action of the group: under certain conditions of com-
patibility, a Dirichlet form on the limit space is obtained as limit of the sequence
of finite Dirichlet forms associated with the classical discrete Laplacian on them.
Some known and new examples are described.
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1 Introduction

The problem of constructing a Laplacian on a fractal, in order to describe physi-
cal phenomena like percolation, diffusion across highly conductive layers, diffusion
through porous media, is one of the most important target of modern mathematics
and this is, in particular, what Analysis on fractals is about. Motivated by studies
in Physics, Kusuoka [20] and Goldstein [14] made the first step in this direction,
by constructing a Brownian motion on the Sierpiński gasket. This method is now
called the “probabilistic approach”. They considered a sequence of random walks
on graphs approximating the Sierpiński gasket (see Fig. 1) and proved that, by tak-
ing a certain scaling factor, those random walks converged to a diffusion process on
the Sierpiński gasket. In this probabilistic approach, a Laplacian is the infinitesimal
generator of the semigroup associated with the diffusion process. In [18], a direct
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Fig. 1 Approximation of the Sierpiński gasket by graphs Vm

definition of a Laplacian on the Sierpiński gasket was given, following the so-called
“analytical approach”. Instead of a sequence of random walks, Kigami considered a
sequence of discrete Laplacians on finite graphs approximating the Sierpiński gas-
ket, proving that, by choosing a proper scaling, those discrete Laplacians converged
to a good operator, called the “standard Laplacian” on the Sierpiński gasket. He
described the structure of harmonic functions, Green’s functions, Dirichlet forms:
these constructions were later extended to post-critically finite self-similar sets [19],
which essentially represent the only fractals on which such analysis has been devel-
oped. It is worth mentioning the recent paper [7], where a definition of differential
1-forms on the Sierpiński gasket and their integral on paths is given. In that setting,
the Dirichlet form studied by Kigami provides the class of finite energy functions,
which plays the role of a Sobolev space on the fractal, but it also allows to develop
a canonical first order differential calculus, as described in [8].

In [27] V. Nekrashevych and A. Teplyaev investigate the relation between Anal-
ysis on fractals and self-similar group Theory. More precisely, with each contract-
ing self-similar group one can associate a limit space defined as a quotient of the
space X−∞ of the left-infinite words over a finite alphabet X, modulo an asymp-
totic equivalence relation that can be described using the Moore diagram of the
automaton generating the group. This limit space is approximated by a sequence
of finite graphs, namely the finite Schreier graphs associated with the action of the
group on the regular rooted tree of degree |X| (Theorem 3.2).

Under certain conditions, the limit space is homeomorphic to a post-critically fi-
nite self-similar fractal, and so one can obtain a Laplacian on it by using the methods
of Kigami [19]: a sequence of finite Dirichlet forms and the associated Laplacians
can be recursively constructed on the finite Schreier graphs and, if this sequence is
compatible in a certain sense, then a Laplacian on the limit space is obtained as limit
of the Laplacians on the finite Schreier graphs, and it is associated with a local reg-
ular Dirichlet form on the limit space. Having a Laplacian, one can investigate the
spectral problems, solutions to wave and heat equations and so on. The existence of
Dirichlet forms on a post-critically finite self-similar fractal was proven only under
special symmetry conditions, e.g., for nested fractals (Lindstrøm [21]) or strongly
symmetric fractals (Kigami [19, Theorem 3.8.10]).

In the latest years, several efforts have been made in order to enlarge the class
of fractals on which harmonic analysis can be done, i.e., to define an energy form
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(and hence a Laplacian) also for non self-similar fractals. We mention, for instance,
the papers [23, 24] of Mosco, where a Lagrangian approach is developed, i.e., the
energy form is obtained by integrating a local energy measure, which is called La-
grangian, or the paper [13] by Freiberg and Lancia, where energy forms on confor-
mal C1-diffeomorphic images of the Sierpiński gasket are constructed, by mixing a
Lagrangian approach and a pull-back argument.

The interaction between Analysis on fractals and the theory of self-similar groups
seems very stimulating in this direction and provides a new class of examples. First,
one can ask whether there is a natural non-trivial Laplacian on the limit space of any
contracting group and how it inherits the property of self-similarity of the group.
Moreover, one can ask whether discrete Laplacians on the finite Schreier graphs of
a contracting group converge, with some appropriate normalization, to a non-trivial
Laplacian on the limit space.

Schreier graphs arise naturally from the action of a group on a set. In this paper,
we consider groups acting by automorphisms on rooted trees. Let T be a regular
rooted tree and G < Aut(T ) be a finitely generated group of automorphisms of T .
By fixing a finite set S of generators of G, we naturally get a sequence {Γn}n�1 of
finite Schreier graphs of the action of G on T . The vertex set of Γn coincides with
the set Ln of vertices of the nth level of T , and two vertices v, v′ ∈ Ln are connected
by an edge in Γn if there exists s ∈ S such that s(v) = v′. If G acts transitively on
each level, then it follows that the graph Γn is connected, for each n � 1.

Similarly, the action of G on the boundary ∂T of the tree gives rise to an un-
countable family of infinite orbital Schreier graphs {Γξ }ξ∈∂T , with V (Γξ ) = G · ξ .
It turns out that, for each ξ ∈ ∂T , the orbital Schreier graph (Γξ , ξ), viewed as a
graph rooted at the vertex ξ , is exactly the limit, in the pointed Gromov-Hausdorff
topology, of the sequence {(Γn, ξn)}n�1 of the finite Schreier graphs rooted at ξn,
where ξn denotes the prefix of length n of ξ (see Sect. 2.2).

The study of Schreier graphs of some examples of groups acting on rooted trees
was initiated by L. Bartholdi and R.I. Grigorchuk [1] in connection with the problem
of determining the spectrum of the associated Laplace operator. Particularly inter-
esting examples come from the class of self-similar groups, which are connected to
self-similar sets via the notion of limit space, which is a compact space that can be
associated with any contracting self-similar group [26]. In the case of Iterated Mon-
odromy Groups of post-critically finite rational functions, the limit space associated
with the monodromy action on the tree is homeomorphic to the Julia set of the ra-
tional map and it has a fractal nature. Finite Schreier graphs form an approximating
sequence for this limit space. Recently, several models coming from physics and
statistical mechanics have been studied on Schreier graphs of self-similar groups
[10, 11, 22]. See also [6, 12], where the partition function of the Ising model on
those graphs is obtained as a special evaluation of the Tutte polynomial of them.

The paper is organized as follows. In Sect. 2, we recall some basic facts con-
cerning self-similar groups and Schreier graphs. In Sect. 3, we present the notion
of limit space of a contracting self-similar group, focusing our attention on iter-
ated monodromy groups. The definition of post-critically finite self-similar fractal
is given in Sect. 3.3. In Sect. 4, we illustrate the Kigami methods [19] for the con-
struction of self-similar Dirichlet forms on post-critically finite self-similar fractals.



248 A. Donno

Fig. 2 Julia set of the
polynomial z2 − 1 defining
the Basilica group

Finally, in Sect. 5, we explicitly consider some known and new examples of limit
spaces of iterated monodromy groups, and we use the theory from Sect. 4 in order
to obtain Dirichlet forms on them.

2 Self-similar Groups and Schreier Graphs

In this section we recall some basic definitions and properties about self-similar
groups and Schreier graphs associated with their action on the regular rooted tree.
Finite Schreier graphs will play a crucial role in the next sections, by providing a
sequence of graphs approximating the limit space associated with any contracting
self-similar group (see Theorem 3.2).

2.1 Groups Acting on Rooted Trees

Let T be the infinite regular rooted tree of degree q , i.e., the rooted tree in which
each vertex has q offsprings. Given a finite alphabet X = {0,1, . . . , q − 1} of q

elements, we denote by Xn the set of words of length n over X and put X∗ =⋃
n�0 Xn, where the set X0 consists of the empty word. Moreover, we denote X∞

the set of (right-) infinite words in X. In this way, each vertex of the nth level Ln of
the tree can be regarded as an element of Xn and the set X∞ can be identified with
the set ∂T of infinite geodesic rays emanating from the root of T . The set X∞ can
be equipped with the direct product topology. The basis of open sets is the collection
of all cylindrical sets {wX∞,w ∈ X∗}. The space X∞ is totally disconnected and
homeomorphic to the Cantor set. The cylindrical sets generate a σ -algebra of Borel
subsets of the space X∞.

We denote by Aut(T ) the group of all automorphisms of T , i.e., the group of all
bijections of the set of vertices of T preserving the incidence relation. Clearly, the
root and hence the levels of the tree are preserved by any automorphism of T . A
group G � Aut(T ) is said spherically transitive if it acts transitively on each level
of the tree.

The stabilizer of a vertex v in T is the subgroup of G defined as StabG(v) =
{g ∈ G : g(v) = v}; the stabilizer of the level Ln is StabG(Ln) =⋂

v∈Ln
StabG(v);

finally, the stabilizer of a boundary point ξ ∈ X∞ is StabG(ξ) = {g ∈ G : g(ξ) = ξ }.
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Fig. 3 The regular rooted
tree of degree 2

If g ∈ Aut(T ) and v ∈ X∗, define g|v ∈ Aut(T ), called the restriction of the
action of g to the subtree rooted at v, by

g(vw) = g(v)g|v(w),

for all v,w ∈ X∗. Every subtree of T rooted at a vertex is isomorphic to T . There-
fore, every automorphism g ∈ Aut(T ) induces a permutation of the vertices of the
first level of the tree and q restrictions, g|0, . . . , g|q−1, to the subtrees rooted at the
vertices of the first level. Hence, it can be written as g = τg(g|0, . . . , g|q−1), where
τg ∈ Sym(q) describes the action of g on L1.

Definition 2.1 A group G acting by automorphisms on a regular rooted tree T of
degree q is self-similar if g|v ∈ G for every v ∈ X∗ and g ∈ G.

It follows that, if G is self-similar, an automorphism g ∈ G can be represented
as g = τg(g|0, . . . , g|q−1), where τg ∈ Sym(q) describes the action of g on L1, and
g|i ∈ G is the restriction of the action of g on the subtree Ti rooted at the ith vertex
of the first level. So, for every x ∈ X and w ∈ X∗, one has:

g(xw) = τg(x)g|x(w).

Definition 2.2 A self-similar group G is fractal (or self-replicating) if it acts transi-
tively on the first level of the tree and, for all x ∈ X, the map g �→ g|x from StabG(x)

to G is surjective.

2.2 Schreier Graphs

Let G < Aut(T ) be a group acting on T by automorphisms, generated by a finite
symmetric set S ⊂ G. Throughout the paper we will assume that the action of G is
spherically transitive (note that any action by automorphisms is level-preserving).
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Definition 2.3 The nth Schreier graph Γn of the action of G on T , with respect
to the generating set S, is a (labeled) graph with V (Γn) = Xn, and edges (u, v)

between vertices u and v such that u is moved to v by the action of some generator
s ∈ S. The edge (u, v) is then labeled by s.

For an infinite ray ξ ∈ ∂T , the orbital Schreier graph Γξ has vertex set G · ξ and
the edge set determined by the action of generators on this orbit, as above.

It is not difficult to see that the orbital Schreier graphs are infinite and that
the finite Schreier graphs {Γn}∞n=1 form a sequence of graph coverings. More
precisely, for each n � 1, the projection πn+1 : V (Γn+1) −→ V (Γn) defined by
πn+1(x1 . . . xnxn+1) = x1 . . . xn induces a surjective morphism between Γn+1 and
Γn, which is a graph covering of degree q .

Finite Schreier graphs converge to infinite Schreier graphs in the space of rooted
(labeled) graphs with local convergence (rooted Gromov-Hausdorff convergence
[17, Chap. 3]). More precisely, for an infinite ray ξ ∈ X∞ denote by ξn the nth
prefix of the word ξ . Then the sequence of rooted graphs {(Γn, ξn)}∞n=1 converges to
the infinite rooted graph (Γξ , ξ) in the space X of (rooted isomorphism classes of )
rooted graphs endowed with the following metric: the distance between two rooted
graphs (Y1, v1) and (Y2, v2) is

Dist
(
(Y1, v1), (Y2, v2)

) := inf

{
1

r + 1
: BY1(v1, r) is isomorphic to BY2(v2, r)

}

where BY (v, r) is the ball of radius r in Y centered in v.

2.3 Self-similar Groups and Automata

An automaton is a quadruple A = (S ,X,μ, ν), where S is the set of states; X

is an alphabet; μ : S × X → S is the transition map; and ν : S × X → X is the
output map. The automaton A is finite if S is finite and it is invertible if, for all s ∈
S , the transformation ν(s, ·) : X → X is a permutation of X. An automaton A can
be represented by its Moore diagram. This is a directed labeled graph whose vertices
are identified with the states of A . For every state s ∈ S and every letter x ∈ X, the
diagram has an arrow from s to μ(s, x) labeled by x|ν(s, x). A natural action on the
words over X is induced, so that the maps μ and ν can be extended to S × X∗:

μ(s, xw) = μ
(
μ(s, x),w

)

(1)
ν(s, xw) = ν(s, x)ν

(
μ(s, x),w

)
,

where we set μ(s,∅) = s and ν(s,∅) = ∅, for all s ∈ S , x ∈ X and w ∈ X∗. More-
over, (1) defines uniquely a map ν : S × X∞ → X∞.

If we fix an initial state s in an automaton A , then the transformation ν(s, ·) on
the set X∗ ∪X∞ is defined by (1); it is denoted by As . The image of a word x1x2 . . .

under As can be easily found using the Moore diagram.



Constructing Laplacians on Limit Spaces of Self-similar Groups 251

Fig. 4 The automaton
generating the Basilica group

More precisely, consider the directed path starting at the state s with consecutive
labels x1|y1, x2|y2, . . . ; the image of the word x1x2 . . . under the transformation As

is then y1y2 . . . . More generally, given an invertible automaton A = (S ,X,μ, ν),
one can consider the group generated by the transformations As , for s ∈ S ; this
group is called the automaton group generated by A and is denoted by G(A ).
See, for instance, the automaton in Fig. 4 generating the Basilica group, which is an
automorphisms group of the rooted binary tree, whose generators have the following
self-similar presentation:

a = (b, id), b = (01)(a, id). (2)

A basic theorem [26] states that the action of a group G on X∗ ∪ X∞ is self-
similar if and only if G is generated by an invertible automaton.

Let A be a finite automaton with the set of states S and alphabet X and let
us denote α(k, s), for k ∈ N and s ∈ S , the number of words w ∈ Xk such that
s|w �= id . Sidki suggested to call A bounded, if the sequence α(k, s) is bounded
as a function of k for each state s ∈ S . He showed in [30] that a finite invertible
automaton is bounded if and only if any two non-trivial cycles in the Moore diagram
of the automaton are disjoint and not connected by a directed path. More generally,
the automaton A (or, equivalently, the group G(A )), is said polynomial of degree n

if the sequence α(k, s) is bounded by a polynomial of the smallest degree n for each
s ∈ S (see definition in [30] or [3, Chap. IV]). In [4], finite and infinite Schreier
graphs associated with a group generated by a polynomial but non bounded automa-
ton are studied, in connection with isomorphism problem, growth, amenability.

It can be shown that any group generated by a bounded automaton is contract-
ing [5], i.e., there exists a finite set N ⊂ G such that for every g ∈ G there exists
k ∈N such that g|v ∈ N , for all words v of length greater or equal to k. The small-
est set N satisfying this property is called the nucleus of the contracting group.
For a finitely generated self-similar group, the contracting property means that the
length of the group elements contracts under taking restrictions.

2.4 Matrix Recursion

We know that if G is a self-similar group, then every automorphism g ∈ G in-
duces a permutation of the vertices of the first level of the tree and q restrictions,
g|0, . . . , g|q−1, to the subtrees rooted at the vertices of the first level, with g|i ∈ G.
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Therefore, it can be written as g = τg(g|0, . . . , g|q−1), where τg ∈ Sym(q) describes
the action of g on L1.

This property can be encoded by associating a matrix ψ(g) = (aij )i,j=0,...,q−1
with each g ∈ G, defined as follows:

aij =
{

g|i if g(i) = j,

0 otherwise.

In other words, ψ(g) is obtained from a permutational matrix by replacing its non-
zero entries by elements of G. The map ψ , called matrix recursion, can be extended,
by linearity, to a homomorphism from CG to Mq×q(CG). This recursion can be
iterated, so that we get a map ψn : CG → Mqn×qn(CG), defined by recurrence by
replacing each entry aij of ψn−1(g) by ψ(aij ), and putting ψ1 = ψ .

Remark 2.4 It follows from the definition of matrix recursion and of Schreier graph
that, if S is a symmetric generating set of G, then the matrix M =∑

s∈S ψn(s) is
the adjacency matrix of the Schreier graph Γn, for each n � 1. In order to get this
interpretation, the rows and columns of M have to be indexed by the vertices of Γn

(words of length n over the alphabet {0,1, . . . , q − 1}), ordered lexicographically.

3 Limit Spaces and Post-Critically Finite Self-similar Fractals

In this section, the definition of limit space associated with the self-similar action
of a contracting group is presented, with a special attention to the case of iterated
monodromy groups of a rational function. We also recall the classical definition of
self-similar structure (see, for instance, [19]).

3.1 Limit Spaces of Contracting Self-similar Groups

Let G be a contracting self-similar group with nucleus N and denote by X−∞ =
{. . . x2x1 : xi ∈ X} the set of left-infinite words over the alphabet X.

Definition 3.1 Two sequences . . . x2x1 and . . . y2y1 in X−∞ are said asymptotically
equivalent if there exists a finite set K ⊂ G and a sequence {gn}n�1, with gn ∈ K ,
such that

gn(xn . . . x1) = yn . . . y1, for every n � 1.

The quotient JG of X−∞ modulo this equivalence relation is the limit space of G.

Since the shift map s defined by

s(. . . x3x2x1) = . . . x3x2, for all . . . x3x2x1 ∈ X−∞,
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preserves the asymptotic equivalence relation, a dynamical system (JG, s) is de-
fined and it is called the limit dynamical system of G. One can show that two se-
quences . . . x2x1 and . . . y2y1 are asymptotically equivalent if and only if there exists
an oriented left-infinite path . . . e2e1 in the Moore diagram of the nucleus N of G

such that the arrow en is labeled by (xn, yn), for each n � 1. The limit space JG is
compact, metrizable and has finite topological dimension. If G is finitely generated
and spherically transitive, then JG is connected; moreover, if G is fractal, then JG

is locally connected and path connected [26, Theorem 3.6.3].
The sequence of finite Schreier graphs {Γn}n�1 of a contracting group consti-

tutes an approximation of the limit space JG, via the notion of Gromov hyperbolic
space, as formalized in the following theorem (see, for instance, [25]).

Theorem 3.2 Let G be a contracting self-similar group generated by a finite set S.
Consider the self-similarity graph Γ , with vertex set X∗ and where two vertices are
connected by an edge if

• they are of the form v and xv, with v ∈ X∗ and x ∈ X (vertical edges);
• they are of the form v and s(v), with v ∈ X∗ and s ∈ S (horizontal edges).

Then Γ is Gromov hyperbolic and its hyperbolic boundary is homeomorphic to JG.

Observe that horizontal edges constitute a graph which is isomorphic to the dis-
joint union of the finite Schreier graphs {Γn}n�1. As an example, we draw in Fig. 5
the (unlabeled) Schreier graphs Γn of the Basilica group, for n = 1, . . . ,6, approx-
imating the limit space of the group, which is homeomorphic to the Julia set of the
complex polynomial z2 − 1 (see Sect. 3.2), which is drawn in Fig. 2.

The limit space has a “cellular structure”, as formalized by the definition of tiles.
Let π : X−∞ → JG be the projection defining the limit space. Then, for each

v ∈ X∗, the tile Tv is defined as

Tv = π
(
X−∞v

)
.

If v ∈ Xn, we say that Tv is a tile of level n of JG. Each tile is a compact subset of
the limit space JG. One has:

T∅ = JG, Tv =
⋃

x∈X

Txv.

Moreover,

JG =
⋃

|v|=n

Tv for each n � 1, s(Tvx) = Tv

and
⋂

n�1 Txn...x1 is given by only one point, for each . . . x2x1 ∈ X−∞.
We say that a contracting self-similar group G satisfies the open set condition if

for every g ∈ G there exists v ∈ X∗ such that g|v = id . If this condition is verified,
then one has:
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Fig. 5 Schreier graphs Γn of the Basilica group, for n = 1, . . . ,6

∂Tv = Tv

⋂

|u|=|v|,u �=v

Tu.

In [5], it is shown that a contracting self-similar group is bounded if and only if it
satisfies the open set condition and the boundaries of the tiles Tv are finite, for all
v ∈ X∗. Finally, one has:

Tu ∩ Tv �= ∅ ⇔ ∃ g ∈ N s.t. g(u) = v.
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In other words, the adjacency of the tiles of level n of JG reflects the adjacency of
the vertices of the Schreier graph Γn of the group G, with respect to the generating
set N of G.

The critical set of G is defined as

C = π−1
(⋃

x �=y

(Tx ∩ Ty)

)

⊂ X−∞.

The post-critical set of G is given by

P =
⋃

n�1

sn(C ) ⊂ X−∞.

One can show that P contains exactly all the left-infinite words . . . x2x1 ∈ X−∞
such that there exists a path . . . e2e1 in the Moore diagram of the automaton defin-
ing G, which ends in a non-trivial state and is labeled by . . . x2x1|∗ or ∗| . . . x2x1.

We say that JG is post-critically finite if P is finite. One can show that this
is equivalent to say that two distinct tiles of the same level have finite intersection,
i.e, JG is finitely ramified. Moreover, it is known that this is the case if and only if
the group G is generated by a bounded automaton [3]. The set π(P) is called the
boundary of JG.

3.2 Iterated Monodromy Groups

An important class of self-similar groups is given by Iterated Monodromy groups.
We recall here some basic definitions.

A partial self-covering is a covering map f : N → M , i.e., a map f such that
every point x ∈ M has a neighborhood Ux such that f −1(Ux) is the disjoint union
of subsets Ui such that f : Ui → U is a homeomorphism. The cardinality |f −1(x)|
is the degree of the covering. Here, we suppose that M is a path connected and
locally path connected topological space and N ⊂ M . Given such a covering f and
a basepoint t ∈ M , one can consider the tree of preimages of t

Tt =
⋃

n�0

f −n(t),

i.e., the rooted tree whose vertex set is given by the formal disjoint union of the
iterated inverse images of t under the action of f , where the vertex v ∈ f −n(t)

is connected by an edge to the vertex f (v) ∈ f −(n−1)(t). The fundamental group
π1(M, t) acts on Tt as follows: given a loop γ ∈ π1(M, t), a point v ∈ f −n(t) is
mapped by γ to the endpoint of the unique lift of γ by f n starting at v. This action
is called iterated monodromy action.

The Iterated Monodromy group IMG(f ) of the partial self-covering f is defined
as the quotient of π1(M, t) modulo the kernel of the iterated monodromy action:
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this is a self-similar automorphisms group of the rooted tree whose degree equals
the degree of the covering, and it does not depend on the choice of the basepoint.

In particular, if M is a complete Riemannian manifold and f is an expanding
self-covering, then IMG(f ) is a contracting group.

As a fundamental example, consider a rational function f (z) = p(z)
q(z)

∈ C(z). It

defines a branched self-covering of Ĉ. Hence, considering

Cf = {
z : f ′(z) = 0

}
, Pf =

⋃

n�0

f n(Cf ),

i.e., the critical and the post-critical set of f , respectively, one has that

f : Ĉ \ f −1(Pf ) −→ Ĉ \ Pf

is a partial self-covering of M = Ĉ \ Pf of degree d = max{degp,degq}. The
map f is said post-critically finite if |Pf | < ∞. If this is the case, the covering
is expanding [27], so that IMG(f ) is a contracting self-similar group, and its limit
space JG is homeomorphic to the Julia set J (f ) of the function f , i.e., the set
of the accumulation points of the backward orbit

⋃
n�0 f −n(t). More precisely,

there exists a homeomorphism ϕ conjugating the dynamical systems (JG, s) and
(J (f ), f ), such that the following diagram commutes.

In particular, it is known that, if f is a post-critically finite polynomial, then the
limit space JG is finitely ramified and the group IMG(f ) is amenable, since it is
generated by a bounded automaton.

We have already given the example of the Basilica group, which is isomorphic
to the iterated monodromy group IMG(z2 − 1) and which is generated by the au-
tomorphisms of the rooted binary tree given in (2). Another example is given by
the Hanoi Towers group H(3), so called since it models the classical Hanoi Towers
game on 3 pegs, and which is isomorphic to the group IMG(z2 − 16

27z
). The group

H(3) is an automorphisms group of the rooted tree of degree 3 and it is generated by
the following automorphisms [15]:

a = (01)(id, id, a), b = (02)(id, b, id), c = (12)(c, id, id).

In Fig. 6, we draw its Schreier graphs Γn, for n = 1,2,3 (compare with the finite
approximations of the Sierpiński gasket in Fig. 1). Its limit space is homeomorphic
to the Sierpiński gasket (Fig. 7).

Other examples of limit spaces of iterated monodromy groups of rational func-
tions are represented in Figs. 8, 9, 10 and 11.
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Fig. 6 Schreier graphs Γn of the Hanoi Towers group, for n = 1,2,3

Fig. 7 Sierpiński gasket

Fig. 8 J (z2 + i) =
“Dendrite”

Fig. 9 J (z2 + 2
27z

) =
“Apollonian gasket”

Fig. 10 J (
(z−1)2

(z+1)2 ) =
“Pillow”

Fig. 11 J (1 − 1
z2 )
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3.3 Post-Critically Finite Self-similar Fractals

Contracting self-similar groups are connected to fractal geometry through the no-
tion of limit space. In this subsection, we recall some basic definitions concerning
self-similar structures. Self-similar sets are in fact the simplest and basic structures
in fractal theory. Moreover, post-critically finite self-similar structures are essen-
tially the only class of fractals on which analysis has been developed. In the next
section, we will briefly expose the analytic approach of Kigami [19] for construct-
ing Dirichlet forms on post-critically finite self-similar structures, based on their
approximation by an increasing sequence of finite sets {Vm}m�0.

Let K be a compact connected metrizable space and X = {0,1, . . . , q − 1} be a
finite alphabet. Then K is a self-similar structure if there exist continuous injections
Fi : K −→ K , with i ∈ X, and a continuous surjection π : X∞ −→ K such that the
following diagram is commutative

where σi is defined by σi(w1w2 . . .) = iw1w2 . . . , for every i ∈ X and w1w2 . . . ∈
X∞. Note that

K =
⋃

i∈X

Fi(K).

We set Fw1...wm = Fw1 ◦ · · · ◦ Fwm . Then one has

π(w) =
⋂

m�1

Fw1...wm(K), for each w = w1w2 . . . ∈ X∞.

We call m-cell of K each set of the form Fw(K), with w ∈ Xm. Let us define the
shift map σ as σ(w1w2 . . .) = w2w3 . . . .

The critical set of K is defined by C = π−1(
⋃

i �=j (Fi(K)∩Fj (K))) ⊂ X∞. The
post-critical set is given by P =⋃

n�1 σn(C ) ⊂ X∞.
Finally, K is said post-critically finite if P is finite. The set V0 = π(P) is called

the boundary of K . By putting Vm =⋃
w∈Xm Fw(V0), one obtains an increasing (i.e.

Vm ⊆ Vm+1) sequence of sets {Vm}m�0 such that Vm+1 =⋃
i∈X Fi(Vm). Finally, we

set V∗ =⋃
m�0 Vm. Hence, one has V∗ = K if V0 �= ∅.

Remark 3.3 Note the analogy of the “cellular” structures of the limit space JG and
of the self-similar set K . In particular the tiles Tv in JG, with v ∈ Xn, play the
same role as the cells Fw(K) in K , with w ∈ Xn.
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4 Construction of a Laplacian on Post-Critically Finite
Self-similar Fractals

In this section, we present some basic elements of the theory of Dirichlet forms (or
equivalently Laplacians) on a finite set, then we discuss limits of discrete Laplacians
on an increasing sequence of finite sets, giving an approximation of a post-critically
finite self-similar structure.

4.1 Dirichlet Forms and Laplacians on Finite Sets

Let V be a finite set and put 
(V ) = {f : V → R}. The set 
(V ) can be endowed
with the inner product defined by

(u, v) =
∑

p∈V

u(p)v(p),

for all u,v ∈ 
(V ).

Definition 4.1 A Dirichlet form on 
(V ) is a symmetric bilinear form E on 
(V )

satisfying the following properties:

(i) E (u,u) � 0, for each u ∈ 
(V );
(ii) E (u,u) = 0 if and only if u is constant on V ;

(iii) (Markov property) E (u,u) � E (ū, ū), for every u ∈ 
(V ), where

ū(p) =

⎧
⎪⎨

⎪⎩

1 if u(p) � 1,

u(p) if 0 < u(p) < 1,

0 if u(p) � 0.

For U ⊆ V , the characteristic function of U is defined as

χV
U (p) =

{
1 if p ∈ U,

0 otherwise.

If U = {q} ⊂ V is a singleton, we put χV{q} = χq .
Now let H : 
(V ) → 
(V ) be a linear map and put Hpq = (Hχq)(p), for all

p,q ∈ V , so that one has, by linear algebra,

(Hf )(p) =
∑

q∈V

Hpqf (q),

for every f ∈ 
(V ).
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Definition 4.2 A Laplacian on V is a symmetric linear operator H : 
(V ) → 
(V )

satisfying the following properties:

(i) H is non-positive definite;
(ii) Hu = 0 if and only if u is constant on V ;

(iii) Hpq � 0, for all p,q ∈ V , p �= q .

There exists a natural bijective correspondence between Dirichlet forms on 
(V )

and Laplacians on V . More precisely, given a Laplacian H on V , a Dirichlet form
EH on 
(V ) can be defined as

EH (u, v) = −(u,Hv),

for all u,v ∈ 
(V ), and it is not difficult to check that this correspondence is bijec-
tive.

Now let H be a Laplacian on V and let U ⊂ V . Define TU : 
(U) → 
(U),
JU : 
(U) → 
(V \ U) and XU : 
(V \ U) → 
(V \ U) by

H =
(

TU J t
U

JU XU

)

.

Theorem 4.3 [19, Theorem 2.1.6] For any u ∈ 
(U), define h(u) ∈ 
(V ) as

h(u)|U = u and h(u)|V \U = −X−1
U JUu.

Then h(u) is the unique element that attains minv∈
(V ),v|U =u EH (v, v). Also define
PV,U (H) = TU − J t

UX−1
U JU . Then PV,U (H) is a Laplacian on U and

EPV,U (H)(u,u) = EH

(
h(u),h(u)

)= min
v∈
(V ),v|U =u

EH (v, v).

The linear operator PV,U (H) represents the restriction of H to U . Moreover,
h(u) is the unique solution of the problem

{
(Hv)|V \U = 0,

v|U = u

and is called the harmonic function with boundary value u ∈ 
(U).

Definition 4.4 Put

RH (p,q) = (
min

{
EH (u,u) : u ∈ 
(V ),u(p) = 1, u(q) = 0

})−1
, for p �= q

and RH (p,p) = 0. RH (p,q) is called the effective resistance between p and q .

We write

(V1,H1) � (V2,H2)

if V1 ⊆ V2, H1 (resp. H2) is a Laplacian on V1 (resp. V2) and PV2,V1(H2) = H1.
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It is possible to show that (V1,H1) � (V2,H2) if and only if RH1(p, q) =
RH2(p, q), for all p,q ∈ V1. Moreover, the following theorem holds.

Theorem 4.5 [19, Theorem 2.1.14] If H is a Laplacian on a finite set V , then RH

is a metric on V .

RH is called the effective resistance metric on V associated with H . The follow-
ing is an equivalent expression of RH (p,q), with p,q ∈ V :

RH (p,q) = max

{ |u(p) − u(q)|2
EH (u,u)

: u ∈ 
(V ),EH (u,u) �= 0

}

. (3)

It follows from (3) that, for every p,q ∈ V and u ∈ 
(V ), one has

∣
∣u(p) − u(q)

∣
∣2 � RH (p,q)EH (u,u).

Observe that
√

RH (·, ·) is also a metric on V .

Definition 4.6 The sequence {(Vm,Hm)}m�0 is called a compatible sequence if Hm

is a Laplacian on Vm and (Vm,Hm) � (Vm+1,Hm+1), for each m � 0.

If S = {(Vm,Hm)}m�0 is such a sequence, we put V∗ =⋃
m�0 Vm and

F (S ) =
{
u : u ∈ 
(V∗), lim

m→∞EHm(u|Vm,u|Vm) < +∞
}

ES (u, v) = lim
m→∞EHm(u|Vm, v|Vm),

for all u,v ∈ F (S ). Then, for p,q ∈ V∗, the effective resistance RS can be defined
by putting

RS (p, q) = RHm(p,q),

with m such that p,q ∈ Vm. The resistance RS is well-defined since the sequence
{(Vm,Hm)}m�0 is compatible. Roughly speaking, the word “compatible” means
that the Dirichlet forms associated with the Laplacians appearing in the sequence
induce the same effective resistance on the increasing union of finite sets. One can
easily show that both RS and R

1/2
S are metrics on V∗.

Similarly as in the finite case, there exists a linear map hm : 
(Vm) → F (S )

satisfying hm(u)|Vm = u, for every u ∈ 
(Vm), and

EHm(u,u) = ES
(
hm(u),hm(u)

)= min
v∈F (S ),v|Vm=u

ES (v, v).

Moreover if v ∈ F (S ), with v|Vm = u, attains the minimum above, then v =
hm(u). Finally, hm(u) is the unique solution of the problem

{
(Hnv|Vn)|Vn\Vm = 0 for all n > m,

v|Vm = u,
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where v ∈ 
(V∗). Then, hm(u) is called the harmonic function with boundary value
u ∈ 
(Vm). It is easy to prove that the following equalities hold:

RS (p, q) = (
min

{
ES (u,u) : u ∈ F (S ), u(p) = 1, u(q) = 0

})−1

= max

{ |u(p) − u(q)|2
ES (u,u)

: u ∈ F (S ),ES (u,u) > 0

}

.

Definition 4.7 Let X be a set. (E ,F ) is a resistance form on X if the following
conditions are satisfied.

(i) F is a linear subspace of 
(X) containing constants and E is a non-negative
symmetric quadratic form on F . Moreover, E (u,u) = 0 if and only if u is
constant on X.

(ii) Define u ∼ v, with u,v ∈ F , if u − v is constant on X. Then (F/∼,E ) is a
Hilbert space.

(iii) For any finite subset V ⊂X and v ∈
(V ), there exists u ∈ F such that u|V = v.
(iv) For any p,q ∈ X,

sup

{ |u(p) − u(q)|2
E (u,u)

: u ∈ F ,E (u,u) > 0

}

< ∞.

(v) (Markov property) If u ∈ F , then ū ∈ F and E (u,u) � E (ū, ū), where ū is as
in Definition 4.1.

One can show that (ES ,F (S )) is a resistance form on V∗ and RS is called
the associated resistance metric on V∗. Since the space V∗ is just a countable set,
we have to consider the completion of V∗ with respect to RS . More precisely, the
following result holds.

Theorem 4.8 [19, Theorem 2.3.10] Let (E ,F ) be a resistance form on X and
let R be the associated resistance metric on X. If Ω is the completion of X with
respect to R, then (E ,F ) is a resistance form on Ω . Moreover, the resistance metric
associated with (E ,F ) on Ω is the natural extension of the resistance metric R

associated with (E ,F ) on X.

4.2 Dirichlet Forms on Locally Compact Metric Spaces

Let H be a separable Hilbert space with inner product (·, ·).

Definition 4.9 A non-negative quadratic form E on H with dense domain Dom(E )

is said a closed form if it satisfies one of the following equivalent conditions:

(i) Dom(E ) = Dom(H 1/2) and E (u, v) = (H 1/2u,H 1/2v) for all u,v ∈
Dom(H 1/2), for some non-negative self-adjoint operator H on H ;
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(ii) Define E∗(u, v) = E (u, v) + (u, v), for every u,v ∈ Dom(E ). Then (Dom(E ),

E∗) is a Hilbert space.

Now let X be a locally compact metric space and let μ be a σ -finite Borel
measure on X satisfying μ(A) < ∞ for any compact A and μ(O) > 0 for every
nonempty open set O . Put

C0(X) = {
f : X →R, f continuous and supp(f ) is compact

}
.

Definition 4.10

(i) Let E be a closed form on L2(X,μ) and let F = Dom(E ). Then E is a Dirich-
let form on L2(X,μ) if ū ∈ F and E (u,u) � E (ū, ū) for any u ∈ F , where ū

is as in Definition 4.1 (Markov property).
(ii) A Dirichlet form is called regular if there exists C ⊆ F ∩ C0(X) which is

dense in F with respect to the E∗-norm and in C0(X) with respect to the
uniform norm.

(iii) A Dirichlet form is called local if E (u, v) = 0 whenever u,v ∈ F and supp(u)

and supp(v) are compact and disjoint.

Remark 4.11 There exists a one-to-one correspondence between Dirichlet forms
on L2(K,μ) and strongly continuous semigroups {Tt }t>0 on L2(K,μ) with the
Markov property, i.e., if u ∈ L2(K,μ) and 0 � u(x) � 1 for μ-a.e. x ∈ K , then
0 � (Ttu)(x) � 1 for μ-a.e. x ∈ K and any t > 0.

4.3 Harmonic Structures

Let K and Vm be as defined in Sect. 3.3. We aim at constructing a self-similar
compatible sequence {(Vm,Hm)}m�0 of Laplacians on the sets Vm and taking its
limit in order to get a Dirichlet form on K .

Let D be a Laplacian on V0 and r = (r0, . . . , rq−1), with ri > 0. Moreover, let
ED be the Dirichlet form on V0 associated with D. For each m � 1, we define the
Dirichlet form on 
(Vm) as

E (m)(u, v) =
∑

w∈Xm

1

rw
ED(u ◦ Fw,v ◦ Fw), (4)

for every u,v ∈ 
(Vm), with rw = ∏m
i=1 rwi

, for w = w1 . . .wm ∈ Xm. One can
easily verify that one has

E (m+1)(u, v) =
q−1∑

i=0

1

ri
E (m)(u ◦ Fi, v ◦ Fi),

for all u,v ∈ 
(Vm+1). Let Hm be the Laplacian on Vm associated with E (m).
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Definition 4.12 (D, r) is called a harmonic structure if {(Vm,Hm)}m�1 is a com-
patible sequence. Also, a harmonic structure (D, r) is said regular if 0 < ri < 1, for
each i = 0, . . . , q − 1.

The crucial problem is to establish if there exists a harmonic structure on a post-
critically finite self-similar fractal. The following proposition simplifies the prob-
lem, reducing the question to verify the compatibility condition between V0 and V1.

Proposition 4.13 [19, Proposition 3.1.3] (D, r) is a harmonic structure if and only
if (V0,D) � (V1,H1).

Given r = (r0, . . . , rq−1), define the renormalization operator Rr as

Rr(D) = PV1,V0(H1),

where H1 is the Laplacian on V1 associated with the form

E (1)(u, v) =
q−1∑

i=0

1

ri
ED(u ◦ Fi, v ◦ Fi), for u,v ∈ 
(V1),

defined in (4). We already know that PV1,V0(H1) is a Laplacian on V0 (see Theo-
rem 4.3). Hence, by Proposition 4.13, (D, r) is a harmonic structure if and only if
D is a fixed point of Rr. Now let a,λ ∈ R. Then it is easy to verify that

Rλr(aD) = a

λ
Rr(D).

Therefore, if D is an eigenvector for Rr of eigenvalue λ, then D is a fixed point
for Rλr. As a consequence, the problem of existence of harmonic structures on K

is reduced to a fixed point problem, or an eigenvalue problem, for the non-linear
operator Rr. Although the investigation of this problem is very hard and it was not
solved in the general case, the existence of a harmonic structure was established
in the case of nested fractals by Lindstrøm [21] and of post-critically finite self-
similar fractals with three boundary points [28] and in some other situations (see,
for instance, [27, Theorem 6.1]).

Example 4.14 The interval I = [0,1] is a post-critically finite self-similar struc-
ture with respect to the map F0(x) = x

2 and F1(x) = x
2 + 1

2 . One has Vm =
{2−mi}i=0,1,...,2m , for each m � 0. Consider the Laplacian D on V0 associated with
the matrix

(−1 1
1 −1

)
and the corresponding Dirichlet form ED . Then it is defined on


(V1) the form

E (1)(u, v) = 1

r0
ED(u ◦ F0, v ◦ F0) + 1

r1
ED(u ◦ F1, v ◦ F1),
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Fig. 12 The sets V0 and V1 approximating the Sierpiński gasket

whose associated Laplacian is

H1 =
⎛

⎜
⎝

− 1
r0

0 1
r0

0 − 1
r1

1
r1

1
r0

1
r1

− 1
r0

− 1
r1

⎞

⎟
⎠ .

Here, the rows and columns of the matrix are indexed by the elements 0,1, 1
2 of V1.

Then, the compatibility condition PV1,V0(H1) = D gives

(− 1
r0

+ r1
r0(r0+r1)

1
r0+r1

1
r0+r1

− 1
r1

+ r0
r1(r0+r1)

)

=
(−1 1

1 −1

)

.

One easily gets that (D, r) is a harmonic structure if and only if r0 + r1 = 1, and
0 < ri < 1 for i = 0,1.

Example 4.15 The Sierpiński gasket (see Fig. 7 in Sect. 3.2) is a post-critically finite
self-similar structure with respect to the maps, defined on C, given by

Fi(z) = z − pi

2
+ pi,

for i = 0,1,2, where p0, p1, p2 are the vertices of an equilateral triangle. In this
case one has X = {0,1,2} and pi = π(i∞). If we put

q0 = π
(
12∞)= π

(
21∞), q1 = π

(
02∞)= π

(
20∞),

q2 = π
(
01∞)= π

(
10∞),

then one has V0 = {p0,p1,p2} and V1 = {p0,p1,p2, q0, q1, q2} (see Fig. 12). Con-

sider the Laplacian on V0 associated with the matrix
(−2 1 1

1 −2 1
1 1 −2

)
. Then the structure

(D, r) obtained by choosing r0 = r1 = r2 = 3
5 is harmonic and it is called standard

harmonic structure on the Sierpiński gasket.
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The fundamental idea is to obtain a Laplacian (or, equivalently, a Dirichlet form)
on K , by constructing a “self-similar” compatible sequence of Laplacians on the sets
{Vm}m�0. Firstly, observe that the resistance form (ES ,F (S )) on V∗ obtained as
limit of a harmonic structure (D, r) is self-similar, i.e.,

ES (u, v) =
q−1∑

i=0

1

ri
ES (u ◦ Fi, v ◦ Fi),

as follows from the definition of E (m) in (4).
If the completion Ω of V∗ with respect to RS coincides with K , it is true [19,

Chap. 2] that (ES ,F (S )) is a regular local Dirichlet form on L2(K,μ), for ev-
ery Borel regular probability measure μ on K . Then, it follows from the classical
potential theory that there exists a unique self-adjoint, non-positive operator H on
L2(K,μ), with domain Dom(H) ⊂ F (S ) dense in L2(K,μ), satisfying

ES (u, v) = −
∫

K

(Hu)v dμ for every u ∈ Dom(H) and v ∈ F (S ).

This operator is a Laplacian on the fractal K . If Ω does not coincide with K , it
turns out that, however, there exists a continuous injective map from Ω to K , whose
restriction to V∗ is the identity. The following theorem holds.

Theorem 4.16 [19, Theorem 3.3.4] The following conditions are equivalent:

(i) Ω = K ;
(ii) (Ω,RS ) is compact;

(iii) (Ω,RS ) is bounded;
(iv) (D, r) is regular.

If this is the case, RS is a metric on K which is compatible with the original topol-
ogy of K .

Remark 4.17 If (D, r) is not regular, then Ω is a proper subset of K . How-
ever, F (S ) can be embedded in L2(K,μ) for a certain measure μ such that
(ES ,F (S )) is a local regular Dirichlet form on L2(K,μ) (see [19] for details).

5 Examples

We explicitly describe here some examples of contracting self-similar group (the
Adding Machine, the Basilica group and the group IMG(z2 + i)), for which the
approximation by finite Schreier graphs allows to construct a Laplacian on the cor-
responding limit space.
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5.1 An Approach by Self-similar Random Walks

Let G be a contracting self-similar group and define a Markov operator on G as
M =∑

g∈G μ(g)g, where μ is a probability measure on G. We assume that μ is

symmetric, i.e., μ(g) = μ(g−1) and non-degenerate, i.e., its support generates G.
The operator M defines a random walk on G, where μ(g) represents the probability
of transition from h to hg, for every h ∈ G. The associated Laplacian is Δ = M − 1,
where 1 denotes the identity operator. If μ is finitely supported by a set S, then Δ is
the discrete Laplacian on the Cayley graph Cay(G,S) of G with respect to S, i.e.,
the graph whose vertex set is G and where (g,h) is an edge if there exists s ∈ S

such that gs = h. Moreover, ψn(Δ) (see Sect. 2.4) is the matrix associated with the
discrete Laplacian on the Schreier graph Γn of G.

One can consider the Dirichlet forms En on 
(Xn) given by the matrices Δn =
ψn(1 − M) = −ψn(Δ). Choose a letter x0 ∈ X, and let w = x−∞

0 ∈ X−∞ and Vn ⊂
JG be the set of points of the limit space JG represented by the sequences of the
form wv, for v ∈ Xn. We consider En to be forms on Vn, identifying v ∈ Xn with
the corresponding point wv ∈ Vn. Then, the restriction of the form En+1 on Vn, that
we call the trace and denote by TrVnEn+1, is given by the Schur complement

−ψn

(
Δx0,x0 − Δx0,x0(Δx0,x0)

−1Δx0,x0

)
,

where Δ has the following block decomposition:

Δ =
(

Δx0,x0 Δx0,x0

Δx0,x0 Δx0,x0

)

.

Here we are assuming, without loss of generality, that x0 is the first letter in the
ordering of X. The Markov operator M is said self-similar if

Δx0,x0 − Δx0,x0(Δx0,x0)
−1Δx0,x0 = λΔ,

for some λ < 1. In our setting, if M is a self-similar Markov operator, then the
sequence of Dirichlet forms Ẽn given by the matrices λ−nψn(1 − M) is compatible
(in the sense of Definition 4.6) and so can be used to construct a Laplacian on the
limit space of the group.

5.2 The Circle R/Z via the Adding Machine

Consider the automorphisms group G of the rooted binary tree generated by the
automorphism a whose self-similar presentation is

a = (01)(id, a).



268 A. Donno

Fig. 13 Schreier graphs Γn of the Adding Machine, for n = 1,2,3

Observe that G = 〈a〉 ∼= Z. Moreover, G can also be obtained as the iterated mon-
odromy group IMG(z2). For each x1x2 . . . xn ∈ {0,1}n, one has

a(x1x2 . . . xn) = y1y2 . . . yn ⇐⇒
n∑

i=1

xi2
i−1 + 1 =

n∑

i=1

yi2
i−1(mod 2n

)
.

For this reason, the group G is called the “Adding Machine”. Its Schreier graph Γn

is a cycle of length 2n (see Fig. 13), since StabG(Ln) =< a2n
> and so G acts on

the nth level of the tree as the cyclic group G/StabG(Ln) ∼= Z/2n
Z.

From the description of the generator of the group it is easy to deduce that the
asymptotic equivalence relations between left-infinite words defining JG are the
following:

0−∞1u ∼ 1−∞0u, for every u ∈ {0,1}∗ and 0−∞ ∼ 1−∞

and so . . . x2x1 ∼ . . . y2y1 ⇐⇒ ∑
n�1 xn2−n = ∑

n�1 yn2−n(mod 1). Since the
limit space is given by JG = {0,1}−∞/∼, one gets JG = R/Z, which is the circle.

We use here the techniques developed in Sect. 5.1, in order to get a Dirichlet
form on JG. Let L0 : {0,1}n → {0,1}n+1 such that L0(v) = 0v and let Vn =
π(0−∞Xn) ⊂ JG. One has Vn = { k

2n : k = 0,1, . . . ,2n − 1} ⊂ R/Z. Then it is
clear that Vn ⊂ Vn+1, where the embedding is induced by the map L0.

The matrix recursion for the generator a of the group and its inverse gives

ψ(a) =
(

0 id

a 0

)

, ψ(a−1) =
(

0 a−1

id 0

)

.

Consider now the Dirichlet form En on 
(Vn) associated with the matrix

Dn = ψn

(
2id − (

a + a−1))= ψn−1

(
2id −(id + a−1)

−(id + a) 2id

)

,

corresponding to the discrete Laplacian on Γn. Using the Schur complement tech-
nique, one gets TrVnEn+1 = 1

2En and so {Ẽn = 2nEn}n�1 is a compatible sequence
of Dirichlet forms. Therefore, one can pass to the limit on V∗ by putting

E (f,f ) = lim
n→∞ Ẽn(f |Vn, f |Vn),
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for each f ∈ 
(V∗). Then a Laplacian Δn can be associated with Ẽn by putting:

Ẽn(f,f ) = −〈f,Δnf 〉.
One gets Δn = −22nψn(2id − (a + a−1)). In particular, if f ∈ 
(Vn) and t = k

2n ∈
Vn, we find:

(Δnf )(t) = −2f (t) − (f (t + 1
2n ) + f (t − 1

2n ))

1/22n
→ f ′′(t), as n → ∞,

obtaining the classical Laplacian on the circle R/Z.

Remark 5.1 Compare with the Laplacian on the unit interval [0,1] obtained in [19,
Example 3.7.2], which coincides with the standard Laplacian on C2([0,1]). (Note
that [0,1] is homeomorphic to the circle, when the boundary points 0 and 1 are
identified.) One has in this case:

Vm =
{

i

2m
: i = 0,1, . . . ,2m

}

, Vm ⊂ Vm+1, for each m � 0.

More precisely, let D = (−1 1
1 −1

)
be the Laplacian on V0 = {0,1} defined in

Example 4.14 and consider the harmonic structure (D, r), obtained by choosing
r0 = r1 = 1

2 . One has, for each m � 1,

(Hmu)(p) = 2m

⎧
⎪⎪⎨

⎪⎪⎩

u(p + 1
2m ) + u(p − 1

2m ) − 2u(p) p = i
2m �= 0,1,

u( 1
2m ) − u(0) p = 0,

u(1 − 1
2m ) − u(1) p = 1.

As m → ∞, one gets

(Δu)(x) = u′′(x), for every u ∈ C2([0,1]).

5.3 The Basilica Fractal via the Group IMG(z2 − 1)

The so-called “Basilica group” is the automorphisms group of the rooted binary tree
generated by the automorphisms whose self-similar presentation is

a = (b, id), b = (01)(a, id).

It can also be obtained as the iterated monodromy group IMG(z2 − 1) (see,
e.g., [26]). It was introduced by R.I. Grigorchuk and A. Żuk in [16], where they
show that it does not belong to the closure of the set of groups of subexponential
growth under the operations of group extension and direct limit. L. Bartholdi and
B. Virág further proved its amenability, making Basilica the first example of an



270 A. Donno

amenable but not subexponentially amenable group [2]. The Schreier graphs Γn of
the group, for n = 1, . . . ,6, have been drawn in Fig. 5 (see [9] for a detailed study
of both finite and infinite Schreier graphs of the Basilica group).

From the description of the generators of the group it is easy to deduce that the
asymptotic equivalence relation is generated by the following identifications:

(00)−∞1u ∼ (10)−∞0u, (00)−∞1u ∼ (01)−∞1u for every u ∈ {0,1}∗,
(00)−∞ ∼ (01)−∞, (00)−∞ ∼ (10)−∞.

The limit space is homeomorphic to the Julia set of the complex polynomial z2 − 1
(see Fig. 2).

Although the limit space JG is not a post-critically finite self-similar set in the
classical sense of Sect. 3.3, we can construct a Dirichlet form on it by using the
technique of the self-similar random walk introduced in Sect. 5.1.

Let M be the operator associated with the matrix α(a + a−1)+β(b + b−1), with
α,β > 0 and α + β = 1

2 . Observe that one has:

ψ(a) =
(

b 0
0 id

)

, ψ(b) =
(

0 a

id 0

)

,

ψ(a−1) =
(

b−1 0
0 id

)

, ψ(b−1) =
(

0 id

a−1 0

)

since a−1 = (b−1, id) and b−1 = (01)(id, a−1). As usual, the set Xn can be identi-
fied with the subset Vn of the limit space, given by Vn = π({0−∞v : v ∈ Xn})⊂JG.

Let En be the Dirichlet form on 
(Xn) (or, equivalently, on 
(Vn)) given by:

Dn = ψn

(
id−α

(
a + a−1)−β

(
b + b−1))=ψn−1

(
id−α(b+b−1) −β(id+a)

−β(id + a−1) id − 2α

)

=
(

D00 D00
D00 D00

)

.

We want to find λ < 1, and α,β > 0 satisfying α + β = 1
2 , such that

D00 − D00D
−1
00

D00 = λDn.

Using the Schur complement technique, we get

λ = 1√
2
, α =

√
2 − 1

2
, β = 2 − √

2

2
.

As a consequence, the form

Ẽn = 2n/2ψn

(

id −
√

2 − 1

2

(
a + a−1)− 2 − √

2

2

(
b + b−1)

)
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Fig. 14 Substitutional rules for the construction of Γn+1 starting from Γn

is such that the sequence {Ẽn}n�1 is compatible. Therefore, we can pass to the limit
by putting

E (f,f ) = lim
n→∞ Ẽn(f |Vn, f |Vn), for every f ∈ 
(V∗).

Remark 5.2 In [29], the Julia set of the complex polynomial p(z) = z2 − 1 is en-
dowed with a different finitely ramified cellular structure. Using the methods of
Kigami for the construction of resistance forms and Dirichlet forms, the authors
describe all possible Dirichlet forms on it, for which the topology given by the ef-
fective resistance coincides with the usual topology. Between them, there exists a
unique (up to a constant) form that has a self-similar scaling under the action of
p(z) and it is found by using the substitutional rules [9] allowing to recursively con-
struct the Schreier graphs of the group (Fig. 14). This last form coincides with the
one that we have found by using matrices {Dn}n�1.

5.4 The Dendrite Fractal via the Group IMG(z2 + i)

The limit space of the iterated monodromy group of the complex polynomial z2 + i

is homeomorphic to the Dendrite fractal (see Fig. 8). The group IMG(z2 + i) is the
automorphisms group of the rooted binary tree whose generators have the following
self-similar form:

a = (01)(id, id), b = (a, c), c = (b, id).

The Schreier graphs Γn, for n = 1, . . . ,4 are shown in Fig. 15, where loops are
omitted. The sequence of the Schreier graphs {Γn}n�1 can be drawn in the complex
plane in such a way that they converge, in the Hausdorff metric, to the Julia set of
the polynomial z2 + i.

This group is an example of a strictly post-critically finite group (strictly p.c.f. for
short), i.e., it is generated by a bounded automaton and every element of its nucleus
changes at most one letter in every word v ∈ {0,1}∗. Therefore, we can apply the
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Fig. 15 Schreier graphs Γn of the group IMG(z2 + i), for n = 1, . . . ,4

standard techniques of analysis on finitely ramified fractals. More precisely, let G

be a strictly p.c.f. finitely generated fractal group, generated by its nucleus. Let
P be the post-critical set of G, defined in Sect. 3.1, i.e., the set of sequences w =
. . . x2x1 ∈ X−∞ such that there exists an oriented path . . . e2e1 in the Moore diagram
of the nucleus ending in a non-trivial element and such that the arrow en is labeled
by (xn, yn), for some yn. Then, if G is strictly p.c.f., it must be yn = xn. Denote by
gw ∈ CG the average of the elements of G corresponding to the ends of such paths.
Take now the symmetric matrix D(�x, y) = (Dw1,w2) ∈ M|P|×|P|(CG), where �x =
(x{w1,w2}) is a real valued vector whose components are indexed by the 2-subsets
of P , and y ∈ R, whose elements are defined as follows: Dw1,w2 = −x{w1,w2} if
w1 �= w2, and Dw,w = y(1 − gw) +∑

w2 �=w x{w,w2}.
Set PXn = {wv : w ∈ P, v ∈ Xn} and let 
(Vn) be the subspace of 
(PXn)

consisting of functions which are constant on the asymptotic equivalence classes. It
is possible to prove that the trace of the quadratic form associated with the ma-
trix D(�x, y) on the subspace 
(P) of 
(PX) is a quadratic form with matrix
D(R(�x, y)), for some rational function R. Moreover, the values of the quadratic
form with matrix ψn(D(�x, y)) on the subspace 
(Vn) of 
(PXn) do not depend
on y, so that one can pass to the limit as y → ∞. In this way, the problem of con-
structing a self-similar Dirichlet form on the limit space is reduced to a non-linear
finite-dimensional eigenvector problem. This strategy is used in [27] in order to get a
Laplacian on the Sierpiński gasket, regarded as the limit space of the Hanoi Towers
group, as well as for the “Pillow fractal” case (see Fig. 10).

Let us return now to the group IMG(z2 + i), which is the group generated by the
automaton in Fig. 16.

One can easily check that the asymptotic equivalence relations are given by

(10)−∞00v ∼ (10)−∞01v, for every v ∈ {0,1}∗.
We have

P = {
w1 = (10)−∞,w2 = (01)−∞,w3 = (10)−∞0

}
,
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Fig. 16 The automaton
generating the group
IMG(z2 + i)

so that

w11 = w2, w10 = w3, w20 = w1.

Moreover, one has

gw1 = b, gw2 = c, gw3 = a.

Put �x = (x12, x13, x23) = (r, s, t), with r, s, t ∈ R. Let En,�x,y be the Dirichlet form
on 
(PXn) associated with the matrix Dn = ψn(D), with

D = D(r, s, t, y) =
⎛

⎝
y(1 − b) + r + s −r −s

−r y(1 − c) + r + t −t

−s −t y(1 − a) + s + t

⎞

⎠ .

A long computation, via the Schur complement, shows that

TrPXnEn+1,�x,y = ψn

(
D(Rr,Rs,Rt , y)

)
,

with

Rr = Rr(r, s, t, y) = ty(rs + rt + st)

2rys + 2ryt + rs2 + 2rst + rt2 + 2syt + t2y + s2t + t2s
,

Rs = Rs(r, s, t, y) = (rs + rt + st)(rs + 2ry + rt + st + yt)

2rys + 2ryt + rs2 + 2rst + rt2 + 2syt + t2y + s2t + t2s
,

Rt = Rt(r, s, t, y) = sy(rs + rt + st)

2rys + 2ryt + rs2 + 2rst + rt2 + 2syt + t2y + s2t + t2s
.

Let 
(Vn) be the subspace of 
(PXn) consisting of the functions which are constant
on the asymptotic equivalence classes. It follows from the description of the equiv-
alence classes that the values of En,�x,y on 
(Vn) do not depend on y. This allows us
to simplify our computations, so that we can assume:

TrPXnEn+1,�x,y = rs + rt + st

2rs + 2rt + 2st + t2
Dn(t,2r + t, s, y).

Now let E V
n,�x be the restriction of En,�x,y to 
(Vn). One can show that TrVnE

V
n+1,�x is

equal to the restriction of limy→∞ TrPXnEn+1,�x,y onto 
(Vn). Observe that letting
y go to infinity corresponds to gluing together equivalent sequences of PXn, which
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have to be identified in JG (this means that conductances between them become
infinite).

Let ω ≈ 1.5213 . . . be the real root of the polynomial p(x) = x3 − x − 2. Then,
if we choose

r = 1, s = ω2, t = ω,

we get

TrVnE
V
n+1,1,ω2,ω

= γE V
n,1,ω2,ω

,

with γ = (2ω2 + 3ω + 2)/(3ω2 + 4ω + 4). Therefore, we have a Dirichlet form on
the limit space if we consider the limit of the form

Ẽn = γ −nE V
n,1,ω2,ω

.

Remark 5.3 It is interesting to observe that I. Bondarenko showed in [3] that the
diameters of the Schreier graphs {Γn}n�1 of the group IMG(z2 + i) have growth ωn.
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Some Remarks on Generalized Gaussian Noise

Saverio Giulini

Abstract The aim of this paper is to obtain sharp estimates about the behavior (lo-
cal and at infinity) of the convolution of n copies of Generalized Gaussian Densities
both in the symmetric and asymmetric case. Moreover, we obtain some improve-
ment of the estimate of the parameters of these densities from data samples.

Keywords Asymptotic approximations · Generalized Gaussian processes · Noisy
environment · Edgeworth expansion
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1 Introduction

Signal processing concerns itself with the treatment of signals in additive white
noise, which is often assumed to be Gaussian. This assumption is justified by the
Central Limit Theorem, since environmental noise is supposed to result from the
combination of a large number of independent sources.

More realistically, the distribution of source energies is characterized by a small
number of very strong sources and a huge number of very weak sources [22]. So
the Lindberg condition, a key requirement of the Central Limit Theorem, could be
violated.

Actually in many real applications (terrestrial noise disturbances in low fre-
quency radio-communication, ship-traffic-radiated noise in sonar and underwater
communication systems, etc.) background noise appears to deviate from Gaussian-
ity both in terms of asymmetry and sharpness.

Since the performances of signal processing algorithms, optimized in presence of
Gaussian noise, may decay significantly in non-Gaussian environments, it is crucial
to provide realistic (and simple) modeling of a wide set of noise probability density
functions (pdf’s) in order to optimize signal detection.
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The family of Generalized Gaussian pdf’s

pgG(x) = γ
1
c c

2Γ ( 1
c
)
e−γ |x|c , γ, c ∈ (0,+∞)

was introduced in 1972 by J.H. Miller and J.B. Thomas [16] to illustrate the struc-
ture and performance of a class of non-linear detectors for discrete-time signals.
This family of noise densities was commonly used in communication problems to
model certain atmospheric impulsive noise (see e.g. [12, 14]). More recently, the so
called hyperbolic assumption [22] (i.e., one supposes that the product of the strength
and the position of any source is approximately constant, when the sources of the
background noise are arranged by decreasing strength) justifies the use of the Cham-
pernowne model

pC(x) = 1

α

sinh(απ
β

)

cosh(
π(α+x)

2β
) cosh(

π(x−α)
2β

)
.

Because of their attractive properties (mainly stability under convolution), also sym-
metric alpha stable models

p̂α(ξ) = e−γ |ξ |α , γ > 0, 0 < α � 2

(·̂ denotes the Fourier transform on the line) were applied to communications, sonar,
radar, etc. [18].

Finally, experimental results on the detection of known deterministic signals cor-
rupted by real underwater acoustic noise has been used to compare different classes
of pdf models [20, 21]: more general results were obtained in the case of Asymmet-
ric Generalized Gaussian densities

pαgG(x) = c

Γ ( 1
c
)

(γlγr )
1/c

γ
1/c
l + γ

1/c
r

{

e−γl(−x)c if x < 0,

e−γrx
c

if x � 0,
γl, γr > 0, c ∈ (0,+∞)

introduced in [21].
Our goal is to obtain sharp estimates about the behavior (local and at infinity) of

the convolution of n copies of Generalized Gaussian densities both in the symmetric
and asymmetric cases. We shall also obtain some improvement of the estimate of
the parameters of the densities pgG from data samples.

2 Analysis at Infinity

We denote by pγl,γr ,c the Asymmetric Generalized Gaussian density corresponding
to the parameters γl, γr , c (in the symmetric case we put pγl,c = pγ,γ,c). We can
rewrite
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pγl,γr ,c(x) = c

Γ ( 1
c
)

(γlγr )
1/c

γ
1/c
l + γ

1/c
r

e−(γl+(γr−γl)H(x))|x|c

where H is the Heavyside function H(x) =
{

0 if x<0,
1 if x�0.

Our goal is to obtain a sharp estimate, for large values of x, of the convolution
power p

∗(n+1)
γl ,γr ,c . When γl = γr explicit computation can be done only in the “central”

case c = 2 and in the extreme cases c = 1 and c = ∞ (where p·,∞ = 1
2χ[−1,1]).

Indeed, it is well known that
(√

γ

π
e−γ (·)2

)∗(n+1)

(x) =
√

γ

(n + 1)π
e− γ

n+1 x2
,

while, with a long but straightforward computation, one can show that

(

γ

2
e−γ |·|

)∗(n+1)

(x) = γ

22n+1

n
∑

j=0

(

2n − j

n

)

γ j

j ! |x|j e−γ |x|, (1)

(

1

2
χ[−1,1]

)∗(n+1)

(x) = 1

n!2n+1

[ n
2 ]
∑

j=0

(−1)j
(

n + 1

j

)

(

n + 1 − 2j − |x|)n+, (2)

where [y] denotes the integral part of y and (y)+ =
{

y if y>0,

0 if y�0.

We need to estimate

p∗(n+1)
γl ,γr ,c

(x) =
∫

Rn

pγl,γr ,c(x−x1)

n
∏

j=2

pγl,γr ,c(xj−1 −xj )pγl,γr ,c(xn) dx1 dx2 · · ·dxn.

Along the guidelines of (1) and (2), we shall prove an “asymptotic almost stability”
property for convolution powers, in the sense that

p∗(n+1)
γl ,γr ,c

(x) ∼ an,c

(

x

n + 1

)bn,c

pγl(n+1),γr (n+1),c

(

x

n + 1

)

for suitable constants an,c, bn,c.
We put

f (y1, y2, . . . , yn−1, yn) =
n+1
∑

j=1

(

γl + (γr − γl)H(yj )
)|yj |c (3)

and we perform the change of variables
xj

x
= tj , for every j = 1,2, . . . , n. Then

p∗(n+1)
γl ,γr ,c

(x)

=
(

c

Γ ( 1
c
)

(γlγr )
1/c

γ
1/c
l + γ

1/c
r

)n+1
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× |x|n
∫

Rn

e−|x|cf ((1−t1) signx,(t1−t2) signx,...,(tn−1−tn) signx,tn signx)dt1 dt2 · · ·dtn.

(4)

The Laplace method for multiple integrals can be used to estimate (4). We state in
advance a compactification Lemma [4, Lemma 38].

Lemma 2.1 Let f and h : Rn → R be continuous functions such that
∫

Rn

∣

∣h(t)
∣

∣e−f (t) dt < +∞.

Suppose that the function f attains its minimum value in a unique point tmin. More-
over suppose there exists a neighborhood of tmin where the function h is different
from 0. Then for any neighborhood V of tmin

∫

Rn

∣

∣h(t)
∣

∣e−λf (t) dt ∼
∫

V

∣

∣h(t)
∣

∣e−λf (t) dt

as λ −→ +∞.

Our main tool will be the Hsu’s extension of the Laplace method to the case of
multiple integrals [11] (see also [4, Thm. 41]).

Lemma 2.2 Let U and V be two subsets of Rn such that V is compact, U is open
and V ⊂ U . Suppose f : U → R is a twice differentiable function and h : V → R

is a continuous function such that
∫

V
|h(t)|e−λf (t) dt is finite, if λ is large enough.

If tmin is the unique point of minimum for f inside V and the Hessian matrix of f

therein, H(tmin), is positive definite, then

∫

V

h(t)e−λf (t) dt −→
(

2π

λ

)n/2
h(tmin)√|detH(tmin)|e

−λf (tmin)

as λ −→ +∞.

Now we are ready to prove our main result.

Theorem 2.3 Suppose c > 1. Then, as x −→ ±∞, the following estimate holds

p∗(n+1)
γl ,γr ,c

(x) ∼
(

2cπ

Γ 2(1/c)(c − 1)γ±(γ
−1/c
l + γ

−1/c
r )2

)n/2

× (n + 1)
1
2 − 1

c

( |x|
n + 1

)n(1− c
2 )

pγl(n+1),γr (n+1),c

(

x

n + 1

)

where γ± =
{

γr if x→−∞,

γl if x→+∞.
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Proof Let us put t0 = 1, tn+1 = 0. Then the functions

f
(n)
± (t1, t2, . . . , tn) =

n+1
∑

j=1

(

γl + (γr − γl)H
(±(tj−1 − tj )

))|tj−1 − tj |c

are continuous in R
n if c > 0 and C ∞ with the exception of the points lying in the

hyperplanes tj−1 = tj , j = 1,2, . . . , n + 1. Such hyperplanes split Rn into 2n+1 −
1 open convex region Sk , k = 0,1, . . . ,2(2n − 1). Only one of them, say S0, is
bounded:

S0 = {(t1, t2, . . . , tn) ∈ R
n : 0 < tn < tn−1 < · · · < 1

}

.

Since

∂

∂tk
f

(n)
± (t1, t2, . . . , tn)

= c

1
∑

j=0

(−1)j
(

γl + (γr − γl)H
(±(tj−1 − tj )

)) |tk−j − tk−j+1|c
tk−j − tk−j+1

,

the gradient of f
(n)
± does not vanish in Sj if j 	= 0. On the other hand, in S0,

∂

∂tk
f

(n)
± (t1, t2, . . . , tn) = c

(

γl + (γr − γl)H(±1)
)(

(tk − tk+1)
c−1) − (tk−1 − tk)

c−1)

and therefore ∇f
(n)
± = 0 (in S0) if and only if

t1 = n

n + 1
, t2 = n − 1

n + 1
, . . . , tn = 1

n + 1
.

We put tmin = ( n
n+1 , n−1

n+1 , . . . , 1
n+1 ) and γ± = γl + (γr − γl)H(±1); in such a point

f
(n)
± (tmin) = γ±(n + 1)1−c.

Now the restriction of f
(n)
± to the intersection of m hyperplanes, say tjr−1 = tjr (r =

1,2, . . . ,m) coincides with f
(n−m)
± (t′) where (t′) ∈ R

n−m. Therefore the infimum

of such a restriction of f
(n)
± is γ±(n − m + 1)1−c .

It follows that

min
t∈Rn

= f
(n)
± (t) = γ±(n + 1)1−c.

On the other hand, if c < 1, the function f
(n)
± attains its minimum value γ± in the

point t1 = t2 = · · · = tn = 1.
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The Hessian matrix Hn of f
(n)
± at the critical point tmin is

Hn(tmin) = c(c − 1)γ±(n + 1)2−c

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

2 −1 0 0 · · · 0 0
−1 2 −1 0 · · · 0 0
0 −1 2 −1 · · · 0 0
...

...
...

...
. . . 0 0

0 0 0 0 · · · 2 −1
0 0 0 0 · · · −1 2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (5)

If An denotes the n × n matrix on the right side of (5), a simple induction argument
proves that its determinant satisfies the identity detAn = n + 1. Therefore

detHn(tmin) = (c(c − 1)γ±
)n

(n + 1)1+(2−c)n.

The thesis follows at once from (4), Lemmas 2.1 and 2.2, with λ = |x|c . �

3 Cumulants and Edgeworth Expansion

A large part of this section has no claim of originality: it is a simple remark about
the correct use of some expansions related to the Central Limit Theorem.

Many people used the Hermite polynomial expansion (Gram–Charlier series;
see (9) below) to approximate the convolution powers of a suitable density f . De-
spite some good results (see e.g. [1, 23]), this expansion has no probabilistic mean-
ing and does not supply any indication about the speed of convergence. In fact H.
Cramer noticed, in a slightly different setting, that only a rearrangement of (9), the
so called Edgeworth series (see (8) below) gives an asymptotic expansion of the
convolution power f ∗(n) ([6, Ch. VII]; see also [5]). Actually the Gram–Charlier
series seems to be more user-friendly than the Edgeworth expansion because of
the explicit presence in the latter of cumulants, whose general definition may ap-
pear slightly intricate (see [17] for an introduction to the use of cumulants in signal
processing; see also [8–10]). I hope that formula (7) will convince the reader that
cumulants are easy to compute.

It is well known that the Central Limit Theorem asserts that, under suitable
conditions, sums of independent random variables are asymptotically normally dis-
tributed. Of course this Theorem does not supply any information on the behavior
at infinity of the density of such sums. For many purposes, however, the local in-
formation appears inadequate as well seems. When higher order moments exist, we
make use of the so called Edgeworth expansion.

Let F be a probability distribution with density f and characteristic function
f̂ (t) = ∫ +∞

−∞ eitxf (x) dx. Let μk denote the moment of order k

μk =
∫ +∞

−∞
xkf (x) dx.

We suppose μ1 = 0, μ2 < +∞. and we put, as usual, μ2 = σ 2.
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If the absolute moment
∫ +∞
−∞ xsf (x) dx is finite for some positive integer s, then

the function log f̂ (here log denotes the principal branch of the logarithm) is s times
differentiable at the origin and we put

χk = (−1)k
dk

dtk
(log f̂ )(0), k = 1,2, . . . , s. (6)

The number χk is called the k-cumulant (or semi-invariant) of f .
The following general formula for cumulants can be easily deduced from their

definition.

χk = k!
k
∑

s=1

(−1)s−1(s − 1)!
∗
∑

k
∏

j=1

μ
hj

j

hj !(j !)hj
(7)

where
∑∗ denotes the sum over all the k-ple of non negative integers h1, h2, . . . , hk

such that
∑k

j=1 jhj = k,
∑k

j=1 hj = s.
It follows from definition (6) that cumulants of order k > 2 vanish if the sig-

nal is Gaussian and thus non zero cumulants provide a measure of the deviation
from Gaussianity. Moreover the cumulant of two statistically independent random
processes equals the sum of the cumulants of the individual random process (in an-
alytical terms, the cumulants of a convolution are the sum of cumulants), whereas
this is false for higher order moments.

Denote by nσ the Gaussian density (with variance σ 2)

nσ (x) = 1√
2πσ

e
− x2

2σ2

(n= n1) and define the polynomial Pk,σ (k � 3) in the following way

nσ (x)Pk,σ (x)

=
k−2
∑

m=1

1

m!
(

∑

j1+j2+···+jm=k−2

χj1+2χj2+2 · · ·χjm+2

(j1 +2)!(j2 +2)! · · · (jm +2)!
(

− d

dx

)k+2m−2

nσ (x)

)

=
k−2
∑

m=1

1

m!
(

∑

j1+j2+···+jm=k−2

χj1+2χj2+2 · · ·χjm+2

(j1+2)!(j2+2)! · · · (jm+2)!σk+2m−2
Hk+2m−2

(

x

σ

))

where Hj denotes the Hermite polynomial

n(x)Hj (x) = (−1)j
(

d

dx

)j

n(x).
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The following theorem holds (see e.g. [7, XVI.2] or [2, Th. 19.2] for a slightly more
general version):

Theorem 3.1 Suppose that the moments μ3, . . . ,μr exist and that f̂ ∈ Lp(R) for
some p � 1. Then

f ∗(n)(x) − 1√
n
nσ

(

y√
n

)

(

1 +
r
∑

k=3

n1− k
2 Pk,σ

(

y√
n

)

)

= o
(

n
1−r

2
)

. (8)

The next lemma allows us to apply Theorem 3.1 to the density pγ,c .

Lemma 3.2 p̂γ,c ∈ L1 for any c > 0.

Proof The proof is very easy if c > 1. A little additional effort allows us to prove
the result for general positive c.

We define

L2
α(R) =

{

f ∈ L2(R) :
∫

R

(

1 + |ξ |)α∣∣f̂ (ξ)
∣

∣

2
dξ < +∞

}

.

Of course {f ∈ L2
α(R) for some α > 1

2 } =⇒ f̂ ∈ L1(R). If c > 1
2 , then the deriva-

tive

d

dx
e−γ |x|c = −γ c signx|x|c−1e−γ |x|c

belongs to L2(R), therefore e−γ |·|c ∈ L2
1(R).

If 0 < c < 1
2 , we want to prove that some fractional derivative of order α ∈ ( 1

2 ,1)

of e−γ |x|c belongs to L2(R).
Thanks to symmetry, it is enough to consider x > 0. Then we may define

Dαe−γ |·|c (x) = 1

Γ (1 − α)

∫ +∞

x

(y − x)−α d

dy
e−γ |y|c dy.

It is obvious that the previous integral decays exponentially as x −→ +∞. With
the intent of studying the behavior as x −→ 0, we perform the change of variable
y = tx and obtain

Dαe−γ |·|c (x) = cγ

Γ (1 − α)

∫ +∞

1
(t − 1)−αtc−1e−γ |tx|c dt.

It follows from Lebesgue dominated convergence theorem that

Dαe−γ |·|c (x) ∼ Cγ,α,cx
c−α as x → 0.

Therefore Dαe−γ |·|c is in L2(R), provided that α < c + 1
2 . �
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Let cn,k = 1
k!
∫ +∞
−∞ f ∗(n)(y)Hk(

y

σ
√

n
) dy (of course c1,k = c2,k = 0 if μ1 = 0). As

remarked before, the so called Gram–Charlier series

f ∗(n)(x) = 1√
n
nσ

(

y√
n

)

(

1 +
+∞
∑

k=3

cn,kHk

(

y

σ
√

n

)

)

(9)

does not supply any information about the rate of convergence (in the case of gener-
alized Gaussian densities the Gram–Charlier series is convergent). Moreover there
is no practical reason to prefer the expansion (9): indeed the coefficient therein are
not easier to compute than cumulants. Unfortunately it is very difficult to obtain
good numerical estimates of the error in both series. These estimates should involve
the cumulants, and the (almost obvious) inequality

|χk| � kkμk

is far from being sharp. For example, in the Gaussian case, the cumulants of order
larger than 2 are zero, while μk = (2k)!

2kk! .

4 Parameters Estimates

A general problem in designing a signal detector in non-Gaussian environments is
the extraction, from real data samples, of the parameters the models of noise pdf
depend on. When dealing with generalized Gaussian functions, the parameter c is
difficult to estimate from the data; however it is linked with the sharpness of the
pdf. The Higher-Order-Statistics parameter which provide the best description of
sharpness variability is the fourth order kurtosis

β2(c) = μ4

σ4
= Γ ( 5

c
)Γ ( 1

c
)

Γ 2( 3
c
)

.

To express the pdf pgG in terms of the kurtosis β2, we need to invert the above
expression; of course an explicit inversion is not possible. A largely used analytical
approximation of this inverse function is

c = c1(β2) =
√

5

β2 − 1.865
− 0.12, (10)

in the range 1.87 � β2 � 30. For example, ocean noise distributions have been re-
ported to have kurtosis in the range [2.3, 3.67] ([15, Table 5]; see also [22]). It is
quite easy to do better.

The quantities

βk(c) = μ2k

σ2k

= Γ ( 2k+1
c

)Γ k−1( 1
c
)

Γ k( 3
c
)
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are decreasing functions of the variable c. Indeed

β ′
k(c) = 1

c2

Γ ( 2k+1
c

)Γ ( 3
c
)Γ k−1( 1

c
)

Γ k+1( 3
c
)

×
(

−(2k + 1)ψ

(

2k + 1

c

)

− (k − 1)ψ

(

1

c

)

+ 3kψ

(

3

c

))

, (11)

where ψ(x) = Γ ′(x)
Γ (x)

is the logarithmic derivative of the function Γ . Since

ψ(x) = −γ +
+∞
∑

n=0

(

1

n + 1
− 1

n + x

)

and the series converges uniformly on every compact subset of (0,+∞), the second
factor in (11) equals

4k(1 − k)

+∞
∑

n=0

n

( 1
c

+ n)( 3
c

+ n)( 2k+1
c

+ n)
< 0.

From the definition of Γ function and Stirling’s formula it follows that

βk(c) =

⎧

⎪

⎨

⎪

⎩

3k

2k+1 (1 + π2

c2 k(k − 1) + O( 1
c4 )) as c −→ +∞,

(2k+1)
2k+1

c − 1
2

3k( 3
c − 1

2 )
(1 + O(c)) as c −→ +0.

(12)

Although the forthcoming steps are valid for general k, we limit ourself to the most
interesting case, k = 2. If we are concerned with small values of the parameter c,
formula (12) suggests the following approximation

β2(c) ≈ 5
5
c − 1

2

3
6
c − 1

+ 2

9

(note that the two functions coincide if c = 2). Therefore an approximate inverse
of β2 is

c2(β2) = 5 ln 5 − 6 ln 3

ln(
√

5
3 (β2 − 2

9 ))
. (13)

Formula (12) provides better estimates than (10) in the range β2 � 2.2 (that is, 0 <

c � 3.9). On the other hand, for large values of c, still better results can be obtained
by interpolating the function β2 with a polynomial of degree 2 in the variable 1/c.
Then we have

β2(c) ≈ 9

5

(

1 + 2

15c
− 4

5c2

)

.

We force the functions to have the same value if c = 1 (β2 = 6) and c = 2 (β2 = 3)
and we get the approximate inverse function
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c3(β2) = −3(1 + √
40β2 − 71 )

2(9 − 5β2)
.

The function c3 works very well in the wide range c � 9 (β2 � 1.9) and it provides
the best approximation when c > 3 (that is, β2 < 2.41; compare with [Appendix,
Table 5]).
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Appendix

In this appendix we collect some computations about the coefficients of the expan-
sions related to the Central Limit Theorem. Table 5 compares different approximate
inverse functions of the kurtosis.

Tables 1 and 2 contain the first values of the cumulants of even order (less
than 10; formula (7)) and the corresponding coefficients of the Gram–Charlier se-
ries, both in the case of symmetric pdf’s. It is worthwhile to remark that the compu-
tation of the Gram–Charlier coefficients can be efficiently performed by means of
the formula

∫

R

f ∗(n)(x)xk dx =
∑

k1+k2+···+kn=k

k1,k2,...,kn�0

k!
k1!k2! · · ·kn!μk1μk2 · · ·μkn.

In Table 3, for k = 4,6,8,10, we compare the first terms of the Edgeworth and

Gram–Charlier expansions (see (8) and (9)); we put χ̃k = χk/k!μ
k
2
2 . Of course the

argument of the Hermite polynomials is y/
√

nμ2.
It is apparent that the computational cost of the expansion (9) is approximately

the same as Edgeworth series (8); however the latter expansion provides a better
approximation, as Table 4 shows. Anyway, as noticed in [3], “for situations where

Table 1 Cumulants

χ2 = μ2

χ4 = μ4 − 3μ2
2

χ6 = μ6 − 15μ2μ4 + 30μ3
2

χ8 = μ8 − 28μ2μ6 − 35μ2
4 + 420μ2

2μ4 − 630μ4
2

χ10 = μ10 − 45μ2μ8 − 210μ6(μ4 − 6μ2
2) + 3150μ2μ

2
4 − 18900μ3

2μ4 + 22680μ5
2

Table 2 Coefficients of Gram–Charlier series

cn,2 = 0

cn,4 = 1
4!n

χ4

μ2
2

cn,6 = 1
6!n2

χ6

μ3
2

cn,8 = 1
8! (

1
n3

χ8

μ4
2

+ 35
n2 (

χ4

μ2
2
)2) cn,10 = 1

10! (
1
n4

χ10

μ5
2

+ 210
n3

χ4

μ2
2

χ6

μ3
2
)
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Table 3 Expansion first terms

Edgeworth Gram–Charlier

1
n
χ̃4H4

1
n
χ̃4H4

1
n2 (χ̃6H6 + 1

2 χ̃2
4 H8)

1
n2 χ̃6H6

1
n3 (χ̃8H8 + χ̃4χ̃6H8 + 1

6 χ̃3
4 H12) ( 1

n3 χ̃8 + 1
2n2 χ̃2

4 )H8

1
n4 (χ̃10H10 + (χ̃4χ̃8 + 1

2 χ̃2
6 )H12 + 1

2 χ̃2
4 χ̃6H14 + 1

4! χ̃
4
4 H16) ( 1

n4 χ̃10 + 1
n3 χ̃4χ̃6)H10

Table 4 Maximum error
c ∗ Edg. Max. Err. G-C Max. Err.

1.5 6 6 2.27 × 10−5 6 2.26 × 10−4

1.5 10 6 6.44 × 10−6 6 8.41 × 10−5

1.5 10 8 2.66 × 10−6 8 7.46 × 10−6

4 6 6 2.33 × 10−5 6 4.68 × 10−4

4 10 6 3.61 × 10−6 6 1.30 × 10−4

4 10 8 3.84 × 10−7 8 2.16 × 10−5

Table 5 Approx. inverse
functions of the kurtosis β c(β) c1(β) c2(β) c3(β)

1959.3 0.2 −0.0694592 0.19976 0.0043038
51.95 0.4 0.196 0.3985 0.0274
15.5788 0.6 0.483818 0.597098 0.533383
8.56514 0.8 0.743859 0.796443 0.77517
6 1 0.979632 0.996843 1
4.74348 1.2 1.19796 1.19806 1.21252
4.01786 1.4 1.40397 1.39959 1.41647
3.5527 1.6 1.60123 1.60084 1.61452
3.23235 1.8 1.79225 1.80118 1.80857
3 2 1.97888 2 2
2.82473 2.2 2.1625 2.19673 2.18982
2.68841 2.4 2.3442 2.39087 2.37881
2.57977 2.6 2.52485 2.58194 2.56756
2.49143 2.8 2.70519 2.76957 2.75656
2.4184 3 2.88584 2.95341 2.94619
2.18844 4 3.811778 3.80808 3.91307
2.0701 5 4.81746 4.54645 4.92674
2 6 5.96581 5.17111 6
1.95463 7 7.34883 5.69406 7.14057
1.92341 8 9.13209 6.1302 8.35377
1.90093 9 11.6771 6.49049 9.64364
1.88416 10 16.0347 6.7986 11.0134
1.86121 12 – 7.27084 14.0026
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the estimate of a deviation of a pdf from a Gaussian one is needed, the asymptotic
Edgeworth expansion is indispensable, and for high order moments the form of this
expansion found by Petrov is necessary” (see also [13, 19]).

The first column of Table 4 lists the values of the parameter c, the second the
number of convolutions, the third and fifth the number of terms that we consider in
Edgeworth and Gram–Charlier series, respectively, and the fourth and sixth contain
the absolute values of the corresponding maximum error in the interval [−5, 5].
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Abstract We study the eigenvalues of the vertex set Hecke algebra of an affine
building, and prove, by a direct approach, the Weyl group invariance of any eigen-
value associated to a character. Moreover, we construct the Satake isomorphism of
the Hecke algebra and we prove, by this isomorphism, that every eigenvalue arises
from a character.
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1 Introduction

The aim of this paper is to discuss the eigenvalues of the vertex set Hecke alge-
bra H (Δ) of any affine building Δ, using only its geometric properties. We avoid
making use of the structure of any group acting on Δ.

To every multiplicative function χ on the fundamental apartment A of the build-
ing we associate an eigenvalue Λχ that can be expressed in terms of the Poisson
kernel relative to the character χ . We prove the invariance of the eigenvalue Λχ

with respect to the action of the finite Weyl group W on the characters. Moreover
we prove that every eigenvalue arises from a character. Following the method used
by Macdonald in his paper [7], our basic tool to obtain this characterization is the
definition of the Satake isomorphism between the algebra H (Δ) and the Hecke
algebra of all W-invariant operators on the fundamental apartment A.

Our approach strongly depends on the definition of an α-boundary Ωα , for every
simple root α. Indeed, to every point of Ω we associate a tree, called tree at infinity,
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and define the α-boundary Ωα as the collection of all such isomorphic trees. Then
we show that the maximal boundary splits as the product of Ωα and the boundary
∂T of the tree at infinity, and so any probability measure on Ω decomposes as the
product of a probability measure on Ωα and the standard measure on ∂T .

Our goal is a proof where the geometry of the building is foremost. Since we in-
tend to address a non-specialized audience, we make use of a language that reduces
to a minimum the algebraic prerequisites on affine buildings. So we make the paper
as self-contained as possible, and for this goal we give the main results about build-
ings and their maximal boundary Ω , without claims of originality except possibly
in the presentation. Our results are used in [11] to construct Macdonald’s formula
for the spherical functions on a building.

For buildings of type ˜A2, ˜B2 and ˜G2 the eigenvalues of the algebra H (Δ) are
described in detail in [8–10] respectively.

We point out that an exhaustive exposition of the features of an affine building
and its maximal boundary can be also found in the articles [12, 13] of J. Parkinson.

2 Affine Buildings

This section collects the fundamental definitions and properties concerning build-
ings and establishes notation that will be used in the rest of the paper. Our presenta-
tion is based on [3, 14, 15]; we refer the reader to these books for more details. For
a similar exposition on buildings, see [12].

2.1 Labeled Chamber Complexes

A simplicial complex (with vertex set V ) is a collection Δ of finite subsets of V
(called simplices) such that every singleton {v} is a simplex and every subset of a
simplex A is a simplex (called a face of A). The cardinality r of A is called the rank
of A, and r−1 is called the dimension of A. Moreover a simplicial complex is said to
be a chamber complex if all maximal simplices have the same dimension d and any
two can be connected by a gallery, that is, by a sequence of maximal simplices in
which any two consecutive ones are adjacent, that is, have a common codimension
1 face. The maximal simplices will then be called chambers and the rank d + 1
(respectively the dimension d) of any chamber is called the rank (respectively the
dimension) of Δ. The chamber complex is said to be thin (respectively thick) if every
codimension 1 simplex is a face of exactly two chambers (respectively at least three
chambers).

A labeling of the chamber complex Δ by a set I is a function τ which assigns to
each vertex an element of I (the type of the vertex), in such a way that the vertices
of every chamber are mapped bijectively onto I . The number of labels or types used
is required to be the rank of Δ (that is the number of vertices of any chamber), and



Eigenvalues of the Vertex Set Hecke Algebra of an Affine Building 293

joinable vertices are required to have different types. When a chamber complex Δ

is endowed by a labeling τ , we say that Δ is a labeled chamber complex. For every
A ∈ Δ, we will call τ(A) the type of A, that is, the subset of I consisting of the
types of the vertices of A; moreover we call I \ τ(A) the co-type of A.

A chamber system over a set I is a set C such that each i ∈ I determines a par-
tition of C , two elements in the same class of this partition being called i-adjacent.
The elements of C are called chambers and we write c ∼i d to mean that the cham-
bers c and d are i-adjacent. Then a labeled chamber complex is a chamber system
over the set I of the types and two chambers are i-adjacent if they share a face of
co-type i.

2.2 Coxeter Systems

Let W be a group (possibly infinite) and S be a set of generators of W of order 2.
Then W is called a Coxeter group and the pair (W,S) is called a Coxeter system, if
W admits the presentation

〈

S; (st)m(s,t) = 1
〉

,

where m(s, t) is the order of st and there is one relation for each pair s, t , with
m(s, t) � ∞. We shall assume that S is finite, and denote by N the cardinality of S.
Then, if I is an arbitrary index set with |I | = N , we can write S = (si)i∈I and

W = 〈

(si)i∈I ; (sisj )mij = 1
〉

,

where m(sisj ) = mij . When w ∈ W is written as w = si1si2 · · · sik , with ij ∈ I and
k minimal, we say that the expression is reduced and we call length |w| of w the
number k. The matrix M = (mij )i,j∈I , with entries mij ∈ Z ∪ {∞}, is called the
Coxeter matrix of W . We shall represent M by its diagram D: the nodes of D are
the elements of I (or of S) and between two nodes there is a bond if mij � 3, with
the label mij over the bond if mij � 4. We call D the Coxeter diagram or the Coxeter
graph of W . We often say that W has type M if M is its Coxeter matrix.

2.3 Coxeter Complexes

Let (W,S) be a Coxeter system, with S = (si)i∈I finite. Define a special coset to be
a coset w〈S′〉, with w ∈ W and S′ ⊂ S, and define Σ = Σ(W,S) to be the set of spe-
cial cosets, partially ordered by the opposite of the inclusion relation: B � A in Σ if
and only if B ⊇ A as subsets of W , in which case we say that B is a face of A. The
set Σ is a simplicial complex; moreover it is a thin, chamber complex of rank N =
card S that admits a labeling, and the W -action on Σ is type-preserving. We remark
that the chambers of Σ are the elements of W and, for each i ∈ I , w ∼i w′ means
that w′ = wsi or w′ = w. Following Tits, we shall call Σ the Coxeter complex asso-
ciated to (W,S), or the Coxeter complex of type M , if M is the Coxeter matrix of W .
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2.4 Buildings

Let (W,S) be a Coxeter system, and let M = (mij )i,j∈I its Coxeter matrix. A build-
ing of type M (Tits, [15]) is a simplicial complex Δ, which can be expressed as the
union of subcomplexes A (called apartments) satisfying the following axioms:

(B0) each apartment A is isomorphic to the Coxeter complex Σ(W,S) of type M

of W ;
(B1) for any two simplices A,B ∈ Δ, there is an apartment A (A,B) that contains

both of them;
(B2) if A and A ′ are two apartments containing A and B , there is an isomorphism

A → A ′ fixing A and B pointwise.

Hence each apartment of Δ is a thin, labeled chamber complex over I of rank N =
|I |. It can be proved that a building of type M is a chamber system over the set I

with the properties:

(i) for each chamber c ∈ Δ and i ∈ I , there is a chamber d �= c in Δ such that
d ∼i c;

(ii) there exists a W -distance function

δ : Δ × Δ → W

such that, if f = i1 · · · ik is a reduced word in the free monoid on I and wf =
si1 · · · sik ∈ W , then

δ(c, d) = wf

when c and d can be joined by a gallery of type f . We write d = c · δ(c, d).

Actually it can be proved that each chamber system over a set I satisfying these
properties is a building.

To ensure that the labeling of Δ and Σ(W,S) are compatible, we assume that
the isomorphisms in (B0) and (B2) are type-preserving; this implies that the isomor-
phism in (B2) is unique. We write C (Δ) for the chamber set of Δ. We call rank of
Δ the cardinality N of the index set I .

We always assume that Δ is irreducible, that is, the associated Coxeter group W

is irreducible (that is, its Coxeter graph is connected). Moreover we confine our-
selves to consider thick buildings. In any building we always consider the complete
system of apartments.

2.5 Regularity and Parameter System

Let Δ be a (irreducible) building of type M , with associated Coxeter group W over
index set I , with |I | = N . We say that Δ is locally finite if

∣

∣

{

d ∈ C (Δ), c ∼i d
}∣

∣ < ∞, for every i ∈ I, for every c ∈ C (Δ).



Eigenvalues of the Vertex Set Hecke Algebra of an Affine Building 295

Moreover we say that Δ is regular if this number does not depend on the chamber c.
We shall assume that Δ is locally finite and regular. Since, for every i ∈ I , the set

Ci (c) = {

d ∈ C (Δ), c ∼i d
}

has a cardinality which does not depend on the choice of the chamber c, we put

qi = ∣

∣Ci (c)
∣

∣, for every c ∈ C (Δ).

The set {qi}i∈I is called the parameter system of the building. Notice that the pa-
rameter system has the following properties (see for instance [12] for the proof):

(i) qi = qj , whenever mij < ∞ is odd;
(ii) if sj = wsiw

−1 for some w ∈ W , then qi = qj .

Property (ii) implies that, for w ∈ W , the monomial qi1 · · ·qik is independent of the
particular reduced decomposition w = si1 · · · sik of w [2]. So we define, for every
w ∈ W ,

qw = qi1 · · ·qik

if si1 · · · sik is any reduced expression for w. If we set, for every c ∈ C (Δ) and every
w ∈ W ,

Cw(c) = {

d ∈ C (Δ), δ(c, d) = w
}

,

it can be proved that
∣

∣Cw(c)
∣

∣ = qw = qi1 · · ·qik ,

whenever w = si1 · · · sik is a reduced expression for w. Hence the cardinality of the
set Cw(c) does not depend on the choice of the chamber c. Obviously, qw = qw−1 .

If U is any finite subset of W , we define

U(q) =
∑

w∈U

qw

and we call it the Poincaré polynomial of U .

2.6 Affine Buildings

According to [2], W is called an affine reflection group if W is a group of affine
isometries of a Euclidean space V (of dimension n � 1) generated by reflections
sH , where H ranges over a set locally finite H of affine hyperplanes of V which is
W -invariant. We also assume W infinite. It is known that an affine reflection group
is in fact a Coxeter group, because it has a finite set S of n+1 generators and admits
the presentation

〈

S; (st)m(s,t) = 1
〉

.
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A building Δ (of type M) is said affine if the associated Coxeter group W is an
affine reflection group. It is well known that each affine reflection group can be seen
as the affine Weyl group of a root system. So we can define an affine building as a
building associated to the affine Weyl group of a root system.

For the purpose of establishing notation, we shall give a brief discussion of root
systems and its affine Weyl group, and we shall describe the geometric realization
of the Coxeter complex associated to this group. We suggest [2] as an exhaustive
reference on this subject.

2.7 Root Systems

Let V be a vector space over R, of dimension n � 1, with inner product 〈·, ·〉. For
every v ∈V \ {0} we define

v∨ = 2v

〈v, v〉 .

Let R be an irreducible, but not necessarily reduced, root system in V (see [2]).
The elements of R are called roots and the rank of R is n.

Let B = {αi, i ∈ I0} be a basis of R, where I0 = {1, . . . , n}. Thus B is a subset of
R such that

(i) B is a vector space basis of V;
(ii) each root in R can be written as a linear combination

∑

i∈I0

kiαi,

with integer coefficients ki which are either all nonnegative or all nonpositive.

The roots in B are called simple. We say that α ∈ R is positive (respectively neg-
ative) if ki � 0, for every i ∈ I0 (respectively ki � 0, for every i ∈ I0). We denote
by R+ (respectively R−) the set of all positive (respectively negative) roots. Thus
R− = −R+ and R = R+ ∪ R− (as disjoint union). Define the height (with respect
to B) of α = ∑

i∈I0
kiαi by

ht(α) =
∑

i∈I0

ki .

There exists a unique root α0 ∈ R whose height is maximal, and if we wright α0 =
∑

i∈I0
miαi , then mi � ki for every root α = ∑

i∈I0
kiαi ; in particular mi > 0, for

every i ∈ I0 [2].
The set R∨ = {α∨, α ∈ R} is an irreducible root system, which is reduced if and

only if R is. We call R∨ the dual (or inverse) of R and we call co-roots its elements.
For each α ∈ R, denote by Hα the linear hyperplane of V defined by 〈v,α〉 = 0

and by H0 the family of all linear hyperplanes Hα . For every α ∈ R, let sα be the
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reflection with reflecting hyperplane Hα and W the subgroup of GL(V) generated
by {sα,α ∈ R}. W permutes the set R and is a finite group, called the Weyl group
of R. Note that W(R) = W(R∨).

The hyperplanes in H0 split up V into finitely many regions; the connected com-
ponents of V\⋃

α Hα are (open) sectors based at 0, called the (open) Weyl chambers
of V (with respect to R). The so called fundamental Weyl chamber or fundamental
sector based at 0 (with respect to B) is the Weyl chamber

Q0 = {

v ∈ V : 〈v,αi〉 > 0, i ∈ I0
}

.

It is known that

(i) W is generated by S0 = {si = sαi
, i ∈ I0} and hence (W, S0) is a finite Coxeter

system;
(ii) W acts simply transitively on Weyl chambers;

(iii) Q0 is a fundamental domain for the action of W on V.

Moreover, for every w ∈ W, we have |w| = n(w), where n(w) is the number of
positive roots α for which w(α) < 0. Recall that at most two root lengths occur in R

if R is reduced, and all roots of a given length are conjugate under W. When there
are in R two distinct root lengths, we speak of long and short roots. In this case, the
highest root α0 is long.

The root system (or the associated Weyl group) can be characterized by the
Dynkin diagram, which is the usual Coxeter graph D0 of the group W, where we
add an arrow pointing to the shorter of the two roots. We refer to [2] for the classi-
fication of (irreducible) root systems. Observe that, for every n � 1, there is exactly
one irreducible non-reduced root system (up to isomorphism) of rank n, denoted by
BCn. If we take V = R

n, with the usual inner product, the root system BCn is the
following:

R = {±ek,±2ek,1 � k � n} ∪ {±ei ± ej ,1 � i < j � n}.
Hence we can choose B = {αi,1 � i � n}, if αi = ei − ei+1, 1 � i � n − 1 and
αn = en. Moreover

R+ = {ek,2ek,1 � k � n} ∪ {ei ± ej ,1 � i < j � n}
and α0 = 2e1. In this case R∨ = R and W(BCn) = W(Cn) = W(Bn).

We now decompose R = R1 ∪ R2 ∪ R0, as disjoint union, by defining

R1 = {α ∈ R : α/2 ∈ R,2α /∈ R},
R2 = {α ∈ R : α/2 /∈ R,2α ∈ R},
R0 = {α ∈ R : α/2,2α /∈ R}.

Then α0 ∈ R1, αn ∈ R2, and αi ∈ R0, for every i = 1, . . . , n − 1, and W stabilizes
each Rj .

The Z-span L(R) of the root system R is called the root lattice of V and L(R∨)

is called the co-root lattice of V associated to R. Notice that L(BCn) = L(Cn) =
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L(B∨
n ). We simply denote by L the co-root lattice of V associated to R. Moreover

we set

L+ =
{

∑

α∈R+
nαα∨, nα ∈ N

}

.

2.8 Affine Weyl Group of a Root System

Let R be an irreducible root system, not necessarily reduced. For every α ∈ R and
k ∈ Z, define an affine hyperplane

Hk
α = {

v ∈ V : 〈v,α〉 = k
}

.

We remark that Hk
α = H−k−α and H 0

α = Hα ; moreover Hk
α can be obtained by trans-

lating H 0
α by k

2α∨.
When R is reduced we define H = ⋃

α∈R+ H (α), where, for every α ∈ R+,

H (α) = {

Hk
α for all k ∈ Z

}

.

When R is not reduced, we note that, for every α ∈ R2, Hk
α = H 2k

2α ; then we define

H1 = {

Hk
α : α ∈ R1, k ∈ 2Z+ 1

}

,

H2 = {

Hk
α : α ∈ R2, k ∈ Z

}

,

H0 = {

Hk
α : α ∈ R0, k ∈ Z

}

,

and H = H1 ∪H2 ∪H0, as disjoint union. Since H1 ∪H2 = {Hk
α ,α ∈ R1, k ∈ Z},

we can write

H =
⋃

α∈R1∪R0

H (α),

by setting, for every α ∈ R0 or α ∈ R1, H (α) = {Hk
α , for all k ∈ Z}, as in the

reduced case. Actually, R1 ∪ R0 is the root system of type Cn and the hyperplanes
described before are these associated with this reduced root system.

Given an affine hyperplane Hk
α ∈ H , the affine reflection with respect to Hk

α is
the map sk

α defined by

sk
α(v) = v − (〈v,α〉 − k

)

α∨, for every v ∈V.

The reflection sk
α fixes Hk

α and sends 0 to kα∨; in particular s0
α = sα , for every

α ∈ R. Denote by S the set of all affine reflections, and let Aff(V) be the set of
maps v �→ T v + λ, for all T ∈ GL(V) and λ ∈ V. Then the affine Weyl group W of
R is the subgroup of Aff(V) generated by all affine reflections sk

α , α ∈ R, k ∈ Z.
Let s0 = s1

α0
and I = I0 ∪ {0}: then it can be proved that W is a Coxeter group

over I , generated by the set S = {si, i ∈ I }. Writing tλ for the translation v �→ v +λ,
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we can consider V as a subgroup of Aff(V), by identifying λ and tλ. In this sense
Aff(V) = GL(V) �V. In the same sense, if we consider the affine Weyl group W ,
the co-root lattice L can be seen as a subgroup of W , since tλ, λ ∈ L, are the only
translations of V belonging to W , and we have

W = W �L.

We point out that W(BCn) = W(Cn), whereas W(BCn) ⊃ W(Bn). Hence each
w ∈ W can be uniquely written as w = wtλ for some w ∈ W and λ ∈ L; moreover,
if w1 = w1tλ1 and w2 = w2tλ2 , then w−1

2 w1 ∈ L if and only if w1 = w2. This implies
that there is a bijection between the quotient W/L and W: each coset wL determines
a unique w ∈ W. So we denote by w the coset whose representative in W is w, and
we write w ∈ w to intend that w = wtλ for some λ ∈ L.

It is not difficult to construct, for each irreducible root system R, the Coxeter
graph D of the affine Weyl group W ; one just needs to work out the order of sis0 for
each i ∈ I0, to see what new bonds and labels occur when the new node is adjoined
to the Coxeter graph D0 of W, that is, of R. We refer to [5] for the classification of
all affine Weyl groups.

2.9 Co-weight Lattice

Following standard notation, we call weight lattice of V associated to the root sys-
tem R the Z-span ̂L(R) of the vectors {λ∨

i , i ∈ I0}, defined by 〈λ∨
i , α∨

j 〉 = δij . We

call ̂L(R∨) the co-weight lattice of V associated to the root system R. We simply
set ̂L = ̂L(R∨). Then ̂L is the Z-span of the vectors {λi, i ∈ I0}, defined by

〈λi,αj 〉 = δij , for every i, j ∈ I0.

It is easy to see that, when R is reduced, ̂L contains L as a subgroup of finite index f,
the so called index of connection, with 1 � f � n + 1. Instead, when R is non-
reduced, that is, when R has type BCn, then ̂L(BCn) = L(BCn); thus, in this case

L(Cn) = L(BCn) = ̂L(BCn) �⊆ ̂L(Cn).

A co-weight λ is said dominant (respectively strongly dominant) if 〈λ,αi〉 � 0 (re-
spectively 〈λ,αi〉 > 0) for every i ∈ I0. We denote by ̂L+ (resp. ̂L++) the set of all
dominant (respectively strongly dominant) co-weights. Thus λ ∈ ̂L+ if and only if
λ ∈ Q0 and λ ∈ ̂L++ if and only if λ ∈ Q0. Observe that L+ does not lie in ̂L+ and
L+ ∩ ̂L+ consists of all dominant coweights of type 0.

2.10 Geometric Realization of an Affine Coxeter Complex

Let W be the affine Weyl group of a root system R; let H be the collection of the
affine hyperplanes associated to W . The open connected components of V\⋃α,k Hk

α
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are called chambers. Since R is irreducible, each chamber is an open (geometric)
simplex of rank n + 1 and dimension n. The extreme points of the closure of any
chamber are called vertices and the 1 codimension faces of any chamber are called
panels.

Denote by A = A(R) the vector space V equipped with chambers, vertices, pan-
els as defined above. Hence A is a geometric simplicial complex of rank n + 1 and
dimension n, realized as a tessellation of the vector space V in which all chambers
are isomorphic.

It is convenient to single out one chamber, called fundamental chamber of A, in
the following way:

C0 = {

v ∈ V : 0 < 〈v,α〉 < 1 ∀α ∈ R+} = {

v ∈ V : 〈v,αi〉 > 0 ∀i ∈ I0, 〈v,α0〉 < 1
}

.

Define walls of C0 the hyperplanes Hαi
, i ∈ I0 and H 1

α0
: then the group W is gen-

erated by the set of the reflections with respect to the walls of the fundamental
chamber C0.

We denote by C (A) the set of chambers and by V (A) the set of vertices of A.
It can be proved that W acts simply transitively on C (A) and C0 is a fundamental
domain for the action of W on V. Moreover W acts simply transitively on the set
C (0) of all chambers C such that 0 ∈ C. Hence, there are well defined walls for
each chamber C ∈ C (A): the walls of C are the images of the walls of C0 under w,
if C = wC0. If we declare wC0 ∼i wC0 and wC0 ∼i wsiC0, for each w ∈ W and
each i ∈ I , then the map

w �→ wC0

is an isomorphism of the labeled chamber complex of W onto C (A). For every
w ∈ W , we set Cw = wC0. The vertices of C0 are X0

0,X
0
1, . . . ,X

0
n, where X0

0 = 0
and X0

i = λi/mi , i ∈ I0.
We declare τ(0) = 0 and τ(λi/mi) = i, for i ∈ I0; more generally we declare

that a vertex X of A has type i, i ∈ I if X = w(X0
i ) for some w ∈ W . This define a

unique labeling

τ : V (A) → I,

and the action of W on A is type-preserving. For any i ∈ I , we say that a panel of C0
has co-type i if i is the type of the vertex of C0 not lying in the panel; this extends
to a unique labeling on the panels of A.

Hence the Coxeter complex Σ(W,S) associated to the affine Weyl group W

admits a unique type-preserving isomorphism onto A. Thus A may be regarded as
the geometric realization of Σ . Up to this isomorphism, the co-root lattice L consists
of all type 0 vertices of A and W acts on L. We point out that, for every w ∈ W , the
chamber Cw can be joined to C0 by a gallery γ (C0,Cw) of type f = i1 · · · ik , if w =
si1 · · · sik ; so, recalling the definition of the W -distance function given in Sect. 2.4,
we have w = δ(C0,Cw). This suggests to denote the chamber Cw by C0 · w.

As in [2], a vertex X is a special vertex of A if, for every α ∈ R+, there exists
k ∈ Z such that X ∈ Hk

α . In particular the vertex 0 is special and hence every vertex



Eigenvalues of the Vertex Set Hecke Algebra of an Affine Building 301

of type 0 is special, but in general not all vertices of A are special. We shall denote
by Vsp(A) the set of all special vertices of A. We point out that, when R is reduced,
Vsp(A) = ̂L. More precisely, if R has type An, all n + 1 types are special. Further-
more, the special types that occur in root systems R of type Dn,E6 and G2, are
respectively four, three and only one. In all other cases there are two special types.
In particular, if R has type Bn or Cn, the special vertices have type 0 or n. We refer
the reader to [5] for more details.

When R has type Cn and α = αn, then all vertices of type 0 lie in hyperplanes
H 2k

α , for k ∈ Z, whereas all vertices of type n lie in hyperplanes H 2k+1
α , for k ∈ Z.

Actually, the reflection sα0 fixes each hyperplane Hh
α and the panel of co-type n

containing 0, of the hyperplane H 0
α0

. On the other hand, for every j , the reflection

with respect to H
j
α0 fixes its panel and each hyperplane Hh

α . The same is true for
every long root. If R has type Bn the previous property holds for each simple root
α = αi , i = 1, . . . , n − 1, and then for every long root.

When R is non-reduced, the Coxeter complex Σ(W,S) associated to the root
system of type BCn has the same geometric realization as the one associated to
the root system of type Cn. Then the special types are type 0 and type n, and are
arranged as above. Since ̂L(BCn) = L(BCn), the lattice ̂L(BCn) is a proper subset
of Vsp(A) and it consists of all type 0 vertices, lying in the hyperplanes H 2k

i , for
k ∈ Z and i = 0, n.

In general we denote by ̂V (A) the set of all special vertices of A belonging to
̂L; so ̂V (A) inherits the group structure of ̂L. If we define Î := {τ(λ) : λ ∈ ̂L}, then
̂V (A) is the set of all special vertices of A whose type belongs to Î . We remark that
Î = {i ∈ I : mi = 1}. See [12] for a proof of this property.

For every λ ∈ ̂L+, we define

Wλ = {w ∈ W : wλ = λ}.

If Xλ is the special vertex of A associated with λ and Cλ is the chamber containing
Xλ in the minimal gallery connecting C0 to Xλ, that is, the chamber of Q0 contain-
ing Xλ and nearest to C0, then the set Wλ is the stabilizer of Xλ in W. Moreover
denote by wλ the unique element of W such that Cλ = wλ(C0).

Finally, for each i ∈ Î , denote by Wi the stabilizer in W of the vertex X0
i of

type i lying in the fundamental chamber C0, that is, the Weyl group associated with
Ii = I \ {i}. Obviously W0 = W.

2.11 Extended Affine Weyl Group of R

Let us consider in Aff(V) the translation group corresponding to ̂L; since this group
is also normalized by W, we can form the semi-direct product

̂W = W �̂L,
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called the extended affine Weyl group of R. Observe that ̂W/W is isomorphic to
̂L/L, hence ̂W contains W as a normal subgroup of finite index f. In particular when
R is non-reduced, then ̂W(BCn) = W(BCn), as in this case ̂L(BCn) = L(BCn);
moreover ̂W(BCn) is not isomorphic to ̂W(Cn), since ̂W(Cn) is larger than W(Cn).
Notice that ̂W permutes the hyperplanes in H and acts transitively, but not simply
transitively, on C (A).

Given any two special vertices X, Y of A, there exists a unique ŵ ∈ ̂W such that
ŵ(X) = 0 and ŵ(Y ) belongs to Q0. Call shape of Y with respect to X the element
λ = ŵ(Y ) of ̂L+, and denote it by σ(X,Y ). For every λ ∈ ̂L+, we set

Vλ(X) = {

Y ∈ V (A) : σ(X,Y ) = λ
}

.

As for W/L, there is a bijection between the quotient ̂W/̂L and W: each coset ŵ̂L

determines a unique w ∈ W. Denote by w the coset whose representative in W is w.
Hence ŵ ∈ w means that ŵ = wtλ for some λ ∈ ̂L.

For every ŵ ∈ ̂W , let

L (ŵ) = ∣

∣

{

H ∈ H : H separates C0 and ŵ(C0)
}∣

∣.

If w ∈ W , then L (w) = |w|. The subgroup G = {g ∈ ̂W : L (g) = 0} is the stabi-
lizer of C0 in ̂W and

̂W ∼= G�W.

Hence G ∼= ̂L/L and is a finite abelian group. If R is reduced, it can be proved that
G = {gi, i ∈ Î } if g0 = 1, and, for every i ∈ I0, gi = tλi

w0
λi

w0, where w0 and w0
λi

are
the longest elements of W and Wλi

= {w ∈ W : wλi = λi} respectively. A proof of
this property can be found in [12]. Obviously, if R is non-reduced, then G is trivial.

We extend to ̂W the definition of qw given in Sect. 2.5 for w ∈ W , by setting

qŵ = qw if ŵ = wg,

where w ∈ W and g ∈ G. In particular, for each λ ∈ ̂L, qtλ = quλ if tλ = uλg.

2.12 Automorphisms of A and D

As usual, an automorphism of A is a bijection ϕ on V that maps chambers to cham-
bers, with the property that ϕ(C) and ϕ(C′) are adjacent if and only if C and C′
are adjacent. If D denotes the Coxeter graph of W , then an automorphism of D

is a permutation σ of I such that mσ(i),σ (j) = mij , for every i, j ∈ I . Aut(A) and
Aut(D) denote the automorphism groups of A and D, respectively. It can be proved
(see for instance [12]) that, for every ϕ ∈ Aut(A), there exists σ ∈ Aut(D) such that,
for every X ∈ V (A),

τ ◦ ϕ(X) = σ ◦ τ(X),

and ϕ(C) ∼σ(i) ϕ(C′) if C ∼i C′.
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Obviously W, W and ̂W can be seen as subgroups of Aut(A) such that W �
W � ̂W � Aut(A) (in some cases ̂W is a proper subgroup). Consider in particular
the finite abelian group G and, for every i ∈ Î , denote by σi the automorphism of
D such that τ ◦ gi = σi ◦ τ . Then σi(0) = i for every i ∈ Î . Hence every σi , i ∈ Î is
called type-rotating, and we set

Auttr(D) = {σi, i ∈ Î }.
In particular σ0 = 1. Note that Aut(D) = Aut(D0) � Auttr(D), where D0 is the
Coxeter graph of W, and Auttr(D) acts simply transitively on Î . Since each w ∈ W

is type-preserving, it corresponds to the element σ0 = 1 of Auttr(D); actually W

is the subgroup of all type-preserving automorphisms of A. Keeping in mind that
̂W ∼= G�W , we call type-rotating automorphism of A any element of ̂W .

The group Auttr(D) acts on W as follows: for every σ ∈ Auttr(D) and w =
si1 · · · sik ∈ W ,

σ(w) = sσ(i1) · · · sσ(ik).

In particular, for every i ∈ Î , we have Wi = σi(W).
Consider now the map

ι(μ) = −w0(μ), for every μ ∈A.

Since the map μ �→ −μ is an automorphism of A, then ι ∈ Aut(A); moreover ι2 = 1
and ι(Q0) = Q0. Therefore either ι is the identity or it permutes the walls of the sec-
tor Q0. Since the identity is the unique element of W which fixes the sector Q0, by
virtue of the simple transitivity of W on the sectors based at 0, it follows that ι be-
longs to W only when is the identity. This happens when the map μ �→ −μ belongs
to W, that is, when w0 = −1. Hence, if we consider the automorphism σ� of D

induced by ι, then in general σ� is not an element of Auttr(D), but σ� ∈ Auttr(D) if
and only if σ� = 1. Moreover, when σ� �= 1, then it belongs to Aut(D0). On the other
hand, Aut(D0) is non-trivial only for a root system of type Al (l � 2), Dl (l � 4) and
E6. Hence, apart these three cases, ι is always the identity, or equivalently, the map
μ �→ −μ belongs to W.

Simple computations allow to determine if ι is trivial or not for a Dynkin diagram
D0 of type Al (l � 2), Dl (l � 4) and E6. The results are listed in the following
proposition.

Proposition 2.1 Let R be an irreducible root system:

(i) if R has type Al (l � 2), then ι induces the unique non-trivial automorphism of
the diagram D0;

(ii) if R has type Dl (l � 4), then ι is the identity for n even and it induces the
unique non-trivial automorphism of the diagram D0 for n odd;

(iii) if R has type E6, then ι induces the unique non-trivial automorphism of the
diagram D0.

For every μ ∈ Vsp(A), let μ� = ι(μ): then μ� ∈Q0 for each μ ∈Q0.
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2.13 Affine Buildings of Type ˜Xn

Let Δ be an affine building; we assume Δ is irreducible, locally finite, regular and
we denote by {qi}i∈I its parameter system. By definition, there is a Coxeter group
W canonically associated to Δ and W is an affine reflection group, which can be
interpreted as the affine Weyl group of a (irreducible) root system R. Hence there is
a root system R canonically associated to each (irreducible, locally finite, regular)
affine building. In most cases the choice of R is straightforward, since in general
different root systems have different affine Weyl group.

The only exceptions to this rule are the root systems of type Cn and BCn, which
have the same affine Weyl group. So, when the group W associated to the building is
the affine Weyl group of the root systems of type Cn and BCn, we have to choose the
root system. We assume to operate this choice according to the parameter system of
the building. Actually, we choose R to ensure that in each case the group Auttr(D)

preserves the parameter system of the building, i.e., so as to have, for each σ ∈
Auttr(D), the identity qσ(i) = qi for all i ∈ I . In the cases R = Cn or BCn, one has
q1 = q2 = · · · = qn−1, but in general q0 �= q1 �= qn. On the other hand, if R = Cn,
then Auttr(D) = {1, σ }, while, if R = BCn, then Auttr(D) = {1}. Thus, if R = Cn,
the condition qσ(0) = q0 implies qn = q0, while, if R = BCn, q0 and qn can have
different values.

Keeping in mind the above choice and the classification of root systems, we shall
say that

(i) Δ is an affine building of type ˜Xn, if R has type Xn, in the following cases:

Xn = An (n � 2), Bn (n � 3), Dn (n � 4), En (n = 6,7,8), F4, G2;
(ii) Δ is an affine building of type

a. ˜A1, associated to a root system of type A1, if q0 = q1 (homogeneous tree);
b. ˜BC1, associated to a root system of type BC1, if q0 �= q1 (semi-homoge-

neous tree);
(iii) Δ is an affine building of type

a. ˜Cn, n � 2, associated to a root system of type Cn, if q0 = qn;
b. ˜BCn, n � 2, associated to a root system of type BCn, if q0 �= qn.

We refer to Appendix of [12] for the classification of all irreducible, locally finite,
regular affine buildings, in terms of diagram and parameter system.

In each case Auttr(D) preserves the parameter system of the building. Actually,
if we define

Autq(D) = {

σ ∈ Aut(D) : qσ(i) = qi, i ∈ I
}

,

then in each case Auttr(D) ∪ {σ�} ⊂ Autq(D).

2.14 Subgroups of G

We wish to determine the subsets of the set Î of special types corresponding to sub-
lattices of ̂L. In order to solve this problem we have to determine all the subgroups
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of the finite group G = ̂L/L of order f. We only consider buildings of type ˜An, ˜Dn

and ˜E6, as only in these cases f is greater than 2 and so there can be proper sub-
groups of ̂L/L. Since the order of a proper subgroup of a finite group must be a
divisor of the order of the group, then in the cases ˜E6 and ˜An, n a prime number,
there is no proper subgroup of ̂L/L. So we have to consider only the cases of ˜An,
if n is a composite number, and of ˜Dn. Direct computations lead to The following
results.

Proposition 2.2 Let Δ be a building of type ˜Dn. Then

(i) if n is even, G has three subgroups of order two, namely

G0,1 = 〈g0, g1〉, G0,n−1 = 〈g0, gn−1〉 and G0,n = 〈g0, gn〉,
that correspond to types {0,1}, {0, n − 1} and {0, n} respectively;

(ii) if n is odd, then G0,1 = 〈g0, g1〉 is the unique subgroup of order two of G, and
it corresponds to the types {0,1}.

Proposition 2.3 Let Δ be a building of type ˜An; assume n = lm for some l,m ∈ Z,
1 < l, m < n. Then {g0, gl, g2l , . . . , g(m−1)l} generate the unique subgroup of order
m in G.

Proposition 2.2 implies that, for a building of type ˜Dn, the vertices of A of types 0
and 1 form a sublattice of ̂L, for every n; moreover, when n is even, also the vertices
of types {0, n − 1} and the vertices of type {0, n} form a sublattice of ̂L. Besides,
the types {n − 1, n} do not correspond to a subgroup of order two in ̂L/L, but to its
complement; this means that the vertices of A of types n − 1 and n form an affine
lattice which does not contain the origin 0. The same is true, when n is even, for the
types {1, n − 1} and {1, n}.

Proposition 2.3 implies that the vertices of A of types {0, l,2l, . . . , (m − 1)l}
form a sublattice of ̂L, whereas, for 0 < j < l, the types {j, j + l, j + 2l, . . . , j +
(m − 1)l}, do not correspond to any subgroup of order m in ̂L/L, but to a lateral of
this subgroup. This means that, for 0 < j < l, the vertices of A of types {j, j + l, j +
2l, . . . , j + (m − 1)l} form an affine lattice which does not contain the origin 0.

2.15 Geometric Realization of an Affine Building

Let Δ be any affine building of type ˜Xn. The affine Coxeter complex A associa-
ted to W is called the fundamental apartment of the building. By definition, each
apartment A of Δ is isomorphic to A and hence it can be regarded as a Euclidean
space, tessellated by a family of affine hyperplanes isomorphic to the family H .
Moreover every such isomorphism is type-preserving or type-rotating. If ψ : A →
A is any type-preserving isomorphism, then, for each ŵ ∈ ̂W , ψ ′ = ŵψ is a type-
rotating isomorphism and, for every vertex x of type i, the type of ψ ′(x) is σj (i) if
ŵ = wgj . Each type-rotating isomorphism ψ ′ : A → A is obtained in this way.
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For any apartment A , denote by H (A ) the family of all hyperplanes h of A .
If ψ : A → A is any type-rotating isomorphism, we set h = hk

α if ψ(h) = Hk
α .

Obviously k and α depend on ψ .
Denote by V (Δ) the set of all vertices of the building and by Vi (Δ) the set of all

type i vertices of Δ, for each i ∈ I .
There is a natural way to extend to Δ the definition of special vertices given

in A; we call special each vertex x of Δ such that its image on A, under any type-
preserving isomorphism between any apartment containing x and the fundamental
apartment, is a special vertex of A. Recall that all types are special for a building
of type ˜An. Furthermore four, three and only one special type occur for a building
of type ˜Dn, ˜E6 and ˜G2 respectively. In all other cases the special types are two. We
denote by Vsp(Δ) the set of all special vertices of Δ.

Finally, let ̂V (Δ) be the set of all vertices of type i ∈ Î , that is, the set of all
vertices x whose image on A, under any isomorphism type-preserving between any
apartment containing x and the fundamental apartment, belongs to ̂L. It is obvious
that ̂V (Δ) = Vsp(Δ) if Δ is reduced, while ̂V (Δ) = V0(Δ) if Δ is not reduced. We
always refer to vertices of ̂V (Δ).

Recall that, for every pair of chambers c, d ∈ C (Δ), there exists a minimal
gallery γ (c, d) from c to d , lying in any apartment containing both chambers. The
type of γ (c, d) is f = i1 · · · ik if δ(c, d) = wf . If {qi}i∈I is the parameter sys-
tem of the building, for every c ∈ C (Δ) and w ∈ W , we have |Cw(c)| = qw , if
Cw(c) = {d ∈ C (Δ) : δ(c, d) = w}.

Analogously, given a vertex x ∈ ̂V (Δ) and a chamber d , there exists a minimal
gallery γ (x, d) from x to d , lying in any apartment containing x and d . If c is the
chambers of γ (x, d) containing x, then the type of this gallery is f = i1 · · · ik if
δ(c, d) = wf . Let δ(x, d) = δ(c, d), and, for every x ∈ ̂V (Δ) and w ∈ W ,

Cw(x) = {

d ∈ C (Δ) : δ(x, d) = w
}

.

For every x ∈ ̂V (Δ), denote by C (x) the set of all chambers containing x. Then
Cw(x) = ⋃

c∈C (x) Cw(c), a disjoint union. Observe that, for every x of type i ∈ Î

and any fixed chamber c containing x,

C (x) = {

c′ ∈ C (Δ) : δ(c, c′) = w ∈ Wi

}

,

where Wi = σi(W) is the stabilizer of the type i vertex of C0. Hence the cardinal-
ity of the set C (x) is the Poincaré polynomial Wi (q) of Wi . On the other hand,
Wi (q) = Wσi(0)(q) = W(q). Thus, in each case,

∣

∣C (x)
∣

∣ = W(q).

Therefore, for every x ∈ Vsp(Δ) and w ∈ W , the cardinality of the set Cw(x) does
not depend on x and

∣

∣Cw(x)
∣

∣ = W(q)qw.
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For any pair of facets F1,F2 of the building Δ, there exists an apartment
A (F1,F2) containing them. We call convex hull of {F1,F2} the minimal convex
region [F1,F2] delimited by hyperplanes of A (F1,F2) that contains {F1,F2}.

Given two special vertices x, y, there exists a minimal gallery γ (x, y) from x

to y, lying in any apartment A (x, y) that contains x and y. If c and d are the
chambers of γ (x, y) containing x and y respectively, and δ(c, d) = wf , then the
type of this gallery is f = i1 · · · ik . Moreover, denoting by ϕ any type-preserving
isomorphism from A (x, y) onto A, we define the shape of y with respect to x as

σ(x, y) = σ(X,Y ) if X = ϕ(x),Y = ϕ(y).

Hence, by definition of σ(X,Y ), the shape σ(x, y) is an element of ̂L+ and, if
σ(x, y) = λ, there exists a type-rotating isomorphism ψ : A (x, y) → A such that
ψ(x) = 0 and ψ(y) = λ.

For every vertex x ∈ ̂V (Δ) and every λ ∈ ̂L+, we define

Vλ(x) = {

y ∈ ̂V (Δ) : σ(x, y) = λ
}

.

It is easy to prove that, for every x ∈ ̂V (Δ), we have ̂V (Δ) = ⋃

λ∈̂L+ Vλ(x), a dis-
joint union.

The following proposition provides a formula for the cardinality of the set Vλ(x).

Proposition 2.4 Let x ∈ ̂V (Δ) and λ ∈ ̂L+. If τ(x) = i, τ(Xλ) = l and j = σi(l),
then

∣

∣Vλ(x)
∣

∣ = 1

W(q)

∑

w∈WwλWj

qw = W(q)

Wλ(q)
qwλ.

In particular |Vλ(x)| = W(q)qwλ for λ ∈ L++.

Proof For every chamber c of Δ and for every i ∈ I , denote by vi(c) the vertex of
type i of c. Then

Vλ(x) = {

y = vj (d), d ∈ C (Δ) : δ(x, d) = σi(wλ)
}

.

If we define

Cλ(x) = {

d ∈ C (Δ) : vj (d) ∈ Vλ(x)
}

,

then it is immediate to note that, for each y ∈ Vλ(x), there are W(q) chambers in
Cλ(x) which contain y. Therefore |Cλ(x)| = W(q)|Vλ(x)|. On the other hand, for
any chamber c in the set C (x), it can be proved that, as disjoint union,

Cλ(x) =
⋃

w∈Wiσi (wλ)Wj

Cw(c).
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This implies that |Cλ(x)| = ∑

w∈Wiσi (wλ)Wj
|Cw(c)|. Moreover, since Wiσi(wλ) ×

Wj = σi(WwλWj ) and qσi(w) = qw , it follows that

∣

∣Cλ(x)
∣

∣ =
∑

w∈WwλWj

qw.

This proves the first formula.
For y ∈ Vλ(x), a minimal gallery γ from x to y starts with a chamber c ∈ C (x)

and is equal to γ (c, y). This gallery has type σi(fλ) if fλ is the type of the gallery
γ (C0,Cλ). Therefore there are |C (x)| = W(q) choices for c and, for each c, qwλ

choices for γ (c, y). On the other hand, c is determined by y up to Wλ(q). This
yields the last formula. �

Proposition 2.4 shows that |Vλ(x)| does not depend on x. Therefore we can set,
for every vertex x ∈ ̂V (Δ),

Nλ = ∣

∣Vλ(x)
∣

∣.

Set λ� = ι(λ). Then y ∈ Vλ(x) if and only if x ∈ Vλ�(y). Hence Nλ = Nλ� .
We provide an alternative formula for Nλ, in terms of qtλ .

Proposition 2.5 Let λ ∈ ̂L+. Then

Nλ = W(q−1)

Wλ(q−1)
qtλ .

In particular, for λ ∈ L++,

Nλ = W
(

q−1)qtλ .

Proof For any x ∈ ̂V (Δ) and y ∈ Vλ(x), denote by cx and cy the chambers contain-
ing x and y respectively in any minimal gallery connecting x to y. Let

Ctλ (x, y) = {

d ∈ C (Δ) : y ∈ d, δ(x, d) = tλ
}

.

Then it is easy to check that

Ctλ (x, y) = {

d ∈ C (Δ) : δ(cy, d) = w0
jw

0
j,λ

}

,

if w0
j and w0

j,λ are the longest elements of Wj and Wj,λ = {w ∈ Wj , : wλ = λ}
respectively. Therefore,

∣

∣Ctλ (x, y)
∣

∣ = qw0
j w0

j,λ
= qw0

j
q−1
w0

j,λ

= qw0q
−1
w0

λ

and

qtλ = qwλqw0q
−1
w0

λ

.
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Thus

Nλ = W(q)

Wλ(q)
q−1

w0
qw0

λ
qtλ .

Since W(q) = qw0W(q−1) and Wλ(q) = qw0
λ
Wλ(q

−1) [12], we conclude that

Nλ = W(q−1)

Wλ(q−1)
qtλ .

In particular, for λ ∈ L++,

Nλ = W
(

q−1)qtλ .
�

2.16 Parameter System of R

Let Δ be a building of type ˜Xn and let {qi}i∈I the parameter system of Δ. As we
said in Sect. 2.13, qσ(i) = qi for every i ∈ I and every σ ∈ Auttr(D). Moreover we
notice that qi = qj if there exists an hyperplane h on any apartment of the building
which contains two panels πi and πj of co-type i and j respectively. Hence for
every hyperplane h of the building we may define qh = qi if there is a panel of co-
type i lying in h. Notice that if h and h′ are two hyperplanes of the building, lying in
A and A ′ respectively, and there exists a type-rotating isomorphism ψ : A → A ′
such that h′ = ψ(h), then qh′ = qh; actually, if πi is a panel lying in h, then h′
contains a panel of co-type σ(i) for some σ ∈ Auttr(D).

Consider any apartment A of Δ and the set H (A ) of all the hyperplanes of A .
Let ψ : A → A any type-rotating isomorphism. Following notation of Sect. 2.15,
we set h = hk

α if ψ(h) = Hk
α , for any positive root α and any k ∈ Z. In this case we

define

qα,k = qh.

This definition is independent of the particular choice of A and ψ . Actually, if
ψ ′ : A ′ → A is another type-rotating isomorphism and ψ(h) = ψ ′(h′) = Hk

α , then
qh′ = qh, since ψ

′−1ψ is a type-rotating automorphism mapping h onto h′.
If R is reduced, it is easy to check that qα,k = qα′,k′ if Hk′

α′ = ŵ(Hk
α ), for some

ŵ ∈ ̂W . Indeed qh′ = qh if ψ(h) = Hk
α and ψ(h′) = Hk′

α′ for any ψ : A →A. In par-
ticular qα,0 = qα′,0 if α′ = w(α) for some w ∈ W and, for every α ∈ R+, qα,k = qα,0
for every k ∈ Z. Moreover qαi,0 = qi , i = 1, . . . , n and qα0,1 = q0. These properties
suggest to define, for every α ∈ R+,

qα = qα,k, for every k ∈ Z.

Then qαi
= qi for every i ∈ I ; moreover, for every α ∈ R+, qα = qαi

if α = wαi

for some w ∈ W. Hence qα = qαi
if |α| = |αi |. It turns out that, if all roots have the

same length (as in the case of R of type An), then qi = q for every i ∈ I and qα = q
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for every α ∈ R. Moreover, if R contains long and short roots, then qi = q if αi is
long, and qi = p if α is short; so qα = q , for all long α, and qβ = p, for all short β .

Consider now the case of a non-reduced root system of type BCn. Since ̂L = L

and ̂W = W , then every isomorphism of an apartment A onto A is type-preserving
and qα,k = qα′,k′ if Hk′

α′ = w(Hk
α ) for some w ∈ W . Hence it is easy to prove that,

for all k ∈ Z,

qα,2k+1 = qα,1 = qα0,1 for every α ∈ R1,

qα,k = qα,0 = qαn,0 for every α ∈ R2,

qα,k = qα,0 = qαi,0, i = 1, . . . , n − 1, if α ∈ R0 and α = wαi for some w ∈ W.

Moreover

qα0,1 = q1, qαi ,0 = q0, for every i = 1, . . . , n − 1 and qαn,0 = qn.

Hence, setting

qα =
{

qα,2k+1 for every α ∈ R1, for every k ∈ Z,

qα,k, for every α ∈ R2 ∪ R0, for every k ∈ Z,

we have

qα =

⎧

⎪

⎨

⎪

⎩

q1 for every α ∈ R1,

q0 for every α ∈ R0,

qn for every α ∈ R2.

For the sake of simplicity, set q1 = p, q0 = q , qn = r . In each case it is convenient
to extend the definition of qα by setting qα = 1 if α /∈ R. Thus, qα = p, qα/2 = r if
α ∈ R1, qα = q , qα/2 = 1 if α ∈ R0, and qα = r , qα/2 = 1 if α ∈ R2.

Let us give the following useful alternative characterization of qtλ , for every
λ ∈ ̂L+.

Proposition 2.6 For every λ ∈ ̂L+, then

qtλ =
∏

α∈R+
q〈λ,α〉
α q

−〈λ,α〉
2α .

Proof Recall that quλ denotes the number of chambers c′ connected to any cham-
ber c by a gallery of type uλ. Moreover qtλ = quλ = qi1 · · ·qir if tλ = uλgl and
uλ = si1 · · · sir .

In the building Δ, fix two chambers c, c′ such that δ(c, c′) = uλ. Denote by A
any apartment that contains c, c′ (and hence the gallery γ (c, c′) of type uλ), and con-
sider the isomorphism ψ : A → A such that ψ(c) = C0. Through this isomorphism,
the chamber c′ maps to the chamber uλ(C0), lying in Q0. For every i1, . . . , ir , the
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panel πij of the gallery belongs to a hyperplane h of A such that ψ(h) = H
j
α for

some α ∈ R+ and j ∈ Z. Therefore it follows that

qtλ =
∏

α∈R+
qkα
α ,

where, for each α ∈ R+, kα denotes the number of hyperplanes in H (α) separating
C0 and uλ(C0). Since vl(uλ(C0)) = λ, we notice that kα = 〈λ,α〉 when α/2 /∈ R,
and kα = 〈λ,α/2〉 otherwise. This proves the statement. �

Corollary 2.7 Let λ ∈ ̂L+. Then

Nλ = W(q−1)

Wλ(q−1)

∏

α∈R+
q〈λ,α〉
α q

−〈λ,α〉
2α .

In particular, if λ ∈ ̂L++, we have

Nλ = W
(

q−1)
∏

α∈R+
q〈λ,α〉
α q

−〈λ,α〉
2α .

2.17 The Algebra H (C )

Denote by L (C ) the space of all finitely supported functions on C = C (Δ). Each
function f ∈ L (C ) can be written uniquely as f = ∑

c f (c)1c , where, for each
chamber c ∈ C (Δ),

1c

(

c′) =
{

1, c′ = c,

0, c′ �= c.

For each w ∈ W , we define

Tw1c =
∑

δ(c′,c)=w

1c′ .

The operator Tw may be extended by linearity to the space L (C ), by setting Twf =
∑

c f (c)Tw1c if f = ∑

c f (c)1c . It is easy to prove that, for every c,

Twf (c) =
∑

δ(c,c′)=w

f
(

c′).

Indeed,

Twf (c) = 〈Twf,1c〉 =
∑

c′
f
(

c′) ∑

δ(c′′,c′)=w

〈1c′′ ,1c〉 =
∑

δ(c,c′)=w

f
(

c′),
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since we can choose c′′ = c in the sum only in the case δ(c, c′) = w and 〈1c′′ ,1c〉 = 0
for c′′ �= c.

We denote by H (C ) the linear span of {Tw,w ∈ W }. We shall prove that H (C )

is in fact an algebra.

Lemma 2.8 Let S be the finite set of generators of W . For every s ∈ S, let qs = qα

when s = sα . Then

T 2
s = qsI + (qs − 1)Ts.

Proof Fix s ∈ S. Then, for every chamber c,

T 2
s 1c =

∑

δ(c′,c)=s

Ts1c′ =
∑

δ(c′,c)=s

∑

δ(c′′,c′)=s

1c′′ =
∑

δ(c′,c)=s

(

1c +
∑

δ(c′′,c′)=s, c′′ �=c

1c′′ ,

)

.

Since qs is the number of chambers c′ such that δ(c, c′) = δ(c′, c) = s, we conclude
that

T 2
s = qs1c + (qs − 1)

∑

δ(c′,c)=s

1c′ = qsI + (qs − 1)Ts. �

Proposition 2.9 For every w ∈ W and s ∈ S,

TwTs =
{

Tws if |ws| = |w| + 1,

qsTws + (qs − 1)Tw if |ws| = |w| − 1.

Proof For each function f ∈ L (C ), and each chamber c, we have by definition

(TwTs)f (c) =
∑

δ(c,c′)=w

∑

δ(c′,c′′)=s

f
(

c′′) and Twsf (c) =
∑

δ(c,c̃)=ws

f (c̃).

If |ws| = |w| + 1, then, for every c̃, there exists c′ such that δ(c, c′) = w and
δ(c′, c̃) = s; hence Cws(c) = {c̃ : δ(c, c̃) = ws} = ⋃

δ(c,c′)=w{c′′ : δ(c′, c′′) = s}.
Therefore (TwTs)f (c) = Twsf (c).

Assume now |ws| = |w| − 1 and define w1 = ws. In this case w = w1s, with
|w1s| = |w1| + 1. Therefore Tw = Tw1s = Tw1Ts and, by Lemma 2.8,

TwTs = Tw1T
2
s = qsTw1 + (qs − 1)Tw1Ts = qsTw1 + (qs − 1)Tw1s

= qsTws + (qs − 1)Tw. �

Theorem 2.10 Let w1,w2 ∈ W for every w,w1,w2 ∈ W there exists Nw(w1,w2)

such that

Tw1Tw2 =
∑

w∈W

Nw(w1,w2)Tw.

Moreover, the set {w ∈ W : Nw(w1,w2) �= 0} is finite, for all w1,w2 ∈ W .
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Proof We proceed by induction on |w2|. If |w2| = 1, then w2 = s for some s ∈ S

and the identity follows from Proposition 2.9. If |w2| = n for n > 1, write w2 = w′s
for some s and w′ such that |w′| = n − 1. Hence Tw1Tw2 = Tw1Tw′Ts . Now assume
that the identity is true for each k < n. Then

Tw1Tw2 = (Tw1Tw′)Ts =
(

∑

w∈W

Nw

(

w1,w
′)Tw

)

Ts =
∑

w∈W

Nw

(

w1,w
′)(TwTs).

Therefore the identity follows from Proposition 2.9. �

Corollary 2.11 Let w1,w2 ∈ W . If |w1w2| = |w1| + |w2|, then Tw1Tw2 = Tw1w2 .

Proof If |w2| = 1, the identity follows from Proposition 2.9. If |w2| = n for n > 1,
and w2 = w′s for some s and w′ such that |w′| = n − 1, then |w1w

′| = |w1| + |w′|,
and |w1w2| = |w1w

′| + |s|. Thus, assuming the identity true for each k < n, by
Proposition 2.9 we have

Tw1Tw2 = Tw1Tw′Ts = Tw1w
′Ts = Tw1w

′s = Tw1w2 . �

Theorem 2.10 shows that H (C ) is an associative algebra, generated by {Ts,

s ∈ S}. We refer to the numbers Nw(w1,w
′) as the structure constants of the al-

gebra H (C ). Observe that H (C ) is (up to an isomorphism) the Hecke algebra
H (qs, qs − 1) associated to W and S [5, Chap. 7].

We shall need some particular operators of the algebra H (C ). For every i ∈ Î

and for any chamber c, we set

Ti1c =
∑

vi (c
′)=vi (c)

1c′ ,

if, as usual, vi(c) denotes the vertex of type i lying in c. We extend Ti to the space
L (C ) by linearity.

Proposition 2.12 For every i ∈ Î , the operator Ti belongs to the algebra H (C ).
Moreover T �

i = Ti .

Proof We observe that Ti ∈ H (C ) for every i ∈ Î , because Ti = ∑

w∈Wi
Tw; actu-

ally
{

c′ : vi

(

c′) = vi(c)
} =

⋃

w∈Wi

{

c′ : δ(c, c′) = w
}

.

Let us prove that Ti is selfadjoint. For all c1, c2,

〈Ti1c1 ,1c2〉 =
∑

vi (c
′)=vi (c1)

〈1c′ ,1c2〉 and 〈1c1 , Ti1c2〉 =
∑

vi (c
′′)=vi (c2)

〈1c1 ,1c′′ 〉.

Notice that 〈1c′ ,1c2〉 �= 0 only for c′ = c2: we can choose c′ = c2 in the set
{c′ : vi(c

′) = vi(c1)} only if vi(c1) = vi(c2). Analogously, 〈1c1 ,1c′′ 〉 �= 0 only
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for c′′ = c1 and we can choose c′′ = c1 in the set {c′′ : vi(c
′′) = vi(c2)} only if

vi(c1) = vi(c2). Therefore

〈Ti1c1 ,1c2〉 = 〈1c1 , Ti1c2〉 =
{

1 if vi(c1) = vi(c2),

0 if vi(c1) �= vi(c2). �

2.18 Chamber and Vertex Regularity of the Building

For every w0,w1,w2 ∈ W and every pair of chambers c1, c2 such that δ(c1, c2) =
w0, consider the set

{

c′ ∈ C (Δ) : δ(c1, c
′) = w1, δ

(

c2, c
′) = w2

}

.

We say that the building Δ is chamber regular if the cardinality of this set does not
depend on the choice of the chambers, but only depends on w0,w1,w2.

Proposition 2.13 The building Δ is chamber regular.

Proof Fix w0,w1,w2 ∈ W and a pair of chambers c1, c2 such that δ(c1, c2) = w0.
Consider the operator Tw1Tw−1

2
. For any chamber c,

(Tw1Tw−1
2

)1c =
∑

δ(c′,c)=w−1
2

∑

δ(c′′,c′)=w1

1c′′ =
∑

δ(c,c′)=w2

∑

δ(c′′,c′)=w1

1c′′ .

Let c1, c2 ∈ C (Δ) and assume that δ(c1, c2) = w0. Then
〈

(Tw1Tw−1
2

)1c2 ,1c1

〉 =
∑

δ(c2,c
′)=w2

∑

δ(c′′,c′)=w1

〈1c′′ ,1c1〉

= ∣

∣

{

c′ : δ(c1, c
′) = w1, δ

(

c2, c
′) = w2

}∣

∣,

since 〈1c′′ ,1c1〉 = 1 if c′′ = c1 and 〈1c′′ ,1c1〉 = 0 otherwise. On the other hand, as
we have proved in Sect. 2.17, there exist constants Nw(w1,w

−1
2 ), w ∈ W such that

Tw1Tw−1
2

= ∑

w∈W Nw(w1,w
−1
2 )Tw . Therefore

〈

(Tw1Tw−1
2

)1c2 ,1c1

〉 =
∑

w∈W

Nw

(

w1,w
−1
2

)〈Tw1c2 ,1c1〉

=
∑

w∈W

Nw

(

w1,w
−1
2

)
∑

δ(d,c2)=w

〈1d ,1c1〉 = Nw0

(

w1,w
−1
2

)

,

since 〈1d ,1c1〉 �= 0 only if d = c1 and this equality is possible only in the case
w = w0, as we assumed δ(c1, c2) = w0. Therefore

∣

∣

{

c′ : δ(c1, c
′) = w1, δ

(

c2, c
′) = w2

}∣

∣ = Nw0

(

w1,w
−1
2

)

.

This proves the statement. �
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By means of the operators Ti defined in Sect. 2.17, we extend the previous result
to every set

{

c′ ∈ C (Δ) : δ(x, c′) = w1, δ
(

c, c′) = w2
}

.

Proposition 2.14 Let w0,w1,w2 ∈ W . If x ∈ Vsp(Δ) and c ∈ C (Δ) satisfy
δ(x, c) = w0, then

∣

∣

{

c′ ∈ C (Δ) : δ(x, c′) = w1, δ
(

c, c′) = w2
}∣

∣

does not depend on x and c, but only on w0,w1,w2 and i = τ(x).

Proof Let x be a special vertex and let c a chamber; assume δ(x, c) = w0. This
means that δ(cx, c) = w0, where cx is the chamber that contains x in a minimal
gallery γ (x, c). If τ(x) = i, we have

〈

(Tw1Tw−1
2

)1c, Ti1cx

〉 =
∑

c′
x :x∈c′

x

〈

(Tw1Tw−1
2

)1c,1c′
x

〉

=
∑

c′
x :x∈c′

x

∣

∣

{

c′ : δ(c′
x, c

′) = w1, δ
(

c, c′) = w2
}∣

∣

= ∣

∣

{

c′ : δ(x, c′) = w1, δ
(

c, c′) = w2
}∣

∣.

On the other hand Ti is a selfadjoint operator in the algebra generated by {Tw,w ∈
W }. Hence

〈

(Tw1Tw−1
2

)1c, Ti1cx

〉 = 〈

(TiTw1Tw−1
2

)1c,1cx

〉

and there exist constants ni
w(w1,w

−1
2 ) such that TiTw1Tw−1

2
= ∑

w∈W ni
w(w1,

w−1
2 )Tw . Therefore, by the same argument of Proposition 2.13,

〈

(Tw1Tw−1
2

)1c, Ti1cx

〉 =
∑

w∈W

ni
w

(

w1,w
−1
2

)〈Tw1c,1cx 〉 = ni
w0

(

w1,w
−1
2

)

.

This proves the statement, as
∣

∣

{

c′ : δ(x, c′) = w1, δ
(

c, c′) = w2
}∣

∣ = ni
w0

(

w1,w
−1
2

)

. �

Corollary 2.15 Let λ ∈ ̂L+ and w1,w2 ∈ W . If x, y ∈ ̂V (Δ), and σ(x, y) = λ, then
∣

∣

{

c′ ∈ C (Δ) : δ(x, c′) = w1, δ
(

y, c′) = w2
}∣

∣

does not depend on x and y, but only on λ, w1, w2.

For every triple λ,μ, ν ∈ ̂L and every pair x, y ∈ ̂V (Δ) such that σ(x, y) = λ,
consider the set

{

z ∈ ̂V (Δ) : σ(x, z) = μ,σ(y, z) = ν
}

.
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We say that the building Δ is vertex regular if the cardinality of this set does not
depend on the choice of the vertices, but only depends on λ, μ, ν.

Proposition 2.16 The building is vertex regular. Moreover
∣

∣

{

z ∈ ̂V (Δ) : σ(x, z) = μ,σ(y, z) = ν
}∣

∣

= ∣

∣

{

z ∈ ̂V (Δ) : σ(x, z) = ν�, σ (y, z) = μ�
}∣

∣. (1)

Proof Let λ ∈ ̂L+ and σ(x, y) = λ. Consider in W the elements σi(wμ),σj (wν),
where i = τ(x), j = τ(y). By Corollary 2.15, the cardinality of the set

A = {

c′ ∈ C (Δ) : δ(x, c′) = σi(wμ), δ
(

y, c′) = σj (wν)
}

does not depend on x and y. On the other hand σ(x, z) = μ, σ(y, z) = ν if and only
if z = vl(c

′) for some c′ ∈ A and some l ∈ Î . This proves that the set {z ∈ ̂V (Δ) :
σ(x, z) = μ,σ(y, z) = ν} has a cardinality independent of x and y. Moreover, if
σ(x, y) = λ, then σ(y, x) = λ�. Therefore

∣

∣

{

z ∈ ̂V (Δ) : σ(x, z) = μ,σ(y, z) = ν
}∣

∣

= ∣

∣

{

z′ ∈ ̂V (Δ) : σ (

y, z′) = μ�,σ
(

x, z′) = ν�
}∣

∣ (2)

(see also [12, Theorem 5.21]). This completes the proof. �

Set

N(λ,μ, ν) := ∣

∣

{

z ∈ ̂V (Δ) : σ(x, z) = μ,σ(y, z) = ν
}∣

∣ = N
(

λ, ν�,μ�
)

, (3)

if σ(x, y) = λ.

2.19 Partial Ordering on A

Define a partial order on ̂L, by setting

μ � λ, if λ − μ ∈ L+.

Since ̂V (A) may be identified with the co-weight lattice ̂L, the partial ordering
defined on ̂L applies to ̂V (A). For every λ ∈ ̂L+, we define

Πλ = {

wμ : μ ∈ ̂L+,μ � λ,w ∈ W
}

.

This set is saturated: for every η ∈ Πλ and every α ∈ R, then η−jα∨ ∈ Πλ for every
0 � j � 〈η,α〉. Hence it is stable under W. Moreover λ is the highest co-weight
of Πλ. It is easy to prove that Πλ +Πμ ⊂ Πλ+μ for every λ,μ ∈ ̂L+. Recall that W

is equipped with the Bruhat ordering, defined as follows [6]. We declare w1 < w2
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if there exists a sequence w1 = u0 → u1, . . . , uk−1 → uk = w2, where uj → uj+1
means that uj+1 = uj t for some conjugate t of an s ∈ S, and |uj | < |uj+1|. This
defines a partial order on W that can be extended to ̂W , by setting ŵ1 � ŵ2 if
ŵ1 = w1g1 and ŵ2 = w2g2 with w1 < w2. We remark that w1 � w2 if and only if w1
can be obtained as a sub-expression sik1

· · · sikm of any reduced expression si1 · · · sir
for w2. Observe that, for every λ ∈ ̂L+ and ŵ′ � ŵ, if ŵ(0) ∈ Πλ then ŵ′(0) ∈ Πλ.

Define also a partial ordering on C (A), in the following way. Given two cham-
bers C1,C2, consider all the hyperplanes Hk

α separating C1 and C2. We declare
C1 ≺ C2 if C2 belongs to the positive half-spaces determined by each of these hy-
perplanes. It is clear that the resulting relation C1 � C2 is a partial ordering of C (A).
Observe that, by definition of Q0, we have C0 ≺ C if and only if C ⊂ Q0. Moreover,
if C is any chamber and s = sk

α is the affine reflection with respect to the hyperplane
that contains a panel of C, then C ≺ s(C) or s(C) ≺ C, since C and s(C) are adja-
cent. Since C (A) may be identified with W , the previous definition induces a partial
ordering on W . We point out that this ordering is different from the Bruhat order.
Moreover, on W, we have

w1(C0) ≺ w2(C0) if and only if w1 > w2.

Proposition 2.17 Let C be a chamber of A, s = sk
α the affine reflection with respect

to the hyperplane Hk
α containing a panel of C and s = s0

α . Assume that C ≺ s(C).
Let w ∈ W . If w = wtλ for some w ∈ W and λ ∈ L, then

(i) if w(C) ≺ ws(C) then w < ws;
(ii) if ws(C) ≺ w(C) then ws < w.

Proof Since α is positive and C ≺ s(C), then C and s(C) belong respectively to the
negative and the positive half-space determined by the affine hyperplane Hk

α . That
is, for every vertex v lying in C,

〈v,α〉 � k,
〈

s(v),α
〉

� k.

The adjacent chambers w(C) and ws(C) share a panel that belongs to the hyper-
plane w(Hk

α ) = Hk′
w(α); moreover, for every v ∈ C,

〈

w(v),w(α)
〉

� k′ and
〈

ws(v),w(α)
〉

� k′.

Indeed, set k′ = k + 〈λ,α〉. Then
〈

w(v),w(α)
〉 = 〈

wtλ(v),w(α)
〉 = 〈

tλ(v),α
〉 = 〈v,α〉 + 〈λ,α〉 � k′,

〈

ws(v),w(α)
〉 = 〈

wtλs(v),w(α)
〉 = 〈

tλs(v),α
〉 = 〈

s(v),α
〉 + 〈λ,α〉 � k′.

This implies that w(α) is positive in case (i) and negative in case (ii). If w(α) > 0,
then, for every v ∈ Q0,

〈

w−1v,α
〉 = 〈

v,w(α)
〉

> 0,
〈

(ws)−1v,α
〉 = 〈

v,ws(α)
〉 = −〈

v,w(α)
〉

< 0,
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since 〈v, s(α)〉 = −〈v,α〉. Therefore Q0 and w−1(Q0) belong to the same half-
space determined by Hα , while Hα separates (ws)−1(Q0) and Q0. So the number of
hyperplanes separating Q0 and (ws)−1(Q0) is larger than the number of hyperplanes
separating Q0 and w−1(Q0), and we conclude that w < ws.

On the contrary, if w(α) < 0, then, for every v ∈Q0,
〈

w−1v,α
〉

< 0,
〈

(ws)−1v,α
〉

> 0,

and therefore w > ws. �

2.20 Retraction ρx

Let x be any special vertex of Δ (say τ(x) = i). For every c ∈ C (Δ), denote by
projx(c) the chamber containing x in any minimal gallery γ (x, c). In particular we
write proj0(c) when x is the fundamental vertex e. We note that projx(c) does not
depend on the minimal gallery considered.

In the fundamental apartment A, let Q−
0 = w0(Q0) and let C−

0 be the base cham-
ber of Q−

0 .

Definition 2.18 For every c ∈ C (Δ), the retraction of c with respect to x is defined
as

ρx(c) = C−
0 · δi

(

projx(c), c
)

,

where, for every pair c, d of chambers, δi(c, d) := w
σ−1

i (f )
when δ(c, d) = wf . In

particular, if τ(x) = 0,

ρx(c) = C−
0 · δ(projx(c), c

)

.

Obviously, ρx(c) belongs to Q
−
0 for every c. We extend the previous definition

to all special vertices. For every y ∈ Vsp(Δ), say τ(y) = j , we set

ρx(y) = vl

(

ρx(c)
)

if c is any chamber that contains y and l = σ−1
i (j). This definition is well posed: it

does not depend on the choice of the chamber containing the vertices y, as vl(c1) =
vl(c2) implies vl(ρx(c1)) = vl(ρx(c2)). In particular, denote by ρ0 the retraction
with respect to the fundamental vertex e. We shall use the fact that, if λ ∈ ̂L+,
and tλ = uλgl , then, for every c such that δ(proj0(c), c) = uλ, one has ρ0(c) =
w0uλ(C0). Therefore, if σ(e, x) = λ, then ρ0(x) = w0λ.

2.21 Extended Chambers

Recall that the action of ̂W on the set C (A) is transitive but not simply transitive;
indeed, if ŵi = wgi , then ŵi(C0) = w(C0), for every w ∈ W and for every i ∈ Î .
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Nevertheless, the action of the elements ŵi on the special vertices vj (C0) of C0
depends on i, because

ŵi

(

vj (C0)
) = vσi(j)

(

w(C0)
)

.

This suggest to enlarge the set C (A) in the following way. We call extended
chambers of A the pairs ̂C = (C,σ ), where C ∈ C (A) and σ ∈ Auttr(D). De-
note by ̂C (A) the set of all extended chambers. A straightforward consequence of
this definition is that ̂W acts simply transitively on ̂C (A): for every couple of ex-
tended chambers ̂C1 = (C1, σi1) and ̂C2 = (C2, σi2), there exists a unique element
ŵ ∈ ̂W such that ̂C2 = ŵ(̂C1). Indeed, if C2 = w(C1), g = gi2g

−1
i1

and σ is the
automorphism of D corresponding to g, then ŵ = wg = gσ(w). In particular, for
every ̂C = (C,σi), then ŵ = wgi = giσi(w) is the unique element of ̂W such that
ŵ(C0) = ̂C if C = w(C0).

In the same way we enlarge the set C (Δ) and define

̂C (Δ) = {

ĉ = (c, σi), c ∈ C (Δ), i ∈ Î
}

.

Notice that, for every c ∈ C (Δ) and i ∈ Î , there exists a unique ĉ such that vi(c) =
v0(ĉ); indeed, this element is ĉ = (c, σi). The W -distance on C (Δ) can be extended
to a ̂W -distance on ̂C (Δ) in the following way: for every pair of extended chambers
ĉ1 = (c1, σi1) and ĉ2 = (c2, σi2), set

δ̂(ĉ1, ĉ2) = δ(c1, c2)gi2g
−1
i1

.

For every λ ∈ ̂L+, with τ(λ) = l, consider the translation tλ = uλgl . Then tλ(C0) =
(uλ(C0), gl) and v0(tλ(C0)) = vl(uλ(C0)).

3 Maximal Boundary

This section describes the maximal boundary of an affine building.

3.1 Sectors of A

Let R be a root system and let A = A(R). In Sect. 2.7 we defined a sector of A,
based at 0, as any connected component of V \ ⋃

α Hα ; in particular Q0 = {v ∈
V : 〈v,α〉>0, i ∈ I0} is the fundamental sector based at 0. For every chamber C

that contains 0, denote by Q0(C) the sector based at 0 with base chamber C; in
particular, C0 is the base chamber of Q0. Observe that Q0(C) = wQ0 for some
w ∈ W.

More generally, for each special vertex X of A, in particular for every X ∈ ̂V (A),
we call sector of A, based at X, any connected component of V \ ⋃

Hk
α∈HX

Hk
α ,
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where HX denotes the collection of all hyperplanes of H sharing X. For every
chamber C that contains X, denote by QX(C) the sector based at X with base
chamber C. Observe that, for every X ∈ ̂V (A) and every C containing X, there
exists a unique ŵ ∈ ̂W such that QX(C) = ŵQ0.

3.2 Maximal Boundary

We extend to any irreducible regular affine building Δ the definition of sector given
on its fundamental apartment A = A(R), declaring that, for any x ∈ Vsp(Δ), a sector
of Δ with base vertex x is a subcomplex Qx of any apartment A of the building
such that ψtp(Qx) = QX , where X is any special vertex such that τ(X) = τ(x),
and ψtp : A → A is a type-preserving isomorphism mapping x to X. We note that,
given any apartment A of the building, for every sector Qx ⊂ A there exists a
unique type-rotating isomorphism ψtr : A →A mapping Qx to Q0.

We say that a sector Qy is a subsector of a sector Qx if Qy ⊂ Qx . Two sectors
Qx and Qy are said to be equivalent if they share a subsector Qz. Each equivalence
class of sectors is called a boundary point of the building and is denoted by ω;
the set of all equivalence classes of sectors is called the maximal boundary of the
building and it is denoted by Ω . As immediate consequence of the definition, for
every special vertex x and ω ∈ Ω there is one and only one sector in the class ω

based at x, denoted by Qx(ω).
For every special vertex x ∈ Vsp(Δ) and every ω ∈ Ω , there exists an apartment

A (x,ω) containing x and ω (in fact containing Qx(ω)). Analogously, for every
chamber c and every ω ∈ Ω , there exists an apartment A (c,ω) that contains c and
ω, that is, c and a sector in the class ω. On this apartment we denote by Qc(ω) the
intersection of all sectors in the class ω containing c.

For every x ∈ Vsp(Δ) and every chamber c ∈ C (Δ), on the maximal boundary
Ω we define the set

Ω(x, c) = {

ω ∈ Ω : Qx(ω) ⊃ c
}

.

Analogously, for every pair of special vertices x, y, we can define the subset Ω(x,y)

of Ω given by

Ω(x,y) = {

ω ∈ Ω : y ∈ Qx(ω)
}

.

We note that, for every x,

Ω
(

x, c′),Ω(x, z) ⊃ Ω(x, c) for every c′, z in the convex hull of {x, c},
Ω

(

x, c′),Ω(x, z) ⊃ Ω(x,y) for every c′, z in the convex hull of {x, y}.

From now on we shall limit attention to sectors based at a vertex of ̂V (Δ).
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3.3 Retraction ρx
ω

Let ω ∈ Ω and x ∈ ̂V (Δ). For every apartment A = A (x,ω) that contains ω

and x, there exists a unique type-rotating isomorphism ψtr : A → A such that
ψtr(Qx(ω)) = Q0. On the other hand, if A ′ contains a subsector Qy(ω) of Qx(ω),
but not x, then there exists a type-preserving isomorphism φ : A ′ → A (x,ω) fixing
Qy(ω); hence the type-rotating isomorphism ψ ′

tr = ψtrφ : A ′ → A is well defined.
Since every facet F of the building lies in an apartment A ′ that contains a subsector
Qy(ω) of Qx(ω) (possibly Qx(ω)), then, according to previous notation, F maps
uniquely onto the facet F = ψ ′

tr(F ) of A.

Definition 3.1 We call retraction of Δ on A with respect to ω and center x the map

ρx
ω : Δ → A,

such that, for every apartment A ′ and for every facet F ∈ A ′ ρx
ω(F ) = F =

ψ ′
tr(F ).

In particular we remark that ρx
ω(x) = 0, and, if cx

ω is the base chamber of Qx(ω),
then ρx

ω(cx
ω) = C0. Moreover, for every chamber c ∈ Qx(ω) and for every special

vertex y ∈ Qx(ω),

ρx
ω(c) = C0 · δ(cx

ω, c
)

and ρx
ω(y) = Xμ

if Xμ is the special vertex associated with μ = σ(x, y). For the sake of simplic-
ity, we simply write ρx

ω(z) = μ to mean that ρx
ω(y) = Xμ. In the case x = e, set

ρω = ρe
ω.

Proposition 3.2 Let x ∈ ̂V (Δ), c ∈ C (Δ) and ω ∈ Ω . If d ⊂ Qx(ω) ∩ Qc(ω), then
δ(x, d)δ(d, c) is independent of d . Moreover

ρx
ω(c) = C0 · δ(x, d)δ(d, c).

Proof Fix d ∈ Qx(ω) ∩ Qc(ω). For every d ′ ∈ Qd(ω),

δ
(

x, d ′) = δ
(

cx
ω, d ′) = δ

(

cx
ω, d

)

δ
(

d, d ′) and δ
(

c, d ′) = δ(c, d)δ
(

d, d ′),

where cx
ω is the base chamber of the sector Qx(ω). Hence δ(cx

ω, d ′)δ(c, d ′)−1 =
δ(cx

ω, d)δ(c, d)−1. Then, given d1 and d2 in Qx(ω) ∩ Qc(ω), for d ′ ∈ Qd1(ω) ∩
Qd2(ω),

δ
(

cx
ω, d1

)

δ(c, d1)
−1 = δ

(

cx
ω, d ′)δ

(

c, d ′)−1 = δ
(

cx
ω, d2

)

δ(c, d2)
−1.

By definition of ρx
ω ,

ρx
ω(d) = ρx

ω

(

cx
ω

) · δ(cx
ω, d

) = C0 · δ(cx
ω, d

)

and ρx
ω(d) = ρx

ω(c) · δ(c, d).
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Indeed, since d ⊂ Qx(ω) ∩ Qc(ω), the retraction of a gallery γ (cx
ω, d) is a gallery

Γ (ρx
ω(cx

ω), ρx
ω(d)) of the same type as γ (cx

ω, d) and the retraction of a gallery
γ (c, d) is a gallery Γ (ρx

ω(c), ρx
ω(d)) of the same type as γ (c, d). Therefore

ρx
ω(c) = ρx

ω(d) · δ(c, d)−1 = ρx
ω(d) · δ(d, c) = C0 · δ(cx

ω, d
)

δ(d, c). �

An analogous of Proposition 3.2 holds for the retraction ρx
ω of special vertices of

the building.

Proposition 3.3 Let x, y ∈ ̂V (Δ) and ω ∈ Ω . For every z ∈ Qx(ω) ∩ Qy(ω),
σ(x, z) − σ(y, z) is independent of z. Moreover

ρx
ω(y) = σ(x, z) − σ(y, z).

Proof Fix z ∈ Qx(ω) ∩ Qy(ω) and assume that σ(x, z) = μ and σ(y, z) = ν. For
every z′ ∈ Qz(ω), we have σ(x, z′) = μ + λ′, σ(y, z′) = ν + λ′ if σ(z, z′) = λ′;
hence σ(x, z′) − σ(y, z′) = μ − ν. Given z1 and z2 in Qx(ω) ∩ Qy(ω), for every
z′ ∈ Qz1(ω) ∩ Qz2(ω) we conclude that

σ(x, z1) − σ(y, z1) = σ
(

x, z′) − σ
(

y, z′) = σ(x, z2) − σ(y, z2).

This proves that σ(x, z) − σ(y, z) does not depend on the choice of z in Qx(ω) ∩
Qy(ω).

In order to prove that ρx
ω(y) = σ(x, z)−σ(y, z) for every z ∈ Qx(ω)∩Qy(ω) we

fix any apartment A (x,ω) that contains Qx(ω). If y ∈ A (x,ω), and z ∈ Qx(ω) ∩
Qy(ω), then ρx

ω(x) = 0, ρx
ω(z) = μ; moreover, if we set ρx

ω(y) = η, then τ−η(Qη) =
Q0, and in particular μ − η = τ−η(ρ

x
ω(z)) = ν. If, instead, y /∈ A (x,ω), then there

is y′ ∈ A (x,ω) such that ρx
ω(y) = ρx

ω(y′) and σ(y, z) = σ(y′, z) = μ − ν. Hence,
as before, μ − η = τ−η(ρ

x
ω(z)) = ν. �

Corollary 3.4 For all x, y, z in ̂V (Δ) and for each ω ∈ Ω ,

ρy
ω(z) = ρx

ω(z) − ρx
ω(y).

Proof Let z′ ∈ Qx(ω)∩Qy(ω)∩Qz(ω). Then ρx
ω(y) = σ(x, z′)−σ(y, z′), ρx

ω(z) =
σ(x, z′) − σ(z, z′) and ρ

y
ω(z) = σ(y, z′) − σ(z, z′). Therefore

ρx
ω(z) − ρx

ω(y) = σ
(

y, z′) − σ
(

z, z′) = ρy
ω(z). �

Notice that, if z = x, then ρ
y
ω(x) = −ρx

ω(y). In particular, for all x, y special and
for each ω ∈ Ω ,

ρx
ω(y) = ρω(y) − ρω(x).

In fact this formula is independent of the choice of the fundamental vertex e.
We shall prove that, for every λ ∈ ̂L+, it is possible to choose μ large enough with

respect to λ such that Proposition 3.3 holds for every y ∈ Vλ(x) and every ω ∈ Ω .
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For every chamber c denote by �(x, c) the length of the element w = δ(x, c), that
is, the number of hyperplanes separating x and c. On the fundamental apartment A
define, for every v ∈Q0,

∂(v, ∂Q) = min
{〈v,αi〉, i ∈ I0

}

.

Extend this definition to all special vertices of Qx(ω), for all x and ω, in the follow-
ing way: for each special vertex y ∈ Qx(ω),

∂
(

y, ∂Qx(ω)
) = ∂

(

ρx
ω(y), ∂Q0

)

.

We define, for k ∈ N,

Qk
x(ω) = {

y ∈ Qx(ω) : ∂(y, ∂Qx(ω)
)

� k
}

.

Lemma 3.5 Let x ∈ ̂V (Δ), ω ∈ Ω and k > 0. Then

Qk
x(ω) ⊂ Qc(ω) (4)

for every c ∈ C (Δ) such that �(x, c) � k.

Proof If k = 0, then x ∈ c, hence Qx(ω) ⊂ Qc(ω). On the other hand, the set {y ∈
Qx(ω) : ∂(y, ∂Qx(ω)) � 0} coincides with Qx(ω), hence (4). By induction, assume
now that (4) holds for every c such that �(x, c) � k. Let c1 such that �(x, c1) = k+1.
If γ (x, c1) is a gallery joining x to c1, denote by d1 the chamber of this gallery
adjacent to c1. Then �(x, d1) = k, therefore

{

y ∈ Qx(ω) : ∂(y, ∂Qx(ω)
)

� k
} ⊂ Qd1(ω).

Thus the result follows readily if Qc1(ω) ⊃ Qd1(ω). Otherwise, Qc1(ω) ⊂ Qd1(ω)

and, for every y ∈ (Qd1(ω) \ Qc1(ω)) ∩ Qx(ω), one has 〈ρx
ω(y),α〉 = k for some

α ∈ R+, and 〈ρx
ω(y),α′〉 = k � k for α′ �= α. On the other hand,

{

y ∈ Qx(ω) : ∂(y, ∂Qx(ω)
)

� k + 1
}

= {

y ∈ Qx(ω) : ∂(y, ∂Qx(ω)
)

� k
} \ {

y ∈ Qx(ω) : ∂(y, ∂Qx(ω)
) = k

}

and {y ∈ Qx(ω) : ∂(y, ∂Qx(ω)) = k} is the set of all y ∈ Qx(ω) such that
〈ρx

ω(y),α〉 = k for some α ∈ R+, and 〈ρx
ω(y),α′〉 = k′ � k for α′ �= α. Thus (4)

is true also in this case. �

Let x ∈ ̂V (Δ) and ω ∈ Ω . For every w ∈ W , denote by Qw(ω) the intersection
of all sectors in the class ω containing the chamber dw such that δ(cx(ω), dw) = w.

Proposition 3.6 For every w1 ∈ W there exists w0 ∈ W such that, for every x and
c such that δ(x, c) = w1 and for every ω ∈ Ω ,

Qw0(ω) ⊂ Qx(ω) ∩ Qc(ω).
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Moreover, for every chamber d of Qw0(ω),

ρx
ω(c) = C0 · δ(cx(ω), d

)

δ(d, c).

Proof Let k > 0 and Qk = {v ∈ Q0 : 〈v,αi〉 � k, for every i ∈ I0}. Choose a cham-
ber D ⊂ Qk and let wk be the element of W such that D = C0 · wk . For every ω,
consider the chamber dwk

such that δ(cx(ω), dwk
) = wk and the sector Qwk

(ω). If
k is larger than the length of w1, that is, �(x, c) � k, then Lemma 3.5 implies that
for every ω the sector Qwk

(ω) lies in Qx(ω) ∩ Qc(ω). Therefore w0 = wk is the
required element of W . Moreover, Proposition 3.2 implies that, for every chamber
d of Qw0(ω),

ρx
ω(c) = C0 · δ(cx(ω), d

)

δ(d, c). �

Given x and ω, for every λ ∈ ̂L+ denote by zλ the unique vertex of Qx(ω) such
that σ(x, zλ) = λ and by Qλ(ω) the subsector of Qx(ω) of base vertex zλ. Moreover,
denote by kλ the number of hyperplanes separating 0 and λ.

Proposition 3.7 Let λ ∈ ̂L+; there exists μ ∈ ̂L+ (large enough with respect to λ)
such that, for every pair x, y ∈ ̂V (Δ) and for every ω ∈ Ω ,

Qμ(ω) ⊂ Qx(ω) ∩ Qy(ω).

Moreover, for every ν such that ν − μ ∈ ̂L+,

ρx
ω(y) = μ − σ(y, zμ) = ν − σ(y, zν).

Proof Let λ ∈ ̂L+ and Qkλ = {v ∈ Q0 : 〈v,αi〉 > kλ, for every i ∈ I0}. Choose a
special vertex μ ∈ Qkλ . For every ω consider the special vertex zμ of Qx(ω) such
that σ(x, zμ) = μ, and the sector Qμ(ω) based at zμ. By Proposition 3.6, for every
ω, the sector Qμ(ω) lies in Qx(ω)∩Qc(ω). Therefore, by Proposition 3.3, ρx

ω(y) =
μ− σ(y, zμ). The same is true for every ν such that ν −μ ∈ ̂L+; indeed, if ν −μ ∈
̂L+, one has zν ∈ Qμ(ω). �

Observe that Proposition 3.7 holds if 〈μ,αi〉 � kλ, for every i ∈ I0.
As a consequence of Proposition 3.7 the following result holds.

Theorem 3.8 Let y ∈ Vλ(x) and z ∈ Vμ(x). If μ is large enough with respect
to λ, then Ω(x, z) ⊂ Ω(y, z). Moreover, for all ω ∈ Ω(x, z), ρx

ω(y) = μ − ν if
σ(y, z)=ν.

Proof If ω ∈ Ω(x, z), then z ∈ Qx(ω) and therefore, if μ is large enough, z ∈
Qy(ω) by Proposition 3.7: that is, ω ∈ Ω(y, z). The second part of the theorem
follows readily from Proposition 3.3. �

Corollary 3.9 Let y ∈ Vλ(x) and z ∈ Vμ(x) ∩ Vν(y). If μ is large enough with
respect to λ and ν is large enough with respect to λ�, then Ω(x, z) = Ω(y, z).
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Let y ∈ Vλ(x) and ω ∈ Ω . We know that ρx
ω(y) = λ if y ∈ Qx(ω). The following

proposition describes the retraction of the vertices of the set Vλ(x).

Proposition 3.10 Let ω ∈ Ω , x be special and λ ∈ ̂L+. Then ρx
ω(y) ∈ Πλ for every

y ∈ Vλ(x).

Proof Let fλ be the type of a minimal gallery connecting 0 to λ. Then each vertex
y ∈ Vλ(x) is connected to x by a minimal gallery γ (x, y) of type σi(fλ) (Sect. 2.12).
This implies that ρx

ω(γ (x, y)) is a gallery of type fλ (possibly not reduced) on A that
joins 0 to μ = ρx

ω(y). Thus there is a reduced gallery from 0 to μ, of type, say, f ′.
Let λ′ = sf ′gl(0). Since λ = wλgl(0) and sf ′ � wλ, then λ′ ∈ Πλ. On the other
hand, if c and d are the chambers of γ (x, y) containing x and y respectively, there
exists w ∈ W such that ρx

ω(c) = w(C0), hence ρx
ω(d) = w(sf ′(C0)). This implies

that μ = w(λ′) belongs to Πλ. �

Let us determine how many vertices of Vλ(x) are mapped by ρx
ω onto an element

of Πλ. By means of Proposition 2.14 of Sect. 2.18, we now prove that this number
is actually independent of x and ω.

Theorem 3.11 Let x ∈ ̂V (Δ) and ω ∈ Ω . For w,w1 ∈ W , then

∣

∣

{

c ∈ C (Δ) : δ(x, c) = w1, ρ
x
ω(c) = C0 · w}∣

∣

is independent of x and ω.

Proof Fix w1 ∈ W ; by Proposition 3.6, there exists w0 ∈ W such that, for every
chamber c such that δ(x, c) = w1 and for every ω ∈ Ω , the set Qx(ω) ∩ Qc(ω)

contains a chamber c′ such that δ(x, c′) = w0. Moreover, by Proposition 3.2,
ρx

ω(c) = C0 · δ(cx
ω, c′)δ(c′, c) = C0 · w0δ(c

′, c). Hence, for any w ∈ W ,

{

c : δ(x, c) = w1, ρ
x
ω(c) = C0 · w}

= {

c : δ(x, c) = w1,w0δ
(

c′, c
) = w

} = {

c : δ(x, c) = w1, δ
(

c′, c
) = w−1

0 w
}

.

On the other hand, Proposition 2.14 of Sect. 2.18 implies that |{c : δ(x, c) =
w1, δ(c

′, c) = w−1
0 w}| only depends on τ(x) and w0, w1, w−1

0 w. The statement
follows. �

Finally, one has

Theorem 3.12 Let x ∈ ̂V (Δ) and ω ∈ Ω . For every λ ∈ ̂L+ and μ ∈ Πλ,

∣

∣

{

y ∈ Vλ(x) : ρx
ω(y) = μ

}∣

∣

is independent of x and ω.
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Proof Let λ ∈ ̂L+, μ ∈ Πλ and ω ∈ Ω . Consider the set

A = {

y : σ(x, y) = λ,ρx
ω(y) = μ

}

.

For any y ∈ Vλ(x), denote by cλ the chamber that contains y in a minimal gallery
γ (x, y). Then y = vj (cλ) if τ(y) = j , and δ(x, cλ) = wλ. Thus

A = {

vj (c), δ(x, c) = wλ,vj

(

ρx
ω(c)

) = μ
}

.

Let Wμ be the stabilizer of μ in W . For every w ∈ Wμ, consider the set of chambers

Bw = {

c : δ(x, c) = wλ,ρ
x
ω(c) = C0 · w}

and B = ⋃

w∈Wμ
Bw . Notice that, if vj (ρ

x
ω(c)) = μ, then ρx

ω(c) = C0 · w for
some w ∈ Wμ. Therefore A = {vj (c), c ∈ B}, and then |A| = |B| = ∑

w∈Wμ
|Bw|.

As Theorem 3.11 implies that |Bw| is independent of x and ω, the same is true
for |A|. �

This theorem allows us to set, for every x ∈ Vλ(x) and ω ∈ Ω ,

N(λ,μ) = ∣

∣

{

y ∈ Vλ(x) : ρx
ω(y) = μ

}∣

∣. (5)

For every x ∈ ̂V (Δ) and ω ∈ Ω , we now compare the retraction ρx
ω with the

retraction ρx with respect to x, defined in Sect. 2.20.

Lemma 3.13 Let c be any chamber and let y be any special vertex of ̂V (Δ).

(i) If c (respectively y) lies in the sector Q−
x (ω) opposite to the sector Qx(ω) in

any apartment A (x,ω), then

ρx
ω(c) = ρx(c)

(

respectively ρx
ω(y) = ρx(y)

)

.

(ii) If c (respectively y) belongs to the sector (Qα
x )−(ω) α-adjacent to Q−

x (ω) in a
suitable apartment that contains c and Qx(ω), then

ρx
ω(c) = sαρx(c)

(

respectively ρx
ω(y) = sαρx(y)

)

.

Proof Assume first τ(x) = 0.

(i) Let us show that ρx
ω(c) = ρx(c) for every chamber c of Q−

x (ω). Since c lies in
the sector Q−

x (ω), then Qc(ω) ⊃ Qx(ω). Therefore cx
ω belongs to Qc(ω). This

implies that ρx
ω(c) = C0 · δ(cx(ω), c). On the other hand

δ
(

cx(ω), c
) = δ

(

cx(ω),projx(c)
)

δ
(

projx(c), c
) = w0δ

(

projx(c), c
)

,

therefore

ρx
ω(c) = C0 · w0δ

(

projx(c), c
) = C−

0 · δ(projx(c), c
) = ρx(c).

If y ∈ Q−
x (ω), we may choose γ (x, y) in Q−

x (ω). Therefore, if c is the chamber
of γ (x, y) that contains y, we have ρx

ω(c) = ρx(c) and so ρx
ω(y) = ρx(y).
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(ii) Let us now show that ρx
ω(c) = sαρx(c) for every chamber c of (Qα

x )−(ω). Since
c lies in the sector (Qα

x )−(ω), then projx(c) is the base chamber of the sector
(Qα

x )−(ω), that is, the chamber opposite to the base chamber cα
x (ω) of the sector

(Qα
x )(ω) which is α-adjacent to (Qx)

−(ω). This implies that

δ
(

cx(ω),projx(c)
) = sαδ

(

cα
x (ω),projx(c)

) = sαw0.

From this equality it follows that

δ
(

cx(ω), c
) = δ

(

cx(ω),projx(c)
)

δ
(

projx(c), c
) = sαw0δ

(

projx(c), c
)

.

Therefore

ρx
ω(c) = C0 · sαw0δ

(

projx(c), c
) = sα(C0 · w0δ

(

projx(c), c
) = sαρx(c).

If y ∈ (Qα
x )−x (ω), we may choose γ (x, y) in (Qα

x )−x (ω). Therefore, if c is the
chamber of γ (x, y) that contains y, it follows ρx

ω(c) = sαρx(c) and so ρx
ω(y) =

sαρx(y).

Finally, if τ(x) = i �= 0, swap δ with δi and use the same argument. �

3.4 Topologies on the Maximal Boundary

The maximal boundary Ω may be equipped with a totally disconnected compact
Hausdorff topology in the following way. Fix a special vertex x ∈ ̂V (Δ), say of
type i = τ(x), and consider the family

Bx = {

Ω(x, c), c ∈ C (Δ)
}

.

Then Bx generates a totally disconnected compact Hausdorff topology on Ω . For
every ω ∈ Ω , a local base at ω is given by

Bx,ω = {

Ω(x, c), c ⊂ Qx(ω)
}

.

We observe that it suffices to consider, as a local base at ω, only the chambers c

lying in Qx(ω) such that, for some λ ∈ ̂L+, δ(cx(ω), c) = σi(tλ), where cx(ω) is
the base chamber of the sector Qx(ω) and i = τ(x).

Remark 3.14 For every special vertex y ∈ ̂V (Δ), let λ = σ(x, y) and denote by Cy

the set of all chambers containing y such that δ(x, c) = σi(tλ). This is the set of all
chambers containing y and opposite to the chamber that contains y in a minimal
gallery connecting x and y. It is easy to check that

Ω(x,y) =
⋃

c∈Cy

Ω(x, c).
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Moreover, for every chamber c choose ȳ ∈ ̂V (Δ) such that c lies in [x, ȳ] and let
λ = σ(x, ȳ). Then

Ω(x, c) =
⋃

y∈Vλ(x), [x,y]⊃c

Ω(x, y).

Hence the family ˜Bx = {Ω(x,y), y ∈ ̂V (Δ)} generates on Ω the same topology
as Bx and, for every ω ∈ Ω , a local base at ω is given by ˜Bx,ω = {Ω(x,y), y ⊂
Qx(ω)}.

Proposition 3.15 The topology on Ω does not depend on the choice of x ∈ ̂V (Δ).

Proof Let x, y ∈ ̂V (Δ), λ = σ(x, y) and ω0 ∈ Ω . We prove that, for every neigh-
borhood Ω(y, z) of ω0, there exists a neighborhood Ω(x, z′) of ω0 such that
Ω(x, z′) ⊂ Ω(y, z). Indeed, if z′ is a vertex of Qx(ω0) ∩ Qy(ω0) such that z ∈
[y, z′], then ω0 ∈ Ω(y, z′) ∩ Ω(x, z′) and Ω(y, z′) ⊂ Ω(y, z). On the other hand, if
σ(x, z′) = μ, then Theorem 3.8 of the previous section. yields μ large enough with
respect to λ so that Ω(x, z′) ⊂ Ω(y, z′). �

3.5 Probability Measures on the Maximal Boundary

For each vertex x of ̂V (Δ), denote by νx the regular Borel probability measure on
Ω such that, for every y ∈ ̂V (Δ),

νx

(

Ω(x,y)
) = N−1

λ = Wλ(q
−1)

W(q−1)

∏

α∈R+
q−〈λ,α〉
α q

〈λ,α〉
2α if y ∈ Vλ(x).

In fact there exists a unique regular Borel probability measure on Ω , satisfying this
property; indeed νx is the measure such that, for every f ∈ C (Ω),

J (f ) =
∫

Ω

f (ω)dνx(ω),

where J denotes the linear functional on C (Ω) that extends the linear functional on
the space of all locally constant functions on Ω defined by

J (f ) = N−1
λ

∑

σ(x,y)=λ

fy,

where, for each y ∈ Vλ(x), we set fy = f (ω), for every ω ∈ Ω(x,y).
The following property of the measure νx is a consequence of Proposition 3.6

and Theorem 3.11 of Sect. 3.3.
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Theorem 3.16 Let x ∈ ̂V (Δ) and w,w0 ∈ W . For each c ∈ C (Δ) such that
δ(x, c) = w0,

νx

({

ω ∈ Ω : ρx
ω(c) = C0 · w})

is independent of x and c.

Proof Fix w0 ∈ W and a chamber c such that δ(x, c) = w0. By Proposition 3.6 of
Sect. 3.3, there exists w1 ∈ W such that, for every ω, Qw1(ω) ⊂ Qx(ω) ∩ Qc(ω).
Moreover ρx

ω(c) = C0 · δ(x, d)δ(d, c) if d is any chamber of Qw1(ω). In particular,

ρx
ω(c) = C0 · w1δ

(

dw1(ω), c
)

,

where dw1(ω) denotes the chamber of Qw1(ω) such that δ(x, dw1(ω)) = w1. There-
fore, for any w ∈ W , we have ρx

ω(c) = C0 · w if and only if w = w1δ(dw1(ω), c),
that is, if and only if δ(c, dw1(ω)) = w−1w1. Therefore, by setting w−1w1 = w2 and
C (w1,w2) = {c′ : δ(x, c′) = w1, δ(c, c

′) = w2}, one has

{

ω ∈ Ω : ρx
ω(c) = C0 · w} =

⋃

c′∈C (w1,w2)

Ω
(

x, c′).

This implies that

νx

({

ω ∈ Ω : ρx
ω(c) = C0 · w}) =

∑

c′∈C (w1,w2)

νx

(

Ω
(

x, c′)).

On the other hand, νx(Ω(x, c′)) has the same value for each chamber c′ such that
δ(x, c′) = w1. Therefore, by fixing any chamber c′ such that δ(x, c′) = w1,

νx

({

ω ∈ Ω : ρx
ω(c) = C0 · w})

= νx

(

Ω
(

x, c′))∣
∣

{

c′ ∈ C (Δ) : δ(x, c′) = w1, δ
(

c, c′) = w2
}∣

∣.

Thus Theorem 3.11 of Sect. 3.3 implies that νx({ω ∈ Ω : ρx
ω(c) = C0 · w}) is inde-

pendent of the choice of x and c, but depends only on w, w0. �

A variant of this theorem holds for the set of vertices.

Theorem 3.17 Let x be a special vertex of ̂V (Δ), λ ∈ ̂L+ and μ ∈ Πλ. For each
y ∈ ̂V (Δ) such that σ(x, y) = λ, νx({ω ∈ Ω : ρx

ω(y) = μ}) is independent of x

and y.

Proof Fix y ∈ ̂V (Δ) such that σ(x, y) = λ, and for every μ ∈ Πλ consider the set

Ωμ = {

ω ∈ Ω : ρx
ω(y) = μ

}

.

If τ(x) = i, τ(y) = j , then τ(Xλ) = l = σ−1
i (j). Therefore

Ωμ = {

ω ∈ Ω : vl

(

ρx
ω(cλ)

) = μ
}

,
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where cλ denotes, as usual, the chamber that contains the vertex y in a minimal
gallery connecting x and y. Therefore, if Wμ is the stabilizer of μ in W , then

Ωμ = {

ω ∈ Ω : ρx
ω(y) = C0 · w,w ∈ Wμ

} =
⋃

w∈Wμ

{

ω ∈ Ω : ρx
ω(y) = C0 · w}

.

Now the proof follows from Theorem 3.16. �

4 The α-Boundary Ωα

For every simple root α, we define in this section the α-boundary of the building,
that consists of all equivalence classes of boundary points.

4.1 Walls

Let Δ be an affine building and let R be its root system. In the fundamental apart-
ment A = A(R) consider the fundamental sector Q0 = Q0(C0). It would be natural
to call walls of Q0 the walls of C0 that contain 0 (Sect. 2.10). Actually, we slightly
change this definition by calling wall of Q0 the intersection with Q0 of any hyper-
plane Hi = Hαi

, i ∈ I0. Moreover, for each i ∈ I0, we say that a wall of Q0 is the
wall of type i, or i-type wall of Q0 if it lies in Hi . This is the case if and only if the
wall contains the co-type i panel of C0. For every i ∈ I0, denote by H0,i the i-type
wall of Q0.

We extend this definition to each sector of A by declaring that, for every special
vertex Xλ in A, and for every chamber C sharing Xλ, the walls of the sector Qλ(C)

based at Xλ are the intersection with Qλ(C) of any affine hyperplane Hk
α , α ∈ R+,

k ∈ Z, which is a wall of the chamber C. Moreover we say that a wall of Qλ(C) has
type i for some i ∈ I0 if there is a type-preserving isomorphism on A mapping the
wall in an affine hyperplane Hk

i = Hk
αi

for some i ∈ I0 and k ∈ Z.
The definition of wall can be extended to each sector of the building; indeed, if

Qx(c) is any sector of Δ, and A is any apartment of the building containing Qx(c),
then the walls of Qx(c) are the inverse images of the walls of the sector Qλ(C) =
ψtp(Qx(c)), under a type-preserving isomorphism ψtp : A → A. Moreover, for
every i ∈ I0, a wall of Qx(c) has type i, if its image in A has type i. The previous
definition does not depend on the choice of the apartment A containing the sector
and of the type-preserving isomorphism ψtp : A → A. For every sector Qx(c) and
for every i ∈ I0, denote by hx,i(c) = hx,i(Qx(c)) the wall of type i of the sector.
If ω is any element of the maximal boundary Ω , then, for every x ∈ Vsp(Δ) and
i ∈ I0, we simply write hx,i(ω) for the wall of type i of the sector Qx(ω). If α is a
simple root, that is, α = αi for some i ∈ I0, then for every special vertex x of Δ and
for every ω ∈ Ω we denote by hx,α(ω) the wall of Qx(ω) of type i, and refer to it
simply as the α-wall of Qx(ω). In general, for every simple root α, we denote by
hx,α the α-wall of any sector based at x.
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Definition 4.1 Let x, y ∈ Vsp(Δ), x �= y. Let hx,α and hy,α be α-walls, based at x

and y respectively.

(i) The walls hx,α and hy,α are said to be equivalent if they eventually coincide,
i.e., if there is hz,α such that hz,α ⊂ hx,α ∩ hy,α .

(ii) The walls hx,α and hy,α are said to be parallel if they are not equivalent, but
are both contained in the same apartment and, through any type-preserving
isomorphism ψtp of this apartment onto A, they correspond to walls of A that

lie in parallel affine α-hyperplanes Hk
α , H

j
α for some k, j ∈ Z.

(iii) The walls hx,α and hy,α are said to be eventually parallel if there exist
hx′,α ⊂ hx,α and hy′,α ⊂ hy,α which are parallel. If hx,α and hy,α are eventually
parallel, we call distance between the two walls the usual distance between the
two hyperplanes of A that contain the images of their parallel sub-walls, that
is, the positive integer |j − k|, if j and k are such that ψtp(hx,α) = Hk

α and

ψtr(hy,α) = H
j
α .

Proposition 4.2 For every ω ∈ Ω and for every pair of special vertices x, y ∈
Vsp(Δ), the walls hx,α(ω) and hy,α(ω) are equivalent or eventually parallel.

Proof Fix ω ∈ Ω , x �= y in Vsp(Δ) and consider the α-walls hx,α(ω) and hy,α(ω).
We assume that hx,α(ω) and hy,α(ω) are not equivalent and prove that they are even-
tually parallel. Observe that, if there exists an apartment A that contains hx,α(ω)

and hy,α(ω), then the two walls are parallel. Actually, if ω′ denotes a boundary point
lying into the apartment A such that hx,α(ω) = hx,α(ω′), then ρx

ω′ is a type-rotating
isomorphism from A onto A such that ρx

ω′(hx,α(ω)) lies in Hα and ρx
ω′(hy,α(ω))

lies in Hk
α for some k ∈ Z. Hence, in order to prove that hx,α(ω) and hy,α(ω) are

eventually parallel, we only have to show that there exists an apartment A that
contains sub-walls hx′,α(ω) ⊂ hx,α(ω) and hy′,α(ω) ⊂ hy,α(ω). We prove this by
induction with respect to the distance between x and y.

We consider at first the case when Vsp(Δ) contains vertices of different types.
This happens for every building of type different from ˜G2. If dist(x, y) = 1, the
vertices x and y are adjacent. Then there exists a chamber c such that x, y ∈ c. If A
is an apartment that contains ω and c, we have Qx(ω),Qy(ω) ⊂ A . Thus hx,α(ω),
hy,α(ω) lie in A . Moreover the distance between hx,α(ω) and hy,α(ω) is zero or
one.

By induction, assume that, when dist(x, y) � n, the walls hx,α(ω) and hy,α(ω)

have sub-walls hx′,α(ω) and hy′,α(ω) lying in the same apartment. Then hx′,α(ω)

and hy′,α(ω) are parallel and their distance is less than or equal to n. Actu-
ally we may assume, without loss of generality, that dist(x′, y′) � n. Let now
dist(x, y) = n + 1 and choose z such that dist(y, z) = 1 and dist(x, z) = n. By
the inductive hypothesis, there exist x′, z′ with dist(x′, z′) = n such that the sub-
walls hx′,α(ω) ⊂ hx,α(ω) and hz′,α(ω) ⊂ hz,α(ω) lie in the same apartment A1 and
are parallel, at distance less than or equal to n. Without loss of generality, we may
assume, for the sake of simplicity, that x′ = x and z′ = z. Moreover, if c is a cham-
ber such that y, z ∈ c, then there exists an apartment A2 that contains hy,α(ω),
hz,α(ω) and c. We prove that there exists an apartment A that contains hx,α(ω),
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hz,α(ω) and hy,α(ω). If hy,α(ω) lies in A1, then A2 = A1, the required apart-
ment is A1 and, in this apartment, the distance between the parallel hyperplanes
hx,α(ω), hy,α(ω) is less than or equal to n. If, on the contrary, hy,α(ω) does not
lie in A1, we consider two isomorphisms ψ1 : A1 → A and ψ2 : A2 → A such that
ψ1(hz,α(ω)) = ψ2(hz,α(ω)) = H0,α . Then,

ψ1
(

hx,α(ω)
) = Hh,α, ψ2

(

hy,α(ω)
) = Hk,α,

for some h, k ∈ Z. When hk < 0, then Hh,α and Hk,α lie in distinct half-apartments
A

+
0,α , A−

0,α , say Hh,α ⊂ A
+
0,α and Hk,α ⊂ A

−
0,α : in this case consider the apartment

A = ψ−1(A), if ψ = ψ1 on A
+
0,α and ψ = ψ2 on A

−
0,α . On the contrary, when

hk > 0, then Hh,α and Hk,α lie in a same half-apartment A+
0,α or A−

0,α , say Hh,α ,

Hk,α ⊂ A
+
0,α : in this case consider the apartment A = ψ−1(A), if ψ = ψ1 on A

+
0,α

and ψ = ψ2sα on A
−
0,α . In both cases A is the required apartment that contains

hx,α(ω), hz,α(ω) and hy,α(ω).
Assume now that Δ has type ˜G2. In this case, all special vertices have type 0 and

we cannot choose x, y adjacent. However, if we choose as x and y the vertices of
type 0 of two adjacent chambers c, c′, it is a consequence of the geometry of the
building that the walls hx,α(ω), hy,α(ω) are eventually parallel and have distance 0
or 1. Therefore the result follows from the same inductive argument as before. �

We point out that, if Δ has type ˜Cn or ˜BCn, then a wall of type n of any sector
of the building contains special vertices of only one type, that is,only of type 0 or
only of type n (the same is true for a wall of type i, i < n, of a building of type ˜Bn).

From now on we shall limit attention to walls based at special vertices of the
set ̂V (Δ).

4.2 The α-Boundary Ωα

Let α be a simple root, that is, α = αi for some i ∈ I0. For every special vertex x of
̂V (Δ) and for every ω ∈ Ω , we consider the α-wall hx,α(ω) of Qx(ω).

Lemma 4.3 Let ω1,ω2 ∈ Ω . If there exists a vertex x ∈ ̂V (Δ) such that hx,α(ω1) =
hx,α(ω2), then hy,α(ω1) = hy,α(ω2) for every y ∈ ̂V (Δ).

Proof We split the proof in two parts.
(i) At first assume that there exists an apartment A that contains Qx(ω1)

and Qx(ω2). Since hx,α(ω1) = hx,α(ω2), there exists a type-rotating isomorphism
ψtr : A → A, mapping Qx(ω1) onto Q0 and Qx(ω2) onto sαQ0. Hence the same
property holds for each y ∈ A . This proves that hy,α(ω1) = hy,α(ω2) for every
y ∈ A . On the other hand, if y /∈ A , the sectors Qy(ω1) and Qy(ω2) do not lie
in A , but there exists z ∈ A such that Qz(ω1) ⊂ Qy(ω1), Qz(ω2) ⊂ Qy(ω2) and
hz,α(ω1) = hz,α(ω2). Therefore Qy(ω1) ∩ Qy(ω2) contains hz,α(ω1) = hz,α(ω2),
besides y. This implies that Qy(ω1) ∩ Qy(ω2) contains the convex hull of y and
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hz,α(ω1) = hz,α(ω2), which includes the wall of type α of the two sectors; thus
hy,α(ω1) = hy,α(ω2).

(ii) If no apartment contains both Qx(ω1) and Qx(ω2), then there exists a vertex
z such that Qz(ω1) ⊂ Qx(ω1) and Qz(ω2) ⊂ Qx(ω2), and Qz(ω1) and Qz(ω2) lie
in some apartment A ; moreover hz,α(ω1) = hz,α(ω2). The proof now follows from
the same argument as in (i). �

Definition 4.4 Let ω,ω′ ∈ Ω . We say that ω is α-equivalent to ω′, and we write
ω ∼α ω′, if, for some x, hx,α(ω) = hx,α(ω′).

Lemma 4.3 implies that the definition of α-equivalence does not depend on the
vertex x such that hx,α(ω) = hx,α(ω′). Moreover, if ω is α-equivalent to ω′, and
A = A (ω,ω′) denotes any apartment having ω and ω′ as boundary points, then for
every x ∈ A , the sectors Qx(ω) and Qx(ω

′) are α-adjacent, that is, there exists a
type rotating isomorphism ψtr : A → A, mapping Qx(ω) onto Q and Qx(ω

′) onto
sαQ0. On the contrary, if x does not lie in any A (ω,ω′), then the intersection of
Qx(ω) and Qx(ω

′) contains properly their common α-wall.

Definition 4.5 We call α-boundary of the building Δ the set Ωα = Ω/∼α , con-
sisting of all equivalence classes [ω]α of boundary points and we denote by ηα any
element of Ωα . Hence ηα = [ω]α , if ω belongs to the equivalence class ηα .

Fix ω ∈ Ω and consider the set Hα(ω) = {hx,α(ω), x ∈ ̂V (Δ)}. If ω′ ∼α ω then,
for every x, hx,α(ω′) = hx,α(ω) and hence Hα(ω) = Hα(ω′). Therefore the set
Hα(ω) only depends on the equivalence class ηα = [ω]α represented by ω and we
shall denote H (ηα) = Hα(ω), if ω ∈ ηα . Moreover, if ω �∼α ω′, then, for every x ∈
̂V (Δ), hx,α(ω) �= hx,α(ω′) and so Hα(ω) ∩ Hα(ω′) = ∅. This implies that the map

ηα → H (ηα)

is a bijection between the α-boundary Ωα and the set {H (ηα)}. In particular, for
every x ∈ ̂V (Δ), each element ηα of Ωα determines one α-wall based at x: we
denote this wall by hx(ηα). Of course, hx(ηα) = hx,α(ω) for every ω ∈ ηα .

4.3 Trees at Infinity

Let us consider the α-boundary Ωα that corresponds to a simple root α of the build-
ing. We claim that it is possible to construct a graph associated to each element ηα

of Ωα , and this graph is in fact a tree, whose boundary can be canonically identified
with the set of all ω belonging to the class ηα . For this purpose we look in detail
at the set H (ηα) for any class ηα , and we show how this set gives rise to a tree.
Proposition 4.2 of Sect. 4.1 implies the following corollary.

Corollary 4.6 For every ηα ∈ Ωα , the set H (ηα) consists of walls equivalent or
eventually parallel.



334 A.M. Mantero and A. Zappa

Let ηα be a fixed element of Ωα . For every x ∈ ̂V (Δ), consider the wall hx(ηα)

of H (ηα) and the class of all walls hx′(ηα) equivalent to hx(ηα), according to
part (i) of Definition 4.1 of Sect. 4.1. We simply write x for this equivalence class
represented by the wall hx(ηα). Obviously, x = y if and only if hx(ηα) and hy(ηα)

are equivalent.

Remark 4.7 Consider, in the fundamental apartment A, the α-wall of any sector QX

equivalent to Q0. Each of these walls lies in an affine hyperplane Hk
α for some k ∈ Z.

For every k ∈ Z, we write in short as Xk the class of all walls lying in Hk
α , and set

Γ0 = {Xk, k ∈ Z}.
For every apartment A of the building and for any ηα , we consider the walls of
H (ηα) which lie in A , and the equivalence classes x represented by these walls.
By a type-preserving isomorphism ψtp : A → A, each x maps to an element Xk of
Γ0 for some k ∈ Z.

Recall that, if the root system R has type Cn or BCn and α = αn, then, for every
j ∈ Z, H

2j
α only contains special vertices of type 0 and H

2j+1
α only contains special

vertices of type n (the same is true if R has type Bn and α = αi , i < n). Hence
in this case it is natural to endow the set Γ0 with a labeling in the following way:
we say that Xk has type 0 if k = 2j and has type 1 if k = 2j + 1, for j ∈ Z. This
labeling can be extended as follows to all equivalence classes x represented by walls
of H (ηα) lying in any apartment A , and hence to all walls of the building: we say
that x has type 0 if it maps to some X2j through any type-preserving isomorphism,
and that it has type 1 if it maps to some X2j+1.

Definition 4.8 Let ηα ∈ Ωα . We denote by T (ηα) the graph having as vertices the
classes x of equivalent walls associated to ηα , and as edges the pairs [x,y] of equiv-
alence classes represented by (eventually parallel) walls hx(ηα) and hy(ηα) at dis-
tance one.

Then, for every ω ∈ ηα we associate to ω the graph Tα(ω) = T (ηα) and for every
ω ∈ Ω we associate to ω the graph of the element ηα of the α-boundary represented
by ω.

Recall that, according to notation introduced in Sect. 2.16, the simple root α

belongs to R2 if and only if R is not reduced and α = αn = en. In this particular
case, Hk

α = H 2k
2α for every k ∈ Z: therefore the parallel hyperplanes of A orthogonal

to α are the hyperplanes Hh
2α for all h ∈ Z. Moreover, for every k ∈ Z,

q2α,2k = qα,k = qα = r, q2α,2k+1 = q2α = p.

In all other cases, that is, for all simple root of a reduced building or for all simple
root αi , i �= n, of a building of type ˜BCn, we always have α ∈ R0, hence

qα,k = qα for every k ∈ Z.
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Proposition 4.9 For every simple root α and for every ηα ∈ Ωα , the graph T (ηα)

is a tree.

(i) If α ∈ R0, the tree is homogeneous, with homogeneity qα .
(ii) If α ∈ R2, the tree is labeled and semi-homogeneous; each vertex of type 0

shares q2α = p edges and each vertex of type 1 shares qα = r edges.

Proof We have to prove that T (ηα) is connected and has no loops.
Let x, y be two vertices of the graph, let ω ∈ ηα and hx,α(ω), hy,α(ω) are repre-

sentatives of x and y respectively. We may assume, without loss of generality, that
the two walls are parallel, hence that they lie in an apartment A . Let n be the dis-
tance between the two walls on this apartment. We can choose x0, x1, . . . , xn on A
such that x0 ∈ hx,α(ω), xn ∈ hy,α(ω) and dist(xi−1, xi) = 1 for every i = 1, . . . , n.
The walls hx0,α(ω),hx1,α(ω), . . . , hxn,α(ω) are pairwise adjacent on A and

hx0,α(ω) ∼ hx,α(ω), hxn,α(ω) ∼ hy,α(ω).

Therefore, if xi is the vertex of the graph represented by hxi,α(ω), for i = 0, . . . , n,
then dist(xi−1,xi ) = 1 for i = 0, . . . , n, and x = x0, y = xn. This proves that x, y
are connected by a path of length n.

For every n � 2, consider a path x0, . . . ,xn in the graph such that xi−1 �= xi ,xi+1,
for i = 1, . . . , n−1. We prove by induction that x0 �= xn. If n = 2, the property holds
by definition; let us assume the property is true for n − 1 and show that it is true
also for n. Indeed, if hx0,α(ω), . . . , hxn−1,α(ω),hxn,α(ω) are representatives of the
vertices x0, . . . ,xn−1, xn respectively, we know that there exists an apartment A that
contains all the walls hx0,α(ω), . . . , hxn−1,α(ω) and in this apartment the distance
between hx0,α(ω) and hxn−1,α(ω) is n − 1. On the other hand, the apartment A can
be chosen in such a way that also the wall hxn,α(ω) lies in it. In this apartment,
dist(hx0,α(ω),hxn,α(ω)) = n, as hxn,α(ω) �= hxn−2,α(ω). This proves that x0 �= xn.

Finally, if R is not reduced and α = αn = en, the parallel hyperplanes of A,
orthogonal to α, are the hyperplanes Hk

2α , for all k ∈ Z. Moreover, for every j ∈ Z,

q2α,2j = qα,k = qα = r, q2α,2j+1 = q2α = p.

Hence, in this case the number of edges sharing any vertex x of type 0 is r , while
the number of edges sharing the vertex y is p.

In all other cases, that is, for all simple roots of a reduced building or for all
simple roots αi , i �= n, for a building of type ˜BCn, we always have α ∈ R0, and so

qα,k = qα for every k ∈ Z.

Therefore, each wall hx,α(ω) is adjacent to qα walls hy,α(ω). Hence each vertex x
belongs to qα edges. �

Remark 4.10 For every apartment A , the walls hx,α(ω) of H (ηα) which lie in A ,
determine a geodesic γ (ηα) of the tree T (ηα), that consists of all vertices x associ-
ated to these walls and of all edges connecting each pair of adjacent vertices x, y.
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The set Γ0 can be seen as the fundamental geodesic of the tree, since each
geodesic γ (ηα) of the building is isomorphic to Γ0 through any type-preserving
isomorphism ψtp : A →A, if A denotes any apartment that contains γ (ηα).

The tree T (ηα) is labeled and semi-homogeneous only when R is not reduced
and α = αn = en, i.e., only when the building has type ˜BCn: in this case ̂V (Δ)

consists only of vertices of type 0. Therefore for such a tree it is natural to restrict
attention to its vertices of type 0. Now, if x, y are vertices of type 0, then the geodesic
[x,y] has length 2n, for some n ∈ N. Moreover in the fundamental geodesic Γ0 we
consider only the vertices X2n, for n ∈N.

Proposition 4.9 shows that, for every element ηα ∈ Ωα , we may identify the set
H (ηα) with a tree T (ηα). Moreover trees T (ηα,1), T (ηα,2) associated to any two
ηα,1, ηα,2 in Ωα are isomorphic. For every x ∈ ̂V (Δ), the vertex x can be seen as
the projection of x onto the tree T (ηα). In this sense we can refer to T (ηα) as to the
tree at infinity associated to the element ηα of the α-boundary.

Proposition 4.11 For every ηα ∈ Ωα , the set

{ω ∈ Ω : ω ∈ ηα}
can be identified with the boundary ∂T (ηα) of the tree T (ηα).

Proof We fix x ∈ ̂V (Δ). For every ω in the class ηα = [ω]α , we consider the sector
Qx(ω) based at x and its wall hx,α(ω). Let us denote by hxj ,α(ω), j � 0, a sequence
of walls lying in Qx(ω) such that

hx0,α(ω) = hx,α(ω) and dist
(

hxj ,α(ω),hxj+1,α(ω)
) = 1, j � 0.

The sequence xj , j � 0, is a geodesic of the tree T (ηα) starting at x0 = x and
hence it determines, as usual, a boundary point ω̄ of the tree. The map ω → ω̄ is a
bijection of ηα = [ω]α onto ∂T (ηα), since each boundary point of the tree can be
obtained from a suitable ω in the class ηα with the procedure described before, and
ω̄1 �= ω̄2 if ω1 �= ω2 are two elements of the same class ηα . �

Since the trees T (ηα,1), T (ηα,2) associated to any two ηα,1, ηα,2 in Ωα are iso-
morphic, the same is true for their boundaries ∂T (ηα,1), ∂T (ηα,2). We denote by Tα

an abstract tree such that

T (ηα) ∼ Tα, for every ηα ∈ Ωα.

Moreover, we denote by t any element of Tα and by b any element of its bound-
ary ∂Tα .

As a consequence of Proposition 4.11, the maximal boundary Ω of the building
can be decomposed as a disjoint union of boundaries of trees, one for each equiva-
lence class ηα = [ω]α :

Ω =
⋃

ηα∈Ωα

∂T (ηα).
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The previous decomposition implies that each boundary point ω of the building can
be seen as a pair (ηα,b) ∈ Ωα × ∂Tα , where ηα is the equivalence class [ω]α that
contains ω and b is the boundary point of Tα that corresponds to ω̄ on ∂T (ηα). In
this sense we may write, up to isomorphism,

Ω = Ωα × ∂Tα.

4.4 Orthogonal Decomposition with Respect to a Root α

Definition 4.12 Let sα be the reflection with respect to the linear hyperplane Hα

of A. For every vector v of the Euclidean space supporting A, set

Pα(v) = v − sαv

2
, Qα(v) = v + sαv

2
.

By definition, Pα(v) + Qα(v) = v and Qα(v) − Pα(v) = sαv. Moreover

Pα(sαv) = −Pα(v) and Qα(sαv) = Qα(v).

We observe that, for every v, Qα(v) lies in Hα and Pα(v) is the component of the
vector v along the direction orthogonal to the hyperplane Hα , that is, in the direction
of the vector α.

Proposition 4.13 Let ω1, ω2 be α-equivalent. Then, for every x, y ∈ ̂V (Δ),

Qα

(

ρω2(y) − ρω2(x)
) = Qα

(

ρω1(y) − ρω1(x)
)

.

If x, y belong to an apartment that contains both the boundary points ω1, ω2, then

Pα

(

ρω2(y) − ρω2(x)
) = −Pα

(

ρω1(y) − ρω1(x)
)

.

Proof Let x, y ∈ ̂V (Δ) and ηα = [ω]α , for ω ∈ Ω . Consider the tree T (ηα) and let
x and y be the vertices of this tree, associated to x and y respectively.

If x = y, the walls hx,α(ω) and hy,α(ω) are equivalent, hence they intersect in a
wall hz,α(ω). In this case, Qα(ρω(y) − ρω(x)) is given by the difference between
σ(y, z) and σ(x, z).

Assume now x �= y. If b is the boundary point of the tree that corresponds to ω,
we consider the geodesics [x,b], [y,b] from x and from y to b respectively. We
denote by z the vertex of the tree such that [z,b] = [x,b] ∩ [y,b], and by z a vertex
of the building corresponding to z such that Qz(ω) ⊂ Qx(ω) ∩ Qy(ω). In the case
when [y,b] ⊂ [x,b], then z = y, and hence hz,α(ω) ⊂ hy,α(ω). Otherwise, hz,α(ω)

and hx,α(ω) are eventually parallel; if hx′,α(ω) is the sub-wall of hx,α(ω) parallel
to hz,α(ω), it is easy to check that Qα(ρω(y) − ρω(x)) is given by the difference
between σ(y, z) and σ(x, x′). In the case when [x,b] ⊂ [y,b], a similar argument
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shows that Qα(ρω(y) − ρω(x)) is given by the difference between σ(y, y′) and
σ(x, z), where y′ is the vertex such that hy′,α(ω) is the sub-wall of hy,α(ω) parallel
to hz,α(ω). Finally, if z �= x and z �= y, then both the walls hx,α(ω) and hy,α(ω)

are eventually parallel to hz,α(ω). If we denote by hx′,α(ω) and by hy′,α(ω) the
sub-wall of hx,α(ω) and of hy,α(ω) respectively, which are parallel to hz,α(ω), then
Qα(ρω(y) − ρω(x)) is given by the difference between σ(y, y′) and σ(x, x′). In
every case Qα(ρω(y) − ρω(x)) is a vector lying in the hyperplane Hα and it is the
same for all boundary points α-equivalent to ω. Assume now that there exists an
apartment that contains x, y and both the boundary points ω1, ω2. In this particular
case, ρω2(y) − ρω2(x) = sα(ρω1(y) − ρω1(x)). Therefore in this case

Pα

(

ρω2(y) − ρω2(x)
) = −Pα

(

ρω1(y) − ρω1(x)
)

. �

4.5 Topologies on Ωα

As well as the maximal boundary, also each α-boundary Ωα may be equipped with
a totally disconnected compact Hausdorff topology. Let x, y be special vertices in
̂V (Δ); consider the set Ω(x,y), defined in Sect. 3.2. Define a subset of Ωα in the

following way:

Ωα(x, y) = {

ηα = [ω]α,ω ∈ Ω(x,y)
}

.

Let x ∈ ̂V (Δ); the family

˜Bx
α =

{

Ωα(x, y), y ∈ ̂V (Δ), y ∈
⋃

hx,α

}

generates a (totally disconnected compact Hausdorff) topology on Ωα . For every
ηα ∈ Ωα , say ηα = [ω]α , a local base at ηα is given by

˜Bx,ηα = {

Ωα(x, y), y ∈ Qx(ω)
}

.

Observe that there exists an α-wall based at x containing y if and only if y ∈ Vλ(x),
with λ ∈ H0,α . Then, for every pair of vertices x, y ∈ ̂V (Δ) such that y ∈ Vλ(x), for
any λ ∈ H0,α , we have

Ωα(x, y) = {

ηα ∈ Ωα : y ∈ hx,α(ηα)
}

.

Moreover the family

Bx
α = {

Ωα(x, y), y ∈ Vλ(x), λ ∈ H0,α

}

generates the same topology on Ωα as before; hence, for every ηα ∈ Ωα , a local
base at ηα is given by

Bx,ηα = {

Ωα(x, y), y ∈ hx,α(ηα)
}

.

It follows from the same argument used for the maximal boundary that the topology
on Ωα does not depend on the particular x ∈ ̂V (Δ).
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4.6 Probability Measures on the α-Boundary

For every x of ̂V (Δ), we define a regular Borel measure να
x on Ωα , in the following

way. For every y ∈ ̂V (Δ), let λ = σ(x, y). Then σ(x,y) = Pαλ if x and y are the
projections of x and y on the tree at infinity associated with any ω ∈ Ω(x,y). Thus,
define

να
x

(

Ωα(x, y)
) = Nα

Pαλ

Nλ

,

if Nα
Pαλ = |{z : σ(x, z) = Pαλ}|. In fact the same argument used for the maximal

boundary shows that there exists a unique regular Borel probability measure να
x on

Ω satisfying this property. Notice that, if λ ∈ H0,α , then y = x and then Pαλ = 0.
Therefore in this case

να
x

(

Ωα(x, y)
) = νx

(

Ω(x,y)
)

.

Define

R+
α = {

β ∈ R+, β �= α,2α
}

.

Then, recalling the formula for Nλ given in Corollary 2.7 of Sect. 2.16, we have

να
x

(

Ωα(x, y)
) =

⎧

⎪

⎨

⎪

⎩

Wλ(q−1)

W(q−1)

∏

β∈R+
α

q
−〈λ,β〉
β q

〈λ,β〉
2β if λ ∈ H0,α,

Wλ(q−1)(1+q−1
α )

W(q−1)

∏

β∈R+
α

q
−〈λ,β〉
β q

〈λ,β〉
2β otherwise.

4.7 Topologies and Probability Measures on the Trees at Infinity

Let Tα be the abstract tree isomorphic to each tree at infinity T (ηα) and let ∂Tα be
its boundary. As usual, denote by ̂V (Tα) the set of all vertices of Tα when the tree is
homogeneous, or the set of all vertices of type 0 when the tree is semi-homogeneous.
For every t ∈ ̂V (Tα) and every b ∈ ∂Tα , denote by γ (t,b) the geodesic from t to b.
For every t, t′ ∈ ̂V (Tα), let B(t, t′) = {b ∈ ∂Tα : t′ ∈ γ (t,b)}. It is well known that,
for every t ∈ ̂V (Tα), the family

Bt = {

B
(

t, t′
)

, t′ ∈ ̂V (Tα)
}

,

generates a totally disconnected compact Hausdorff topology on ∂Tα . Moreover, for
every element b, a local base at b is given by

Bt,b = {

B
(

t, t′
)

, t′ ∈ γt(b)
}

.

Denote by μt the usual probability measure on ∂Tα associated with the isotropic
random walk on Tα starting at the vertex t. We refer the reader to [1, 4] for the
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definition of this measure. Recall that, in the homogeneous case, with homogeneity
qα , for every vertex t′ one has

μt
(

B
(

t, t′
)) = 1

qα + 1
q1−n
α ,

where n is the length of the finite geodesic [t, t′]. On the other hand, in the semi-
homogeneous case, with homogeneities p, r , for every vertex t′ at distance 2n

from t, one has

μt
(

B
(

t, t′
)) = 1

p(1 + r)
(pr)1−n.

Since, for every element ηα ∈ Ωα , the tree T (ηα) is isomorphic to the abstract
tree Tα , all previous arguments apply to ∂T (ηα) if t is replaced by the projection
x on T (ηα) of some x ∈ ̂V (Δ), and in particular e is the projection on T (ηα) of
the fundamental vertex e of the building. We point out that, for every x ∈ ̂V , the
measure μx on ∂T (ηα) defined before can be seen as a measure on Ω supported on
[ω]α if ηα = [ω]α . Actually, it is easy to check that, if ηα = [ω]α , then, through the
identification of ∂T (ηα) with the subset [ω]α of the maximal boundary, the measure
μx determines a probability measure on [ω]α .

4.8 Decomposition of the Measure νx

Let x ∈ ̂V (Δ), let x be its projection on the tree T (ηα) associated with an assigned
ω ∈ Ω and t the element of the abstract tree Tα which corresponds to the vertex x.
For the sake of simplicity, from now on we identify t with x. We also identify the
maximal boundary Ω with Ωα × ∂Tα according to Sect. 4.3, and thereby we claim
that each probability measure νx splits as product of the probability measure να

x on
the α-boundary Ωα and the canonical probability measure μx on the boundary of the
tree Tα . Le us show this. For x, y ∈ ̂V (Δ), consider the set Ω(x,y). If ω ∈ Ω(x,y)

and ω = (ηα,b), then ηα ∈ Ωα(x, y) and b ∈ B(x,y). Hence

Ω(x,y) = Ωα(x, y) × B(x,y).

Proposition 4.14 νx = να
x × μx, for every x ∈ ̂V (Δ).

Proof Let x, y ∈ ̂V (Δ) and y ∈ Vλ(x). Let x and y be the projection of x and y on
the tree at infinity associated with any ω ∈ Ω(x,y). We prove that

νx

(

Ω(x,y)
) = να

x

(

Ωα(x, y)
)

μx
(

B(x,y)
)

.

In the case λ ∈ H0,α , we already proved that νx(Ω(x, y)) = να
x (Ωα(x, y)). On the

other hand, in this case y = x, therefore B(x,y) = ∂Tα . Hence μx(B(x,y)) = 1
and the statement follows. Assume now λ /∈ H0,α ; in this case μx(B(x,y)) =
(Nα

Pαλ)
−1. Then the desired formula is a direct consequence of the definition of

να
x (Ωα(x, y)). �
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5 Characters and Poisson Kernels

In this section we state the basic features of the characters on the fundamental apart-
ment of the building.

5.1 Characters of A

We call character of A any multiplicative complex-valued function χ defined on ̂L:

χ(λ1 + λ2) = χ(λ1)χ(λ2), for λ1, λ2 ∈ ̂L.

We assume, without loss of generality, that a character of A is the restriction to ̂L

of a multiplicative complex-valued function on V. Denote by X(̂L) the group of all
characters of A. If n = dimV, then X(̂L) ∼= (C×)n, and X(̂L) can be equipped with
the weak topology and the usual measure of Cn.

The Weyl group W acts on X(̂L) in the following way: for every w ∈ W and for
every χ ∈X(̂L),

(wχ)(λ) = χ
(

w−1(λ)
)

, for all λ ∈ ̂L.

It is immediately seen that wχ is a character: denote it simply by χw.

5.2 The Fundamental Character χ0 of A

We are interested in a particular character of A.

Definition 5.1 We denote by χ0 the following function on ̂L:

χ0(λ) =
∏

α∈R+
q〈λ,α〉
α q

−〈λ,α〉
2α , for every λ ∈ ̂L.

Being α a linear functional on the vector space V supporting A, the function χ0
is a character of A, called the fundamental character of A. Observe that χ0(λ) > 1,
for all λ ∈ ̂L+.

If R is reduced, then 2α /∈ R and therefore q2α = 1 for every α ∈ R. Hence

χ0(λ) =
∏

α∈R+
q〈λ,α〉
α .

In particular if R is reduced and all roots have the same length, that is, for buildings
of type ˜An, ˜Dn, ˜E6, ˜E7 and ˜E8, then qα = q for every α ∈ R+ and

χ0(λ) = q
∑

α∈R+ 〈λ,α〉 = q2〈λ,δ〉,
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where δ = 1
2 (

∑

α∈R+ α). Instead, if R is reduced but it contains long and short roots,
then, denoting by α any long root and by β any short root and setting δl = 1

2 (
∑

α),
δs = 1

2 (
∑

β), we see that

χ0(λ) = q2〈λ,δl〉p2〈λ,δs 〉.

This happens for buildings of type ˜Bn, ˜Cn, ˜F4 and ˜G2.
Assume now that R is not reduced, that is, the building has type (̃BC)n. In this

case R = R0 ∪ R1 ∪ R2. We denote by α, β and γ any root of R0,R1 and R2
respectively. Then, keeping in mind that R2 = {β/2, β ∈ R1}, we now see that

χ0(λ) =
∏

α∈R+
0

q〈λ,α〉
α

∏

β∈R+
1

q
〈λ,β〉
β

∏

γ∈R+
2

q〈λ,γ 〉
γ q

−〈λ,γ 〉
2γ

=
∏

α∈R+
0

q〈λ,α〉
α

∏

β∈R+
1

q
〈λ,β〉
β

∏

β∈R+
1

q
〈λ,β/2〉
β/2 q

−〈λ,β/2〉
β

=
∏

α∈R+
0

q〈λ,α〉
α

∏

β∈R+
1

(qβ/2qβ)〈λ,β/2〉 = q2〈λ,δ0〉(pr)〈λ,δ1〉 (6)

where δ0 = 1
2

∑

α, δ1 = 1
2

∑

β .
Notice that, by Proposition 2.6 of Sect. 2.16,

χ0(λ) = qtλ, for every λ ∈ ̂L+.

More generally, if λ is any element of ̂L, and tλ = uλgl , with uλ = si1 · · · sir , then
the same argument used in Proposition 2.6 of Sect. 2.16 shows that,

χ0(λ) =
∏

j∈J+
qij .

∏

j∈J−
q−1
ij

,

where

J+ = {

j : si1 · · · sij−1(C0) ≺ si1 · · · sij (C0)
}

,

J− = {

j : si1 · · · sij (C0) ≺ si1 · · · sij−1(C0)
}

.

In fact, notice that, when λ is dominant, then J− = ∅ and thus J+ = {1, . . . , n}.
Therefore we obtain the previous formula for χ0(λ).

We can easily compute the fundamental character in each simple co-root α∨. We
consider separately the reduced and non-reduced case.

Proposition 5.2 Let R be a reduced root system; for every simple root α, then

χ0
(

α∨) = q2
α.

Proof Observe that, for every simple α, we have 〈α∨, δ〉 = 1. This is a consequence
of (13.3) in [5]. �
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Proposition 5.3 Let R be a non-reduced root system; then

(i) χ0(α
∨) = q2, for every α = ei − ei+1, i = 1, . . . , n − 1;

(ii) χ0(β
∨) = pr , for β = 2en.

Proof We compute χ0(α
∨) and χ0(β

∨) by using the equality (6) for χ0(λ) given
above.

(i) If α = αi = ei − ei+1 for some i = 1, . . . , n − 1, then α∨
i = αi , and, by defini-

tion,

χ0
(

α∨
i

) = χ0(αi) =
(

∏

α∈R+
0

q〈αi ,α〉
)(

∏

β∈R+
1

p〈αi ,β〉
(

r

p

)〈αi ,β/2〉)

= q
〈αi ,

∑

α∈R
+
0

α〉
p

〈αi ,
∑

β∈R
+
1

β〉( r

p

)〈αi ,
∑

β∈R
+
1

β/2〉
.

Notice that

∑

α∈R+
0

α = 2
[

(n − 1)e1 + (n − 2)e2 + · · · + en−1
]

and
∑

β∈R+
1

β = 2
n

∑

k=1

ek.

Hence, for every i = 1, . . . , n − 1,
〈

αi,
∑

α∈R+
0

α

〉

= 2
[

(n − i) − (n − i − 1)
] = 2 and

〈

αi,
∑

β∈R+
1

β

〉

= 0,

since 〈ei − ei+1,2ek〉 = 2,−2,0, if k = i, k = i + 1 or k �= i, i + 1 respectively.
Therefore

∏

α∈R+
0

q〈αi ,α〉 = q2 and
∏

β∈R+
1

p〈αi ,β〉 =
∏

β∈R+
1

(

r

p

)〈αi ,β/2〉
= 1

and we conclude that χ0(α
∨
i ) = q2 for every i.

(ii) If β = βn = 2en, then β∨ = en. Therefore

χ0
(

β∨
n

) =
(

∏

α∈R+
0

q〈β∨
n ,α〉

)(

∏

β∈R+
1

p〈β∨
n ,β〉

(

r

p

)〈β∨
n ,β/2〉)

= q
〈β∨

n ,
∑

α∈R
+
0

α〉
p

〈β∨
n ,

∑

β∈R
+
1

β〉( r

p

)〈β∨
n ,

∑

β∈R
+
1

β/2〉
.

On the other hand
〈

β∨
n ,

∑

α∈R+
0

α

〉

= 0 and

〈

β∨
n ,

∑

β∈R+
1

β

〉

= 2,
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since 〈β∨
n , ek〉 = 〈en,2ek〉 = 2 or 0, depending on whether k = n or k �= n. Therefore

∏

α∈R+
0

q〈β∨
n ,α〉 = 1,

∏

β∈R+
1

p〈β∨
n ,β〉 = p2,

∏

β∈R+
1

(

r

p

)〈β∨
n ,

β
2 〉

= r

p

and we conclude that χ0(β
∨) = pr . �

For every simple root α we define, for every λ ∈ ̂L,

χα
0 (λ) =

∏

β∈R+
α

q
〈λ,β〉
β q

−〈λ,β〉
2β .

Obviously χα
0 is a character on A; moreover it is easy to check that, if λ ∈ H0,α ,

then

χα
0 (λ) = χ0(λ),

since, for every λ ∈ H0,α , we have 〈λ,α〉 = 〈λ,2α〉 = 0 and therefore

∏

β∈R+
α

q
〈λ,β〉
β q

−〈λ,β〉
2β =

∏

β∈R+
q

〈λ,β〉
β q

−〈λ,β〉
2β = χ0(λ).

Let Tα be the abstract tree isomorphic to each tree at infinity T (ηα). We denote
by Γ0 the fundamental geodesic of the tree and by Γ +

0 the fundamental geodesic
based at 0. Define a character χ̄0 on Γ0 in the following way:

χ̄0(Xn) = qn
α , where Xn is the vertex of Γ +

0 at distance n from 0, in the homoge-
neous case;
χ̄0(X2n) = (pr)n, where X2n is the vertex of Γ +

0 at distance 2n from 0, other-
wise.

The characters χ0, χα
0 and χ̄0 are related through the operators Pα and Qα defined

in Sect. 4.4, as the following lemma shows.

Lemma 5.4 Let λ ∈ ̂L such that λ ∈ Hn,α if α ∈ R0, and λ ∈ H2n,α if α ∈ R2. Then

(i) χ0(Qα(λ)) = χα
0 (Qα(λ)) = χα

0 (λ);

(ii) χ0(Pα(λ)) =
{

χ̄0(Xn) = qn
α if α ∈ R0,

χ̄0(X2n) = (pr)n if α ∈ R2.

Proof (i) Notice at first that 〈Qα(λ),α〉 = 0 for every α. Hence

χα
0

(

Qα(λ)
) =

∏

β∈R+
α

q
〈Qα(λ),β〉
β q

−〈Qα(λ),β〉
2β = χ0

(

Qα(λ)
)

.
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Moreover, it is easy to prove that

∏

β∈R+
α

q
〈Pα(λ),β〉
β q

−〈Pα(λ),β〉
2β = 1.

Indeed, for every β ∈ R+
α , the root sαβ belongs to R+

α , and 〈Pα(λ),β〉 = −〈Pα(λ),

σαβ〉. Therefore,

χα
0 (λ) =

∏

β∈R+
α

q
〈λ,β〉
β q

−〈λ,β〉
2β

=
∏

β∈R+
α

q
〈Qα(λ),β〉
β q

−〈Qα(λ),β〉
2β

∏

β∈R+
α

q
〈Pα(λ),β〉
β q

−〈Pα(λ),β〉
2β = χα

0

(

Qα(λ)
)

.

(ii) By the same argument of part (i),

χ0
(

Pα(λ)
) = q〈Pα(λ),α〉

α q
−〈Pα(λ),α〉
2α

∏

β∈R+
α

q
〈Pα(λ),β〉
β q

−〈Pα(λ),β〉
2β = q〈Pα(λ),α〉

α q
−〈Pα(λ),α〉
2α

= q〈λ,α〉
α q

−〈λ,α〉
2α .

Then part (ii) follows, because

q〈λ,α〉
α q

−〈λ,α〉
2α =

{

χ̄0(Xn) if α ∈ R0,

χ̄0(X2n) if α ∈ R2. �

Corollary 5.5 For every λ ∈ ̂L, χ0(λ) = χα
0 (Qα(λ))χ̄0(Xλ), if Xλ is the vertex of

Γ0 that corresponds to Pα(λ).

Let ρb be the retraction of the tree on Γ0, with respect to the boundary point b
such that ρb(γ (e,b)) = Γ +

0 (here e is the fundamental vertex of the tree).

Proposition 5.6 Let x, y ∈ ̂V (Δ) and ω ∈ Ω . Let x and y be the projections of x

and y on the tree at infinity T (ηα) associated with ω. Then

(i) χ0(Qα(ρω(y) − ρω(x))) = χα
0 (ρω(y) − ρω(x));

(ii) χ0(Pα(ρω(y) − ρω(x))) = χ̄0(ρb(y) − ρb(x)).

Proof Let x, y ∈ ̂V (Δ) and ω ∈ Ω . If λ = ρω(y) − ρω(x), (i) follows from part (i)
of Lemma 5.4.

Let ηα = [ω]α , and consider the vertices x, y of the tree T (ηα) which correspond
to x, y. If b is the boundary point of this tree that corresponds to ω, then b ∈ B(x,y).
This implies that ρb(y) − ρb(x) = n if 〈λ,α〉 = n. Hence (ii) follows from part (iii)
of Lemma 5.4. �
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5.3 Probability Measures on the Boundaries

The measure νx , defined on the maximal boundary Ω for any x ∈ ̂V (Δ), may be
described in terms of the character χ0.

Proposition 5.7 Let x and y be vertices of ̂V (Δ); then, for every ω ∈ Ω(x,y),

νx

(

Ω(x,y)
) = Wλ(q

−1)

W(q−1)
χ−1

0

(

ρx
ω(y)

) = Wλ(q
−1)

W(q−1)
χ−1

0

(

ρω(y) − ρω(x)
)

.

Proof Since χ0(λ) = qtλ for every λ ∈ ̂L+, then, by definition of νx ,

νx

(

Ω(x,y)
) = Wλ(q

−1)

W(q−1)
χ−1

0 (λ), for every y ∈ Vλ(x).

On the other hand, as we proved in Sect. 3.3, if y ∈ Qx(ω), then ρx
ω(y) = σ(x, y)

and ρx
ω(y) = ρω(y) − ρω(x). The statement follows. �

Let α be any simple root of the root system R associated with Δ. The measure
να
x defined in Sect. 4.6 on the α-boundary can be characterized in terms of the char-

acter χα
0 .

Proposition 5.8 Let λ ∈ ̂L+ and y ∈ Vλ(x); then, for every ηα ∈ Ωα(x, y) and
every ω ∈ ηα ,

να
x

(

Ωα(x, y)
) =

⎧

⎪

⎨

⎪

⎩

Wλ(q−1)

W(q−1)
(χα

0 )−1(ρω(y) − ρω(x)), if λ ∈ H0,α,

Wλ(q−1)(1+q−1
α )

W(q−1)
(χα

0 )−1(ρω(y) − ρω(x)), otherwise.

Proof Recalling the definition of the character χα
0 , we have

να
x

(

Ωα(x, y)
) =

⎧

⎪

⎨

⎪

⎩

Wλ(q−1)

W(q−1)
(χα

0 )−1(λ), if λ ∈ H0,α,

Wλ(q−1)(1+q−1
α )

W(q−1)
(χα

0 )−1(λ), otherwise.

On the other hand, for every ηα ∈ Ωα(x, y) and every ω in the class ηα ,

ρω(y) − ρω(x) = λ, if σ(x, y) = λ.

In particular, if we assume y ∈ Vλ(x), with λ ∈ H0,α , then the vector ρω(y)−ρω(x)

belongs to H0,α . �

Taking in account Proposition 5.6 of the previous section, we can express the
measures να

x and μx in terms of the character χ0 and the operators Pα and Qα .
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Corollary 5.9 Let x, y ∈ ̂V (Δ) and y ∈ Vλ(x). Let x and y be the projections of x

and y on the tree at infinity T (ηα) associated with any ω ∈ Ω(x,y). Then

να
x

(

Ωα(x, y)
) =

⎧

⎪

⎨

⎪

⎩

Wλ(q−1)

W(q−1)
χ−1

0 (ρω(y) − ρω(x)), λ ∈ H0,α,

Wλ(q−1)(1+q−1
α )

W(q−1)
χ−1

0 (Qα(ρω(y) − ρω(x))), otherwise.

Moreover

μx
(

B(x,y)
) =

{

1, if λ ∈ H0,α,
qα

1+qα
χ−1

0 (Pα(ρω(y) − ρω(x))), otherwise.

In view of Corollary 5.9, the decomposition of the measure νx for the maximal
boundary, stated in Sect. 4.8, is a direct consequence of the orthogonal decomposi-
tion χ0(λ) = χ0(Pα(λ))χ0(Qα(λ)).

5.4 Poisson Kernel and Poisson Transform

Proposition 5.10 For x, y ∈ ̂V (Δ) the measures νx , νy are mutually absolutely
continuous and the Radon–Nikodym derivative of νy with respect to νx is given by

dνy

dνx

(ω) = χ0
(

ρx
ω(y)

) = χ0
(

ρω(y) − ρω(x)
)

, for ω ∈ Ω.

Proof We fix x, y and ω; by Corollary 3.9 of Sect. 3.3, we can choose a special ver-
tex z lying into Qy(ω)∩Qx(ω), so that Ω(x, z) = Ω(y, z). We set Ωz = Ω(x, z) =
Ω(y, z). Of course ω belongs to Ωz. By Proposition 5.7 of the previous section,

νx(Ωz) = νx

(

Ω(x, z)
) = Wλ(q

−1)

W(q−1)
χ−1

0

(

ρω(z) − ρω(x)
)

,

νy(Ωz) = νy

(

Ω(y, z)
) = Wλ(q

−1)

W(q−1)
χ−1

0

(

ρω(z) − ρω(y)
)

.

So we conclude that

νy(Ωz)

νx(Ωz)
= χ−1

0 (ρω(z) − ρω(y))

χ−1
0 (ρω(z) − ρω(x))

= χ0
(

ρω(y) − ρω(x)
)

.

This proves that νy is absolutely continuous with respect to νx and shows the re-
quired formula for the Radon–Nikodym derivative of νy with respect to νx . �

Definition 5.11 We call Poisson kernel of the building Δ the function

P(x, y,ω) = χ0
(

ρω(y) − ρω(x)
) = χ0

(

ρx
ω(y)

)

, for x, y ∈ ̂V (Δ) and ω ∈ Ω.
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This definition does not depend on the choice of the special vertex e. By Propo-
sition 5.10, for every choice of x, y in ̂V (Δ), the function P(x, y, ·) is the Radon–
Nikodym derivative of νy with respect to νx :

dνy

dνx

(ω) = P(x, y,ω), for ω ∈ Ω.

The same argument of Proposition 5.10 proves also the following proposition.

Proposition 5.12 For x, y ∈ ̂V (Δ), the measures να
x , να

y are mutually absolutely
continuous and

dνα
y

dνα
x

(ηα) = χα
0

(

ρω(y) − ρω(x)
)

, for ω ∈ ηα, ηα ∈ Ωα.

For every x, y ∈ ̂V (Δ) and for every ηα ∈ Ωα , let

P α(x, y, ηα) = dνα
y

dνα
x

(ηα) = χα
0

(

ρω(y) − ρω(x)
)

, for ω ∈ ηα.

It is known that, for every pair of vertices t, t′ in ̂V (Tα), the measure μt′ is abso-
lutely continuous with respect to μt. The Radon–Nikodym derivative dμt′/dμt(b)

is the Poisson kernel P(t, t′,b), where

P(t, t′,b) = qn−1
α if dist(t, t′) = n, in the homogeneous case;

P(t, t′,b) = (pr)n−1 if dist(t, t′) = 2n, in the semi-homogeneous case.

In both cases, as a straightforward consequence of the definition,

P
(

t, t′,b
) = χ̄0

(

ρb
(

t′
) − ρb(t)

)

, for b ∈ ∂Tα.

Since, for every pair of vertices x, y ∈ ̂V (Δ), the measure νy on Ω is absolutely
continuous with respect to νx , the measure να

y on Ωα is absolutely continuous with
respect to να

x and the measure μy on ∂Tα is absolutely continuous with respect to μx.
Moreover,

Corollary 5.13 Let x, y ∈ ̂V (Δ), and ω ∈ Ω . If ω = (ηα,b), and x and y are the
projections of x and y on the tree at infinity T (ηα), then

P(x, y,ω) = P α(x, y, ηα)P (x,y,b).

Proof By Proposition 5.6 of Sect. 5.2, for every x, y ∈ ̂V (Δ) and ω ∈ Ω ,

P α(x, y, ηα)=χ0(Qα

(

ρω(y)−ρω(x)
)

and P(x,y,b)=χ0(Pα

(

ρω(y)−ρω(x)
)

.

Therefore, the decomposition of the Poisson kernel P(x, y,ω) is a direct conse-
quence of the orthogonal decomposition χ0(λ) = χ0(Pα(λ))χ0(Qα(λ)). �
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Definition 5.11 can be generalized, if the character χ0 is replaced by any charac-
ter χ .

Definition 5.14 We call generalized Poisson kernel of the building Δ associated
with the character χ the function

P χ(x, y,ω) = χ
(

ρω(y) − ρω(x)
)

, for x, y ∈ ̂V (Δ) and ω ∈ Ω.

It is obvious that also this definition does not depend on the choice of the vertex e.
According to this definition, P(x, y,ω) = P χ0(x, y,ω).

The following proposition describes the properties of the functions P χ(x, y,ω).

Proposition 5.15 Let χ be a character on A. Then,

(i) P χ(x, x,ω) = 1, for every x and every ω; moreover, for every x, y and every ω,

P χ(y, x,ω) = (

P χ(x, y,ω)
)−1 = P χ−1

(x, y,ω);

(ii) for every x and every ω, the function P χ(x, ·,ω) is constant on the set

{

y ∈ ̂V (Δ) : σ(x, y) = λ,ρx
ω(y) = μ

}

,

for any λ ∈ ̂L+ and μ ∈ Πλ.
(iii) for every x, y, the function P χ(x, y, ·) is locally constant on Ω , and, if

σ(x, y) = λ, then P χ(x, y,ω) = χ(λ), for all ω ∈ Ω(x,y).

Proof (i) and (ii) follow directly from the definition. Moreover (iii) is a consequence
of the properties of the retraction ρx

ω, proved in Sect. 3.3. Indeed, if σ(x, y) = λ, and
we choose μ big enough with respect to λ, then Ω = ⋃

z∈Vμ(x) Ω(x, z) and ρx
ω(y)

does not depend on the choice of ω in each set Ω(x, z). In particular, ρx
ω(y) = λ,

for all ω ∈ Ω(x,y). �

Definition 5.16 Let x0 ∈ ̂V (Δ) and let χ be a character on A. For any complex
valued function f on Ω , we call generalized Poisson transform of f with base
point x0, associated with the character χ , the function on ̂V (Δ) defined by

Pχ
x0

f (x) =
∫

Ω

P χ(x0, x,ω)f (ω)dνx0(ω) =
∫

Ω

χ
(

ρω(x) − ρω(x0)
)

f (ω)dνx0(ω),

for every x ∈ ̂V (Δ) and f ∈ L1(Ω,νx0).

In particular, set Px0 = P
χ0
x0 and P = Pe.
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6 The Algebra H (Δ) and Its Eigenvalues

6.1 The Algebra H (Δ)

For every λ ∈ ̂L+, define an operator Aλ acting on the space of complex valued
functions f on ̂V (Δ) by

(Aλf )(x) =
∑

y∈Vλ(x)

f (y) =
∑

y∈ ̂V (Δ)

1Vλ(x)(y)f (y), for x ∈ ̂V (Δ).

The operators Aλ are linear; moreover, for each y, the coefficient 1Vλ(x)(y) depends
only on λ. Observe that the operators Aλ, λ ∈ ̂L+ are linearly independent. Actually,
if assume

∑

λ∈̂L+ aλAλ = 0, then
∑

λ∈̂L+
aλ(Aλδy)(x) = 0, for every x, y ∈ ̂V (Δ).

On the other hand
∑

λ∈̂L+ aλ(Aλδy)(x) = aμ if σ(x, y) = μ. Hence we get aμ = 0
for every μ ∈ ̂L+.

Denote by H (Δ) the linear span of {Aλ,λ ∈ ̂L+} over C.

Proposition 6.1 The space H (Δ) is a commutative C-algebra.

Proof Let us prove that, for every λ, μ the operator Aλ ◦ Aμ is a finite linear com-
bination of operators Aν , for suitable ν. Indeed, recalling (3), for every function f

and for every x ∈ ̂V (Δ) one has

Aλ ◦ Aμf (x) =
∑

y∈ ̂V (Δ)

1Vλ(x)(y)Aμf (y) =
∑

y∈ ̂V (Δ)

1Vλ(x)(y)
∑

z∈ ̂V (Δ)

1Vμ(y)(z)f (z)

=
∑

z∈ ̂V (Δ)

(

∑

y∈ ̂V (Δ)

1Vλ(x)(y)1Vμ(y)(z)

)

f (z)

=
∑

z∈ ̂V (Δ)

∣

∣

{

y ∈ ̂V (Δ) : σ(x, y) = λ,σ (y, z) = μ
}∣

∣f (z)

=
∑

ν∈̂L+

∑

z∈Vν(x)

N
(

ν,λ,μ�
)

f (z) =
∑

ν∈̂L+
N

(

ν,λ,μ�
)

(Aνf )(x)

and N(ν,λ,μ�) is different from zero only for finitely many ν. Moreover

Aμ ◦ Aλf =
∑

ν∈̂L+
N

(

ν,μ,λ�
)

(Aνf ) =
∑

ν∈̂L+
N

(

ν,λ,μ�
)

(Aνf ) = Aλ ◦ Aμf.

This completes the proof. �

We refer to the numbers N(ν,λ,μ�) in Proposition 6.1 as the structure constants
of H (Δ).
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6.2 Eigenvalue of the Algebra H (Δ) Associated
with a Character χ

Let χ be a character on A, and consider the generalized Poisson kernel P χ(x, y,ω)

associated with χ .

Lemma 6.2 Let z ∈ ̂V (Δ) and ω ∈ Ω . For every λ ∈ ̂L+,
∑

y∈Vλ(z)

χ
(

ρω(y) − ρω(z)
) =

∑

μ∈Πλ

N(λ,μ)χ(μ).

Proof For every z ∈ ̂V (Δ), ω ∈ Ω and λ ∈ ̂L+,
∑

y∈Vλ(z)

χ
(

ρω(y) − ρω(z)
) =

∑

μ∈Πλ

∣

∣

{

y ∈ Vλ(z) : ρω(y) − ρω(z) = μ
}∣

∣χ(μ).

By Theorem 3.12 of Sect. 3.3 and (5), for every μ ∈ Πλ,
∣

∣

{

y ∈ Vλ(z) : ρω(y) − ρω(z) = μ
}∣

∣ = ∣

∣

{

y ∈ Vλ(e) : ρω(y) = μ
}∣

∣ = N(λ,μ).

This proves the statement. �

For every λ ∈ ̂L+, define

Λχ(λ) =
∑

μ∈Πλ

N(λ,μ)χ(μ). (7)

Proposition 6.3 For every λ ∈ ̂L+, Λχ(λ) is an eigenvalue of the operator Aλ and,
for every x ∈ ̂V (Δ) and ω ∈ Ω , the function P χ(x, ·,ω) is an eigenfunction of Aλ

associated to the eigenvalue Λχ(λ):

AλP
χ(x, ·,ω) = Λχ(λ)P χ(x, ·,ω).

Proof For every z ∈ ̂V (Δ), we can write

AλP
χ(x, ·,ω)(z) =

∑

y∈Vλ(z)

P χ (x, y,ω) =
∑

y∈Vλ(z)

χ
(

ρω(y) − ρω(x)
)

=
∑

y∈Vλ(z)

χ
(

ρω(y)
)

χ
(−ρω(x)

)

= χ
(

ρω(z) − ρω(x)
)

∑

y∈Vλ(z)

χ
(

ρω(y) − ρω(z)
)

= P χ(x, z,ω)
∑

y∈Vλ(z)

χ
(

ρω(y) − ρω(z)
)

.

Hence, by Lemma 6.2, we conclude that AλP
χ(x, ·,ω) = Λχ(λ)P χ(x, ·,ω). �
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Since {Aλ,λ ∈ ̂L+} generates H (Δ), then {Λχ(λ),λ ∈ ̂L+} generates an alge-
bra homomorphism Λχ from H (Δ) to C such that Λχ(Aλ) = Λχ(λ) for every
λ ∈ ̂L+. Moreover, for every x ∈ ̂V (Δ) and ω ∈ Ω , the function P χ(x, ·,ω) is an
eigenfunction of H (Δ) associated with the eigenvalue Λχ .

In the particular case when χ = χ0, then, for every x ∈ ̂V (Δ) and every ω ∈ Ω ,
the Poisson kernel P(x, ·,ω) is an eigenfunction of all operators Aλ, with associ-
ated eigenvalue Λχ0(λ). Since P(x, y,ω) is the Radon–Nikodym derivative of the
measure νy with respect to the measure νx , this implies that

∑

y∈Vλ(x)

νy = Λχ0(λ)νx.

On the other hand
∑

y∈Vλ(x)

νy = ∣

∣Vλ(x)
∣

∣νx = Nλνx,

since νy and νx are probability measures on Ω . Therefore Λχ0(λ) = Nλ and hence

∑

μ∈Πλ

N(λ,μ)χ0(μ) = Nλ.

Corollary 6.4 For every character χ , the Poisson transform P
χ
x (f ) (with base

point x) of every f ∈ L1(Ω,νx) is an eigenfunction of the algebra H (Δ) associ-
ated with the eigenvalue Λχ .

Proof For every λ ∈ ̂L+,

AλP
χ
x (f )(z) =

∑

y∈Vλ(z)

Pχ
x (f )(y) =

∑

y∈Vλ(z)

∫

Ω

P χ(x, y,ω)f (ω)dνx(ω)

=
∫

Ω

(

∑

y∈Vλ(z)

P χ (x, y,ω)

)

f (ω)dνx(ω)

=
∫

Ω

Λχ(λ)P χ(x, z,ω)f (ω)dνx(ω)

= Λχ(λ)Pχ
x (f )(z). �

The Weyl group W acts on the eigenvalues Λχ of the algebra H (Δ). We shall
prove that in fact these eigenvalues are invariant with respect to the action of W, in
the sense that, for every character χ ,

Λχχ
1/2
0 = Λχwχ

1/2
0 for every w ∈ W.
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6.3 Preliminary Results

Let χ be a fixed character on A and let α be a fixed simple root.

Definition 6.5 Let x ∈ ̂V (Δ). For each pair ω1, ω2 in a class ηα ∈ Ωα , we fix
a vertex of ̂V (Δ), say e = eω1,ω2 , in any apartment A (ω1,ω2) containing both
boundary points. We set

jα
x,χ (ω1,ω2) = χχ

1/2
0

(

Pα

(

ρω1(e) + ρω2(e) − ρω1(x) − ρω2(x)
))

.

Remark 6.6 The function jα
x,χ (ω1,ω2) does not depend on the choice of the ver-

tex eω1,ω2 in any apartment A (ω1,ω2). Indeed, if e and e′ are two vertices in this
apartment, then, for every x ∈ ̂V (Δ),

Pα

(

ρω1(x)−ρω1(e)+ρω2(x)−ρω2(e)
)−Pα

(

ρω1(x)−ρω1

(

e′)+ρω2(x)−ρω2

(

e′))

= Pα

((

ρω1

(

e′) − ρω1(e)
) + (

ρω2

(

e′) − ρω2(e)
))

= Pα

((

ρω1

(

e′) − ρω1(e)
)) + Pα

((

ρω2

(

e′) − ρω2(e)
)) = 0,

since Pα((ρω1(e
′) − ρω1(e))) = −Pα((ρω2(e

′) − ρω2(e))), as we proved in Proposi-
tion 4.13 of Sect. 4.4.

For every ω ∈ Ω , let ηα be the element of the α-boundary Ωα such that ω ∈ ηα .
We denote by να

x,ω the restriction of the measure νx to the set {ω′ ∈ Ω : ω′ ∈ ηα}.
Since this set can be identified with the boundary of the tree T (ηα), then να

x,ω can
be seen as the usual measure μx on ∂T (ηα).

Definition 6.7 Let x ∈ ̂V (Δ). We denote by Jα
x,χ the following operator acting on

the complex valued functions f defined on Ω :

Jα
x,χ (f )(ω0) =

∫

Ω

jα
x,χ (ω0,ω)f (ω)dνα

x,ω0
(ω), for ω0 ∈ Ω.

Theorem 6.8 Assume that |χ(α∨)| < 1; then

(i) Jα
x,χ 1 = c(χ)1, where

c(χ) =
⎧

⎨

⎩

qα

qα+1 + qα−1
qα+1

∑

j�1(χ̄(X1))
2j if α ∈ R0,

r
(r+1)

+ [ r−1
r+1 + r(p−1)

r+1
1√
pr

χ̄(−X2)]∑j�1(χ̄(X2))
2j if α ∈ R2;

(ii) Jα
x,χ : L∞(Ω) → L∞(Ω) is a bounded operator.
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Proof (i) Fix ω0 in Ω and let ηα = [ω0]α . By Definitions 6.5 and 6.7,

Jα
x,χ 1(ω0) =

∫

Ω

jα
x,χ (ω0,ω)dνα

x,ω0
(ω)

=
∫

[ω0]α
χχ

1/2
0

(

Pα

(

ρω0(e) + ρω(e) − ρω0(x) − ρω(x)
))

dνα
x,ω0

(ω),

where e is a vertex in any apartment that contains ω0 and ω.
Consider the tree T (ηα) and its boundary ∂T (ηα). In line with notation of

Sect. 5.2, we simply denote by χ̄ the character on the fundamental geodesic Γ0
of the tree, such that, for every n ∈ Z,

χ̄ (Xn) = χ
(

Pα(λ)
)

if α ∈ R0,

χ̄(X2n) = χ
(

Pα(λ)
)

if α ∈ R2,

where λ ∈ ̂L satisfies 〈λ,α〉 = n. Since the set [ω0]α can be identified with the
boundary of the tree T (ηα) and the measure να

x,ω0
can be seen as the usual measure

μx on ∂T (ηα), we can write

Jα
x,χ 1(ω0) =

∫

∂T (ηα)

χ̄ χ̄
1/2
0

(

ρb0(e) + ρb(e) − ρb0(x) − ρb(x)
)

dμx(b),

where b0 is the boundary point of the tree that corresponds to ω0, b is the boundary
point of the tree that corresponds to ω for every ω ∈ [ω0]α , and e is the vertex of
the geodesic γ (b0,b) obtained as projection of e on the tree T (ηα). For every x ∈
̂V (Δ), let x be the vertex of the tree that corresponds to x and denote by Nx(b0,b)

the distance of x from the geodesic [b0,b], that is, the minimal distance of x from
the set {y ∈ V (T (ηα)) : y ∈ [b0,b]}. For every j � 0, set

Bj (x,b0) = {

b ∈ ∂T (ηα) : Nx(b0,b) = j
}

.

Then ∂T (ηα) can be decomposed as a disjoint union in the following way:

∂T (ηα) =
⋃

j

Bj (x,b0).

We can easily compute μx(Bj (x,b0)), for j � 0. If α ∈ R0, the tree T (ηα) is
homogeneous and

μx
(

B0(x,b0)
) = qα

qα + 1
and μx

(

Bj (x,b0)
) = qα − 1

qα + 1
q−j
α for all j > 0.

Otherwise, if α ∈ R2, the tree T (ηα) is semi-homogeneous and

μx
(

B0(x,b0)
) = r

r + 1
,

μx
(

B2j (x,b0)
) = r − 1

r + 1
(pr)−j , for j > 0,
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μx
(

B2j+1(x,b0)
) = p − 1

p(r + 1)
(pr)−j , for j � 0.

It is easy to see that, for every j � 0,

ρb0(e) + ρb(e) − ρb0(x) − ρb(x) = X2j for all b ∈ Bj (x,b0).

Thus

Jα
x,χ1(ω0) =

∞
∑

j=0

μx
(

Bj (x,b0)
)

χ̄ χ̄
1/2
0 (X2j ).

Therefore, if α ∈ R0,

Jα
x,χ 1(ω0) = qα

qα + 1
χ̄ χ̄

1/2
0 (0) +

∑

j�1

qα − 1

qα + 1
q−j
α χ̄ χ̄

1/2
0 (X2j )

= qα

qα + 1
+ qα − 1

qα + 1

∑

j�1

q−j
α qj

αχ̄(2jX1)

= qα

qα + 1
+ qα − 1

qα + 1

∑

j�1

(

χ̄ (X1)
)2j

.

Analogously, if α ∈ R2, then

Jα
x,χ 1(ω0) = r

r + 1
χ̄ χ̄

1/2
0 (X0) +

∑

j�1

r − 1

r + 1
(pr)−j χ̄ χ̄

1/2
0 (X4j )

+
∑

j�1

r(p − 1)

r + 1
(pr)−j χ̄ χ̄

1/2
0 (X4j−2)

= r

(r + 1)
+ r − 1

r + 1

∑

j�1

(pr)−j (pr)j χ̄(2jX2)

+ r(p − 1)

r + 1

1√
pr

∑

j�1

(pr)−j (pr)j χ̄
(

(2j − 1)X2
)

= r

(r + 1)
+

[

r − 1

r + 1
+ r(p − 1)

r + 1

1√
pr

χ̄(−X2)

]

∑

j�1

(

χ̄ (X2)
)2j

.

Since χ̄(X2) = χ(α∨) and χ̄ (X1) = χ1/2(α∨), by assuming |χ(α∨)| < 1 it follows
that |χ̄ (X1)| < 1 if α ∈ R0, and that |χ̄ (X2)| < 1 if α ∈ R2; hence the geometric
series

∑

j�1(χ̄(X1))
2j and

∑

j�1(χ̄(X2))
2j converge. Since the sum of these series

does not depend on the choice of x and ω0, (i) is proved.
(ii) The same argument, applied to the real character |χ |, shows that

∫

Ω

∣

∣jα
x,χ (ω0,ω)

∣

∣dνα
x,ω0

(ω) = k(χ),
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being k(χ) a real positive number. Hence, for any f ∈ L∞(Ω), and for every
ω0 ∈Ω ,

∣

∣Jα
x,χf (ω0)

∣

∣ � ‖f ‖∞
∫

Ω

∣

∣jα
x,χ (ω0,ω)

∣

∣dνα
x,ω0

(ω) = k(χ)‖f ‖∞.

This proves that Jα
x,χf belongs to L∞(Ω) and that Jα

x,χ is a bounded operator
on L∞(Ω). �

Remark 6.9 The constant c(χ) is equal to 1 for χ = χ−1
0 .

Definition 6.10 Let x, y ∈ ̂V (Δ). Denote by T
χ
x,y the operator

T χ
x,y(f )(ω) = P χχ−1

0 (x, y,ω)f (ω), for ω ∈ Ω.

For every x, y ∈ ̂V (Δ), T
χ
x,y is bounded on L∞(Ω), because P χχ−1

0 (x, y, ·) is
locally constant on Ω , hence bounded by compactness.

Proposition 6.11 Assume |χ(α∨)| < 1. For every pair of vertices x, y ∈ ̂V (Δ),

Jα
y,χ ◦ T

χχ
1/2
0

x,y = T
χsα χ

1/2
0

x,y ◦ Jα
x,χ .

Proof By Theorem 6.8, the assumption |χ(α∨)| < 1 assures that, for every pair
x, y ∈ ̂V (Δ), the operators Jα

x,χ , Jα
y,χ are bounded on the space L∞(Ω). By Defi-

nitions 6.5, 6.7 and 6.10, for every function f and every boundary point ω0,

(

T
χsα χ

1/2
0

x,y ◦ Jα
x,χ

)

f (ω0)

= P χsα χ
−1/2
0 (x, y,ω0)

∫

Ω

jα
x,χ (ω0,ω)f (ω)dνα

x,ω0
(ω)

=
∫

Ω

jα
x,χ (ω0,ω)P χsα χ

−1/2
0 (x, y,ω0)f (ω)dνα

x,ω0
(ω)

=
∫

Ω

jα
x,χ (ω0,ω)

jα
y,χ (ω0,ω)

jα
y,χ (ω0,ω)P χsα χ

−1/2
0 (x, y,ω0)f (ω)

dνα
x,ω0

(ω)

dνα
y,ω0

(ω)
dνα

y,ω0
(ω).

Definition 6.5 implies that, for any e lying in any apartment that contains ω0 and ω,

jα
x,χ (ω0,ω)

jα
y,χ (ω0,ω)

= χχ
1/2
0 (Pα(ρω0(e) + ρω(e) − ρω0(x) − ρω(x))

χχ
1/2
0 (Pα(ρω0(e) + ρω(e) − ρω0(y) − ρω(y))

= χχ
1/2
0 (Pα(−ρω0(x) − ρω(x))

χχ
1/2
0 (Pα(−ρω0(y) − ρω(y))

.
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Moreover, according to the definition of the measure να
x,ω0

,

dνα
x,ω0

(ω)

dνα
y,ω0

(ω)
= χ0(Pα

(

ρω(x) − ρω(y)
)

.

Therefore

jα
x,χ (ω0,ω)

jα
y,χ (ω0,ω)

dνα
x,ω0

(ω)

dνα
y,ω0

(ω)
= χχ

1/2
0 (Pα(−ρω0(x) − ρω(x)))

χχ
1/2
0 (Pα(−ρω0(y) − ρω(y)))

χ0
(

Pα

(

ρω(x) − ρω(y)
))

= χ(Pα(ρω(y) − ρω(x)))

χ(Pα(ρω0(x) − ρω0(y)))
χ

1/2
0

(

Pα

(

ρω0(y) − ρω0(x)
))

× χ
−1/2
0

(

Pα

(

ρω(y) − ρω(x)
))

= χχ
−1/2
0 (Pα(ρω(y) − ρω(x)))

χsαχ
−1/2
0 (Pα(ρω0(y) − ρω0(x)))

.

Recall also that Qα(ρω0(y) − ρω0(x)) = Qα(ρω(y) − ρω(x)) (Proposition 4.13 of
Sect. 4.4). Therefore

jα
x,χ (ω0,ω)

jα
y,χ (ω0,ω)

dνα
x,ω0

(ω)

dνα
y,ω0

(ω)
= χχ

−1/2
0 (ρω(y) − ρω(x))

χsαχ
−1/2
0 (ρω0(y) − ρω0(x))

= P χχ
−1/2
0 (x, y,ω)

P χsα χ
−1/2
0 (x, y,ω0)

.

Therefore

(

T
χsα χ

1/2
0

x,y ◦ Jα
x,χ

)

f (ω0)

=
∫

Ω

jα
y,χ (ω0,ω)

P χχ
−1/2
0 (x, y,ω)

P χsα χ
−1/2
0 (x, y,ω0)

P χsα χ
−1/2
0 (x, y,ω0)f (ω)dνα

y,ω0
(ω)

=
∫

Ω

jα
y,χ (ω0,ω)P χχ

−1/2
0 (x, y,ω)f (ω)dνα

y,ω0
(ω)

=
∫

Ω

jα
y,χ (ω0,ω)T

χχ
1/2
0

x,y (f )(ω)dνα
y,ω0

(ω) = (

Jα
y,χ ◦ T

χχ
1/2
0

x,y

)

f (ω0). �

6.4 W-Invariance of the Eigenvalues

Theorem 6.12 For every character χ and for every simple root α,

Λχχ
1/2
0 = Λχsα χ

1/2
0 . (8)

Proof Let χ be a character. We split the proof into three parts.
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(i) At first, assume |χ(α∨)| > 1. Then |χ−1(α∨)| < 1, and Theorem 6.8 of the
previous section implies that, for every x, y ∈ ̂V (Δ), Jα

x,χ−1 and Jα
y,χ−1 are bounded

operators on L∞(Ω). Therefore it follows from Proposition 6.11 of the previous
section that, for every x, y ∈ ̂V (Δ),

Jα
y,χ−1 ◦ T

χ−1χ
1/2
0

x,y 1(ω) = T
(χsα )−1χ

1/2
0

x,y ◦ Jα
x,χ−1 1(ω) for every ω ∈ Ω,

since (χsα )−1 = (χ−1)sα . Now fix y ∈ ̂V (Δ) and sum on all x ∈ Vλ(y) for λ ∈ ̂L+.
By linearity,

∑

x∈Vλ(y)

J α
y,χ−1 ◦ T

χ−1χ
1/2
0

x,y 1 = Jα
y,χ−1 ◦

∑

x∈Vλ(y)

T
χ−1χ

1/2
0

x,y 1

= Jα
y,χ−1

(

∑

x∈Vλ(y)

P χ−1χ
−1/2
0 (x, y, ·)

)

.

Moreover
∑

x∈Vλ(y) P
χ−1χ

−1/2
0 (x, y,ω) = ∑

x∈Vλ(y) P
χχ

1/2
0 (y, x,ω) = Λχχ

1/2
0 (λ).

Therefore, for every ω ∈ Ω ,

∑

x∈Vλ(y)

J α
y,χ−1 ◦ T

χ−1χ
1/2
0

x,y 1(ω) = Jα
y,χ−1

(

Λχχ
1/2
0 (λ)1

)

(ω)

= Λχχ
1/2
0 (λ)J α

y,χ−1 1(ω) = Λχχ
1/2
0 (λ)c

(

χ−1).

On the other hand,

∑

x∈Vλ(y)

T
(χsα )−1χ

1/2
0

x,y ◦ Jα
x,χ−1 1(ω)

=
∑

x∈Vλ(y)

T
(χsα )−1χ

1/2
0

x,y

(

c
(

χ−1)1
)

(ω) = c
(

χ−1)
∑

x∈Vλ(y)

T
(χsα )−1χ

1/2
0

x,y 1(ω)

= c
(

χ−1)
∑

x∈Vλ(y)

P (χsα )−1χ
−1/2
0 (x, y,ω)

= c
(

χ−1)
∑

x∈Vλ(y)

P χsα χ
1/2
0 (y, x,ω) = c

(

χ−1)Λχsα χ
1/2
0 (λ).

If c(χ−1) is a real number different from zero, the identity

c
(

χ−1)Λχχ
1/2
0 (λ) = c

(

χ−1)Λχsα χ
1/2
0 (λ)

implies Λχχ
1/2
0 (λ) = Λχsα χ

1/2
0 (λ) for every λ ∈ ̂L.
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On the other hand, c(χ−1) can be zero for at most two values of χ(α∨). So the
previous identity follows also in this case from a standard argument of continuity.

(ii) If |χ(α∨)| < 1, then |χsα (α∨)| > 1, and therefore, by part (i) of this proof,

Λχsα χ
1/2
0 = Λχs2

α χ
1/2
0 = Λχχ

1/2
0 .

(iii) Finally, if |χ(α∨)| = 1, the required identity can be proved by a standard
argument of continuity, as the eigenvalue associated to a character χ depends con-
tinuously on χ , with respect to the weak topology on the space Hom(̂L,C). Indeed,
there exists a character χ ′, with |χ ′(α∨)| < 1, arbitrarily close to χ . �

Corollary 6.13 For every character χ and for every w ∈ W,

Λχχ
1/2
0 = Λχwχ

1/2
0 .

6.5 Technical Results About the Poisson Transform

Let us study the relationship between the Poisson transform and the operators de-
fined in Sect. 6.3.

Proposition 6.14 For every pair x, y ∈ ̂V (Δ), and for every f ∈ L∞(Ω),

Pχ
y

(

T χ
x,yf

) = Pχ
x (f ).

Proof For every vertex z ∈ ̂V (Δ),

Pχ
y

(

T χ
x,yf

)

(z)

=
∫

Ω

P χ(y, z,ω)P χχ−1
0 (x, y,ω)f (ω)dνy(ω)

=
∫

Ω

χ
(

ρω(z) − ρω(y)
)

χ
(

ρω(y) − ρω(x)
)

f (ω)χ0
(

ρω(x) − ρω(y)
)

dνy(ω)

=
∫

Ω

χ
(

ρω(z) − ρω(x)
)

f (ω)
dνx(ω)

dνy(ω)
dνy(ω) =

∫

Ω

P χ(x, z,ω)f (ω)dνx(ω)

= Pχ
x f (z). �

By Corollary 6.4 of Sect. 6.2, for every f ∈L∞(Ω), P
χχ

1/2
0

x (f ) and P
χsα χ

1/2
0

x (f )

are eigenfunctions of the algebra H (Δ), associated to eigenvalues Λχχ
1/2
0 and

Λχsα χ
1/2
0 respectively. Since Λχχ

1/2
0 = Λχsα χ

1/2
0 by Theorem 6.12 of the previous

section, then, for every f ∈ L∞(Ω), P
χχ

1/2
0

x (f ) and P
χsα χ

1/2
0

x (f ) are eigenfunc-
tions associated to the same eigenvalue. When |χ(α∨)| < 1, the following theorem,
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for every f ∈ L∞(Ω), constructs a function g ∈ L∞(Ω) such that

P
χsα χ

1/2
0

x (g) = c(χ)P
χχ

1/2
0

x (f ).

Theorem 6.15 Assume that |χ(α∨)| < 1. Then, for every x ∈ ̂V (Δ) and for every
f ∈ L∞(Ω),

P
χsα χ

1/2
0

x

(

Jα
x,χf

) = c(χ)P
χχ

1/2
0

x (f ). (9)

Proof Let f ∈ L∞(Ω). We split the proof into two parts.
(i) For any given x, we first prove (9) at the point y = x (that is, when the variable

of both sides has value x).

Since P χsα χ
1/2
0 (x, x,ω) = 1, then

P
χsα χ

1/2
0

x

(

Jα
x,χf

)

(x) =
∫

Ω

Jα
x,χf (ω0) dνx(ω0).

Thus, by Definition 6.7 of Sect. 6.3,

P
χsα χ

1/2
0

x

(

Jα
x,χf

)

(x) =
∫

Ω

(∫

Ω

jα
x,χ (ω0,ω)f (ω)dνα

x,ω0
(ω)

)

dνx(ω0).

By taking into account that, for every ω0,

νx(ω0) = να
x (ω0) × να

x,ω0
(ω0),

the measure να
x,ω can be regarded as the restriction of the measure νx to the subset

{ω′ ∈ Ω : ω′ ∈ [ω]α}. Then, setting jα
x,χ (ω0,ω) = 0 for ω /∈ [ω0]α , we obtain

P
χsα χ

1/2
0

x

(

Jα
x,χf

)

(x) =
∫

Ω

(∫

Ω

jα
x,χ (ω0,ω)f (ω)dνx(ω)

)

dνx(ω0).

On the other hand,
∫

Ω

(∫

Ω

jα
x,χ (ω0,ω)f (ω)dνx(ω)

)

dνx(ω0)

=
∫

Ω

(∫

Ω

jα
x,χ (ω0,ω)dνx(ω0)

)

f (ω)dνx(ω),

since the integral is absolutely convergent. Therefore

P
χsα χ

1/2
0

x

(

Jα
x,χf

)

(x) =
∫

Ω

(∫

Ω

jα
x,χ (ω0,ω)dνx(ω0)

)

f (ω)dνx(ω)

=
∫

Ω

(∫

Ω

jα
x,χ (ω,ω0) dνx(ω0)

)

f (ω)dνx(ω)
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=
∫

Ω

Jα
x,χ 1(ω)f (ω)dνx(ω)

= c(χ)

∫

Ω

f (ω)dνx(ω) = c(χ)P
χχ

1/2
0

x (f )(x).

(ii) Choose now the variable y to be any other vertex: that is, let x, y ∈ ̂V (Δ) with
y �= x. By Proposition 6.14, P

χ
x f (y) = P

χ
y (T

χ
x,yf )(y). Hence, if we apply (i),

replacing x with y and f with T
χ
x,yf , we obtain

P
χsα χ

1/2
0

y

(

Jα
y,χ

(

T
χχ

1/2
0

x,y f
))

(y) = c(χ)P
χχ

1/2
0

y

(

T
χχ

1/2
0

x,y f
)

(y) = c(χ)P
χχ

1/2
0

x f (y).

On the other hand, by Proposition 6.11 of Sect. 6.3,

P
χsα χ

1/2
0

y

(

Jα
y,χ

(

T
χχ

1/2
0

x,y f
))

(y) = P
χsα χ

1/2
0

y

(

T
χsα χ

1/2
0

x,y

(

Jα
x,χf

))

(y).

Again by Proposition 6.14 we conclude that

P
χsα χ

1/2
0

x

(

Jα
x,χf

)

(y) = c(χ)P
χχ

1/2
0

x f (y). �

Remark 6.16 Theorem 6.15 provides a different proof of the identity Λχsα χ
1/2
0 =

Λχχ
1/2
0 , when |χ(α∨)| < 1. Indeed, for every f ∈ L∞(Ω), the function P

χsα χ
1/2
0

x (f )

is an eigenfunction of the algebra H (Δ) associated with the eigenvalue Λχsα χ
1/2
0

and, when |χ(α∨)| < 1, Jα
x,χf belongs to L∞(Ω). Then

Aλ

(

P
χsα χ

1/2
0

x

(

Jα
x,χf

)) = Λχsα χ
1/2
0 P

χsα χ
1/2
0

x

(

Jα
x,χf

)

, for every λ ∈ ̂L.

On the other hand, for every f ∈ L∞(Ω), P
χχ

1/2
0

x (f ) is an eigenfunction of the

algebra H (Δ) associated with the eigenvalue Λχχ
1/2
0 . Therefore

Aλ

(

c(χ)P
χχ

1/2
0

x (f )
) = Λχχ

1/2
0 c(χ)P

χχ
1/2
0

x (f ), for every λ ∈ ̂L.

Now, by Theorem 6.15,

Aλ

(

P
χsα χ

1/2
0

x

(

Jα
x,χf

)) = Λχχ
1/2
0 P

χsα χ
1/2
0

x

(

Jα
x,χf

)

, for every λ ∈ ̂L.

So we have proved that, if |χ(α∨)|<1, then, for every f ∈L∞(Ω), P
χsα χ

1/2
0

x (J α
x,χf )

belongs to the eigenspaces associated to both the eigenvalues Λχsα χ
1/2
0 and Λχχ

1/2
0 .

This implies that Λχsα χ
1/2
0 = Λχχ

1/2
0 .
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7 Satake Isomorphism

7.1 Convolution Operators on A

The set ̂V (A) = ̂L can be identified with Z
n, by identifying each λ ∈ ̂L with

(m1, . . . ,mn) of Zn if λ = ∑n
i=1 miλi . Hence ̂L inherits the structure of finitely gen-

erated free abelian group of Zn. We denote by L (̂L) the C-algebra of all complex-
valued functions on ̂L, with finite support. Each function h in L (̂L) determines a
convolution operator on the functions defined on ̂L

τh(F ) = h ∗ F.

Proposition 7.1 Every character χ on A is an eigenfunction of all operators τh,
h ∈ L (̂L), with associated eigenvalue Θχ(h) = ∑

μ∈̂L h(μ)χ(μ).

Proof For every λ ∈ ̂L,

(τhχ)(λ) =
∑

μ∈̂L

h(μ)χ(λ + μ) =
(

∑

μ∈̂L

h(μ)χ(μ)

)

χ(λ).

�

Proposition 7.2 Let h ∈ L (̂L). Then

h = 0 ⇐⇒ Θχ(h) = 0 for all χ ∈ Hom
(

̂L,C×)

.

Proof There is a natural identification of ̂L with the group T of all translations tλ,
λ ∈ ̂L. Hence L (̂L) is the algebra L (T ) defined by [7, (1.1)]. Using this identifi-
cation and following notation of [7], the mapping

h �→
∑

λ∈̂L

h(λ)λ,

is a C-algebra isomorphism of L (̂L) onto the group algebra C[̂L] of ̂L over C.
Since ̂L is a free abelian group generated by the finite set {λ1, . . . , λn}, it follows
that C[̂L] = C[±λi, i = 1, . . . , n], hence it is a commutative integral domain. Con-
sequently C[̂L] is the coordinate ring of an affine algebraic variety, say S, whose
points are the C-algebra homomorphisms s : C[̂L] →C. The restriction of these ho-
momorphisms to ̂L gives a bijection of S onto X(̂L) = Hom(̂L,C×) and we identify
X(̂L) with S in this way. The elements of C[̂L] can therefore be regarded as func-
tions on X(̂L). Hence, by the Nullstellensatz, if η ∈C[̂L],

η = 0 ⇐⇒ χ(η) = 0 for all χ ∈X(̂L).

Keeping in mind the C-algebra isomorphism of L (̂L) onto C[̂L], each χ defines a
homomorphism L (̂L) → C, namely

χ(h) =
∑

λ∈̂L

h(λ)χ(λ),
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and h = 0 if and only if χ(h) = 0 for all χ ∈ X(̂L). On the other hand, for every h

in L (̂L), χ(h) = Θχ(h), according to Proposition 7.1. Hence

h = 0 ⇐⇒ Θχ(h) = 0, for all χ ∈ X(̂L). �

7.2 The Hecke Algebra on A

The group W acts on L (̂L) in the following way: for every h ∈ L (̂L),

hw(λ) = (wh)(λ) = h
(

w−1(λ)
)

for every λ ∈ ̂L.

We denote by L (̂L)W the subring of L (̂L) that consists of all W-invariant func-
tions in L (̂L), that is, the functions h in L (̂L) such that hw = h for every w ∈ W.

Proposition 7.3 For every h in L (̂L)W, the operator τh is W-invariant.

Proof Fix w ∈ W. For every function F and every λ, it follows from the W-
invariance of h that

(τhF )
(

w−1(λ)
) =

∑

μ∈̂L

h(μ)F
(

w−1(λ) + μ
) =

∑

μ∈̂L

h
(

w(μ)
)

F
(

w−1(λ) + μ
)

.

By setting w(μ) = μ′, this becomes

(τhF )
(

w−1(λ)
) =

∑

μ′∈̂L

h
(

μ′)F
(

w−1(λ) + w−1(μ′)) =
∑

μ′∈̂L

h
(

μ′)F
(

w−1(λ + μ′))

=
∑

μ′∈̂L

h
(

μ′)F w(

λ + μ′) = (

τhF
w)

(λ).

This proves the invariance property in the statement. �

Let

H (A) = {

τh,h ∈ L (̂L)W}

.

Obviously, H (A) is a C-algebra; following Humphreys [5], we call H (A) the
Hecke algebra on A.

Proposition 7.1 of the previous section implies that every character χ on ̂L is
an eigenfunction of the whole algebra H (A). We denote by Θχ the associated
eigenvalue, that is, the homomorphism from the algebra H (A) to C

× such that, for
every h ∈ L (̂L)W,

Θχ(τh) = Θχ(h) =
∑

μ∈̂L

h(μ)χ(μ).
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Note that, since W is finite, L (̂L) is integral over L (̂L)W. Therefore every eigen-
value of L (̂L)W may be extended as an eigenvalue of L (̂L). Keeping in mind
that the restriction to ̂L of Θχ is the character χ , we easily obtain the following
proposition.

Proposition 7.4 For every eigenvalue Θ of the Hecke algebra of A there exists a
character χ on ̂L such that

Θ = Θχ.

Proof For every λ∈̂L, let δλ be the function on ̂L such that δλ(λ)=1 and δλ(μ) = 0
for every μ �= λ. Then each h ∈ L (̂L)W can be written as h = ∑

λ h(λ)δλ. Let Θ

be any eigenvalue of H (A) and χ its restriction to ̂L

χ(λ) = Θ(δλ), for every λ ∈ ̂L.

It is immediate to observe that χ belongs to X(̂L) and, for every h ∈ L (̂L)W,

Θ(h) =
∑

λ

h(λ)Θ(δλ) =
∑

λ

h(λ)χ(λ) = Θχ(h).
�

7.3 Operators ˜Aλ

Fix ω ∈ Ω . For every λ ∈ ̂L+ and every vertex μ ∈ ̂L, the number N(λ,μ) defined
in (5) does not depend on the choice of ω. For every λ ∈ ̂L+, let hλ be the following
function on ̂L:

hλ(μ) = χ
1/2
0 (μ)N(λ,μ), for every μ ∈ ̂L.

As N(λ,μ) = 0 except for finitely many μ ∈ ̂L, we see that hλ ∈ L (̂L).

Definition 7.5 For every λ ∈ ̂L+, denote by ˜Aλ the convolution operator associated
with the function hλ: for every function F on ̂L,

˜AλF(μ) = hλ ∗ F(μ) =
∑

μ′∈̂L

N
(

λ,μ′)χ1/2
0

(

μ′)F
(

μ + μ′), for μ ∈ ̂L.

By Proposition 7.1 of Sect. 7.1, every character χ on ̂L is an eigenfunction of
˜Aλ, λ ∈ ̂L, with associated eigenvalue

Θχ(λ) = Θχ(hλ) =
∑

μ∈̂L

hλ(μ)χ(μ) =
∑

μ∈̂L

N(λ,μ)χ
1/2
0 (μ)χ(μ).

Then (7) implies that

Θχ(λ) = Λχχ
1/2
0 (λ). (10)
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Proposition 7.6 For every w ∈ W, hλ = hw
λ .

Proof Since the Weyl group W is generated by reflections sα , α ∈ B , we only need
to prove that hλ = h

sα
λ for every simple root α. Fix sα and consider

h
sα
λ (μ) = χ

1/2
0

(

sα(μ)
)

N
(

λ, sα(μ)
)

, for μ ∈ ̂L.

For every character χ and every μ ∈ ̂L,

hλ ∗ χ(μ) = Θχ(hλ)χ(μ), h
sα
λ ∗ χ(μ) = Θχ

(

h
sα
λ

)

χ(μ).

On the other hand, as remarked before,

Θχ(hλ) =
∑

μ∈̂L

N(λ,μ)χ
1/2
0 (μ)χ(μ) = Λχχ

1/2
0 (λ),

and, with μ′ = sα(μ),

Θχ
(

h
sα
λ

) =
∑

μ∈̂L

N
(

λ, sα(μ)
)

χ
1/2
0

(

sα(μ)
)

χ(μ) =
∑

μ′∈̂L

N
(

λ,μ′)χ1/2
0

(

μ′)χsα
(

μ′)

= Λχsα χ
1/2
0 (λ).

Thus, Theorem 6.12 of Sect. 6.4 implies Θχ(h
sα
λ ) = Θχ(hλ) for every χ . So hλ =

h
sα
λ , by Proposition 7.2 of Sect. 7.1. �

Corollary 7.7 For every λ ∈ ̂L+, the operator ˜Aλ belongs to the Hecke alge-
bra H (A).

Proposition 7.8 The operators ˜Aλ, λ ∈ ̂L+, form a C-basis of H (A).

Proof We only need to show that the functions hλ, λ ∈ ̂L+, form a C-basis of
L (̂L)W. For each λ ∈ ̂L+, let ξλ be the characteristic function of the W-orbit of λ.
The functions ξλ, as λ runs through ̂L+, form a C-basis of L (̂L)W. Hence, by
summing on all λ′ in ̂L+,

hλ =
∑

λ′∈̂L+
hλ

(

λ′)ξλ′ .

Since N(λ,λ) = 1, then hλ(λ) = χ
1/2
0 (λ). Consequently the previous sum takes the

form

hλ = χ
1/2
0 (λ)ξλ +

∑

λ′ �=λ

hλ

(

λ′)ξλ′ .

In this sum hλ(λ
′) = 0, but for λ′ ∈ Πλ. Since χ

1/2
0 (λ) �= 0, we conclude that the hλ

form a C-basis of L (̂L)W. �
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Definition 7.9 For every λ ∈ ̂L+, let gλ be the function defined as gλ(μ) =
N(λ,μ), for μ ∈ ̂L. We denote by Bλ the following operator acting on the complex-
valued functions F on ̂L:

BλF(μ) = gλ � F (μ) =
∑

μ′∈̂L

N
(

λ,μ′)F
(

μ + μ′), for μ ∈ ̂L.

Observe that the operator Bλ is linear and invariant with respect to any translation
in A, as their coefficients N(λ,μ′) do not depend on μ. However, Bλ is not W-
invariant, because gλ does not belong to L (̂L)W, as N(λ,μ) �= N(λ,w−1μ) for
w ∈ W different from the identity.

Proposition 7.10 For every function F on ̂L, let f (x) = F(ρω(x)), for x ∈ ̂V (Δ).
Then, for every λ ∈ ̂L+,

Aλf (x) = BλF(μ) if μ = ρω(x).

Proof By definition of Aλ, for every function f ,

Aλ(f )(x) =
∑

y∈Vλ(x)

f (y) =
∑

ν∈̂L

(

∑

{y:σ(x,y)=λ,ρω(y)=ν}
f (y)

)

.

In the case f (x) = F(ρω(x)), for every ν ∈ ̂L one has f (y) = F(ν) for all y such
that ρω(y) = ν. Hence, by setting μ = ρω(x) and μ + μ′ = ν,

Aλ(f )(x) =
∑

μ′∈̂L

N
(

λ,μ′)F
(

μ + μ′) = BλF(μ).

�

Proposition 7.11 For every λ ∈ ̂L+ and every function F ,

˜AλF = χ
−1/2
0 Bλ

(

χ
1/2
0 F

)

, BλF = χ
1/2
0

˜Aλ

(

χ
−1/2
0 F

)

.

Proof For every μ ∈ ̂L, by Definitions 7.5 and 7.9,

(˜AλF)(μ) =
∑

μ′∈̂L

N
(

λ,μ′)χ1/2
0

(

μ′)F
(

μ + μ′)

= χ
−1/2
0 (μ)

∑

μ′∈̂L

N
(

λ,μ′)χ1/2
0

(

μ + μ′)F
(

μ + μ′)

= χ
−1/2
0 (μ)Bλ

(

χ
1/2
0 F

)

(μ).

Moreover

(BλF )(μ) =
∑

μ′∈̂L

N
(

λ,μ′)F
(

μ + μ′)
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= χ
1/2
0 (μ)

∑

μ′∈̂L

N
(

λ,μ′)χ1/2
0

(

μ′)χ−1/2
0

(

μ + μ′)F
(

μ + μ′)

= χ
1/2
0 (μ)

∑

μ′∈̂L

N
(

λ,μ′)χ1/2
0

(

μ′)(χ−1/2
0 F

)(

μ + μ′)

= χ
1/2
0 (μ)˜Aλ

(

χ
−1/2
0 F

)

(μ). �

7.4 Satake Isomorphism

Consider the mapping

i : Aλ → ˜Aλ, for λ ∈ ̂L+.

Since {Aλ,λ ∈ ̂L+} is a basis for the algebra H (Δ), we extend this map to the
whole Hecke algebra H (Δ) by linearity.

Theorem 7.12 The mapping i : Aλ → ˜Aλ is a C-algebra isomorphism of H (Δ)

onto H (A).

Proof First of all, we prove that i is a C-algebra homomorphism from H (Δ) to
H (A). By definition, if A = ∑k

j=1 cjAλj
, then

i(A) =
k

∑

j=1

cj i(Aλj
) =

k
∑

j=1

cj
˜Aλj

.

Now, for any pair λ,λ′ ∈ ̂L+, we consider the operator Aλ ◦ Aλ′ and prove that

i(Aλ ◦ Aλ′) = i(Aλ) ◦ i(Aλ′).

We know that Aλ ◦ Aλ′ is a linear combination of operators Aλ1 , . . . ,Aλk
, for suit-

able λ1, . . . , λk :

(Aλ ◦ Aλ′)f =
k

∑

j=1

cjAλj
f.

Hence, i(Aλ ◦ Aλ′) = τhλ,λ′ , where hλ,λ′ is the W-invariant function on ̂L defined

by hλ,λ′ := ∑k
j=1 cjhλj

. This proves that i(Aλ ◦Aλ′) belongs to the algebra H (A).
Now we prove that, for every pair λ, λ′,

i(Aλ ◦ Aλ′) = i(Aλ) ◦ i(Aλ′).
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For this goal, for every character χ consider the eigenvalue Θχ(hλ,λ′). For the sake
of simplicity, set Θχ(λ,λ′) = Θχ(hλ,λ′). Since τhλ,λ′ = ∑k

j=1 cj τhλj
,

Θχ
(

λ,λ′) =
k

∑

j=1

cjΘ
χ(λj ).

Therefore, by keeping in mind (10),

Θχ
(

λ,λ′) =
k

∑

j=1

cjΛ
χχ

1/2
0 (λj ) = Λχχ

1/2
0 (Aλ ◦ Aλ′) = Λχχ

1/2
0 (λ)Λχχ

1/2
0

(

λ′)

= Θχ(λ)Θχ
(

λ′).

Therefore, for every χ ,

Θχ
(

i(Aλ ◦ Aλ′)
) = Θχ

(

i(Aλ)
)

Θχ
(

i(Aλ′)
) = Θχ

(

i(Aλ) ◦ i(Aλ′)
)

.

Thus Proposition 7.2 of Sect. 7.1 implies that i(Aλ ◦ Aλ′) = i(Aλ) ◦ i(Aλ′). This
proves that i is a C-algebra homomorphism from H (Δ) to H (A).

Since the operators Aλ form a C-basis of H (Δ) and, according to Proposi-
tion 7.8 of the previous section, the operators ˜Aλ = i(Aλ) form a C-basis of H (A),
it follows readily that the operator i is a bijection from the algebra H (Δ) onto the
algebra H (A). �

The operator i is called the Satake isomorphism between H (Δ) and H (A).

7.5 Characterization of the Eigenvalues of the Algebra H (Δ)

We proved in Sect. 7.1 that, for every eigenvalue Θ of the algebra H (A), there
exists a character χ such that Θ = Θχ . The Satake isomorphism between H (Δ)

and H (A) allows us to extend this characterization to the eigenvalues of the algebra
H (Δ).

Corollary 7.13 For every eigenvalue Λ of the algebra H (Δ) there exists a char-

acter χ on ̂L such that Λ = Λχχ
1/2
0 .

Proof Let Λ be an eigenvalue of the algebra H (Δ). By Theorem 7.12 of the pre-
vious section, there exists a unique eigenvalue Θ ∈ Hom(H (A),C) such that

Θ(λ) = Λ(λ), for every λ ∈ ̂L+.

Since, by Proposition 7.4 of Sect. 7.2, there exists a character χ such that Θ = Θχ ,

and taking in account the identity (10), we conclude that Λ = Λχχ
1/2
0 . �
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A Liouville Type Theorem for Carnot Groups:
A Case Study

Alessandro Ottazzi and Ben Warhurst

Abstract Capogna and Cowling have shown that, if φ is 1-quasiconformal on an
open subset of a Carnot group G, then precomposing with φ preserves Q-harmonic
functions, where Q denotes the homogeneous dimension of G. They combine this
with a regularity theorem for Q-harmonic functions to show that φ is in fact C∞.
As an application, they observe that for some Carnot groups of step 2 the space of
1-quasiconformal mappings forms a finite dimensional space. This is a generaliza-
tion of a classical theorem of Liouville from 1850.

In this chapter we show, using the Engel group as an example, that a Liouville
type theorem can be proved for every Carnot group. Indeed, the smoothness of 1-
quasiconformal maps allows us to obtain a proof of the theorem using Tanaka pro-
longation theory.
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for the 1-quasiconformal maps. When the ambient space is not Riemannian there
are similar theorems. Capogna and Cowling proved in [1] that 1-quasiconformal
maps defined on open subsets of a Carnot group G are smooth and they ap-
plied this to show some Liouville type results. In particular, it is now known that
1-quasiconformal maps between open subsets of H-type groups, whose Lie alge-
bra has dimension larger than 2, form a finite dimensional space. This follows by
combining the smoothness result in [1] and the work of Reimann [11], who es-
tablished the corresponding infinitesimal result. Moreover, if G is a Carnot group
of step two, such that the strata preserving automorphisms are all dilations, then
1-quasiconformal maps are translations composed with dilations [1].

In this chapter we combine the smoothness result in [1] with the Tanaka pro-
longation theory, to show that, when G is the Engel group (step three), 1-quasi-
conformal maps form a finite-dimensional space. A characterization of conformal
maps for the Engel group can also be found in [2]. There, the Engel group is viewed
as the nilradical of the group Sp(2,R), and the theory of semisimple Lie groups
plays a central role. The main point of interest in our approach is that it extends
to all Carnot groups. The general case together with an exposition on the Tanaka
prolongation method is found in [9].

The next section is devoted to the study of 1-quasiconformal maps on the Engel
group. First we define the basic formalism: we introduce the contact structure, the
sub-Riemannian metric, and we give the definition of quasiconformal maps. In par-
ticular, we interpret 1-quasiconformal maps as conformal transformations. Next, we
restrict the attention to the infinitesimal level introducing conformal vector fields.
This leads to a system of differential equations. We then proceed by constructing
a prolongation of these differential equations, formalized in terms of Tanaka pro-
longation. The latter is a graded Lie algebra that is isomorphic to the Lie algebra
of conformal vector fields. Finally, we use a standard argument to show that any
conformal map can be interpreted as the restriction of the action of some element in
the automorphism group of this prolonged algebra.

2 A Case Study: The Engel Group

2.1 Notation

Let g be the real Lie algebra generated by vectors X1,X2, Y,Z with nonzero brack-
ets [X1,X2] = Y and [X1, Y ] = Z. This is a stratified nilpotent Lie algebra of step
three. Namely g = g−1 + g−2 + g−3, where g−1 = span{X1,X2}, g−2 = RY and
g−3 = RZ; here the symbol + denotes the direct sum of vector spaces. We write
G for the connected and simply connected Lie group whose Lie algebra is g. We
choose exponential coordinates (x1, x2, y, z) = exp(x2X2 + yY + zZ)exp(x1X1).
We identify the Lie algebra with the tangent space TeG to G at the identity e, and
for every X in g we write ˜X for the left-invariant vector field that agrees with X
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at the identity e. The left-invariant vector fields corresponding to the basis vectors
are

˜X1 = ∂

∂x1
, ˜X2 = ∂

∂x2
+ x1

∂

∂y
+ x2

1

2

∂

∂z
,

˜Y = ∂

∂y
+ x1

∂

∂z
,

˜Z = ∂

∂z
.

At each point of p ∈ G, the span of these vector fields determines a subspace
of the tangent space that we call the horizontal space and denote by g̃−1,p .
These subspaces vary smoothly and give rise to the horizontal tangent bundle
g̃−1. Since iterated brackets of X1 and X2 generate g, also iterated brackets of
the sections ˜X1 and ˜X2 generate TpG at every point p. We define an inner
product 〈 , 〉 on g for which the different layers are orthogonal and we carry the
inner product to the tangent space at each point using left translation. We de-
note by 〈 , 〉p the inner product in TpG. This allows us to define a left-invariant
Carnot–Carathéodory metric d on G as follows. A smooth curve is said to be
horizontal if its tangent vectors at every point p are in g̃−1,p . The length of
a horizontal curve is the integral of the lengths of its tangent vectors. The dis-
tance between two points is then the infimum of the lengths of the horizon-
tal curves joining them. A nilpotent stratified Lie group with such a metric is
called a Carnot group and the example we are considering is known as the Engel
group.

A diffeomorphism φ between open subsets of G is called a contact mapping if
its differential φ∗ maps the horizontal space at p to the horizontal space at φ(p).
Given a 1-parameter group of contact mappings, we denote by V the correspond-
ing infinitesimal generator and call it a contact vector field. Contact vector fields
are characterized by differential equations arising from the condition that for ev-
ery horizontal vector field ˜X one has [V, ˜X] = f ˜X1 + g˜X2 for some smooth func-
tions f and g. It is well known [6, 15] that for the Engel group the space of con-
tact vector fields is infinite dimensional. Indeed, it is straightforward to prove that
V = f ˜Z + ˜X1f ˜Y + ˜X2

1f
˜X2 is a contact vector field for every smooth function

f = f (x1).
Let U ,V ⊂ G be open domains and φ : U → V a homeomorphism. For p ∈ U ,

and for small t ∈ R, we define the distortion as

Hφ(p, t) = max{d(φ(p),φ(q)) | d(p,q) = t}
min{d(φ(p),φ(q)) | d(p,q) = t} .

We say that φ is quasiconformal if there exists a constant λ such that

lim sup
t→0

Hφ(p, t) � λ
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for all p ∈ U . Furthermore, φ is locally quasiconformal if it is quasiconformal in a
neighborhood of each point and 1-quasiconformal when λ = 1.

In [1], the authors prove that 1-quasiconformal mappings are smooth and char-
acterized by the conditions of being locally quasiconformal with Pansu differential
Dφ(p) equal to a similarity at every point p (that is, the product of a dilation and
an isometry). In fact, φ is contact [10]. We remind the reader that

Dφ(p)q = lim
t→0

δ−1
t ◦ l−1

φ(p) ◦ φ ◦ lp ◦ δt (q),

where p,q ∈ G, lp denotes the left multiplication by p and for every t ∈ R+, δt

denotes the automorphic dilation that in our case study is

δt (x1, x2, y, z) = (

etx1, e
tx2, e

2t y, e3t z
)

.

The Pansu differential is an automorphism of G and its Lie derivative defines an
automorphism of the Lie algebra g that we denote by dφ(p). The condition that
Dφ(p) coincides with a similarity implies that dφ(p) is a similarity when restricted
to g−1 [1, Lemma 5.2]. If we define

Mφ(p) = (

l−1
φ(p) ◦ φ ◦ lp

)

∗e
,

it turns out that Mφ(p) and dφ(p) coincide when restricted to the horizontal space.
Therefore, the condition of 1-quasiconformality is equivalent to Mφ(p) being a sim-
ilarity of the horizontal space at every point. More explicitly, for all horizontal vec-
tors X,X′ ∈ g−1 we have

〈

Mφ(p)trMφ(p)X,X′〉 = 〈

Mφ(p)X,Mφ(p)X′〉

= k
〈

X,X′〉 ,

whence for every p ∈ U , the linear map Mφ(p) restricted to the horizontal space
lies in the two dimensional conformal group

CO(2) = {

A ∈ GL(2,R) | AAtr = kI , k ∈ R+
}

.

In view of this fact we shall also refer to 1-quasiconformal maps as conformal
maps.

2.2 Conformal Vector Fields

Let φt be a 1-parameter group of conformal maps defined on an open set U and let
V be the vector field whose local flow is φt . Using the basis of left-invariant vector
fields, we can write V = f1˜X1 +f2˜X2 +g˜Y +h˜Z where the coefficients are smooth
functions. Then a direct calculation shows that
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d

dt

(

Mφs (p)
∣

∣

g−1

)∣

∣

t=0 =
[

˜X1f1(p) ˜X2f1(p)

˜X1f2(p) ˜X2f2(p)

]

. (1)

The contact conditions for V are of the form

[V, ˜X1] = a˜X1 + b˜X2,

[V, ˜X2] = c˜X1 + d˜X2,

for some functions a, b, c, d . They yield the following system of differential equa-
tions:

{

˜X1g = −f2,

˜X1h = −g,

{

˜X2g = f1,

˜X2h = 0,
˜Yh = f1. (2)

Furthermore, since Mφs (p)|g−1 ∈ CO(2), it follows that d
dt

(Mφs (p)|g−1)|t=0 is in
co(2) = {A ∈ gl(2,R) | A + Atr = kI }. Therefore, by (1),

{

˜X1f1 = ˜X2f2,

˜X2f1 = −˜X1f2.
(3)

A vector field that satisfies (2) and (3) on its domain of definition is said to be a
conformal vector field.

2.3 Prolongation of the Differential Equations

In order to gather information on the space of functions that solve (2) and (3), we
consider higher order derivatives: roughly speaking, if the derivatives in all direc-
tions of the coefficients of V vanish at a certain order, we may conclude that V has
polynomial coefficients and therefore varies in a finite dimensional space. This idea
was formalized by the prolongation of Singer and Sternberg [13] in their study of
infinitesimal automorphisms of G-structures and later refined by Tanaka [14]. For
the study of contact mappings, Tanaka prolongation theory was used in [17] and
more recently by the authors of this chapter in different collaborations [3, 7–9, 16].

Instead of giving the general argument of Tanaka prolongation theory, we choose
here to illustrate the method in our case study. In order to do that, we first fix the
following notation. For every p ∈ U we define

A−1
V (p) = (

f1(p), f2(p),0,0
)

,

A−2
V (p) = (

0,0, g(p),0
)

,

A−3
V (p) = (

0,0,0, h(p)
)

,



376 A. Ottazzi and B. Warhurst

where we interpret the vectors on the right hand side as elements of g according to
the fixed basis. It follows that the equations in (2) are equivalent to

[

A
j
V (p),X

] = ˜X
(

A
j−1
V

)

(p),

where X ∈ gj and j = −1,−2.
Next, for every p ∈ G, we define a strata preserving linear map A0

V (p) : g → g

by setting

A0
V (p)(X) = ˜X

(

A
j
V

)

(p),

where X ∈ gj , j = −1,−2,−3. Namely

A0
V (p)(X1) = ˜X1

(

A−1
V

)

(p) = (

˜X1f1(p), ˜X1f2(p),0,0
)

,

A0
V (p)(X2) = ˜X2

(

A−1
V

)

(p) = (

˜X2f1(p), ˜X2f2(p),0,0
)

,

A0
V (p)(Y ) = ˜Y

(

A−2
V

)

(p) = (

0,0,˜Yg(p),0
)

,

A0
V (p)(Z) = ˜Z

(

A−3
V

)

(p) = (

0,0,0, ˜Zh(p)
)

,

or equivalently

A0
V (p) =

⎡

⎢

⎢

⎢

⎣

˜X1f1(p) ˜X2f1(p) 0 0
˜X1f2(p) ˜X2f2(p) 0 0

0 0 ˜Yg(p) 0

0 0 0 ˜Zh(p)

⎤

⎥

⎥

⎥

⎦

. (4)

If we set [A0
V (p),X] := A0

V (p)(X), it follows by direct computation that the Jacobi
identity

[

A0
V (p), [S,T ]] = [

A0
V (p)(S), T

] − [

A0
V (p)(T ), S

]

holds for every S ∈ gs and T ∈ gl , with s, l = −3,−2,−1. This implies that
A0

V (p) ∈ Der0(g), the space of strata preserving derivations of g. Notice that A0
V (p)

coincides with d
dt

(Mφs (p)|g−1)|t=0 when restricted to the horizontal space, so that
conditions (3) can be expressed in terms of A0

V (p). This implies that A0
V (p) must

lie in

g0 = {

D ∈ Der0(g) | D|g−1 ∈ co(2)
}

.

The fact that A0
V (p) ∈ g0 imposes conditions on higher order derivatives of the

coefficients of V . Indeed, for each p ∈ G, we define the linear map

A1
V (p) : g → g+ g0

by setting A1
V (p)(X) = ˜X(A

j+1
V )(p) for every X ∈ gj .
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In particular,

A1
V (p)(X1) =

⎡

⎢

⎢

⎢

⎣

˜X2
1f1(p) ˜X1˜X2f1(p) 0 0

˜X2
1f2(p) ˜X1˜X2f2(p) 0 0

0 0 ˜X1˜Yg(p) 0

0 0 0 ˜X1˜Zh(p)

⎤

⎥

⎥

⎥

⎦

,

A1
V (p)(X2) =

⎡

⎢

⎢

⎢

⎣

˜X2˜X1f1(p) ˜X2
2f1(p) 0 0

˜X2˜X1f2(p) ˜X2
2f2(p) 0 0

0 0 ˜X2˜Yg(p) 0

0 0 0 ˜X2˜Zh(p)

⎤

⎥

⎥

⎥

⎦

, (5)

A1
V (p)(Y ) = (

˜Yf1(p),˜Yf2(p),0,0
)

,

A1
V (p)(Z) = (

0,0, ˜Zg(p),0
)

.

Writing [A1
V (p),X] := A1

V (p)(X) we obtain the Jacobi identity:

[

A1
V (p), [S,T ]] = [

A1
V (p)(S), T

] − [

A1
V (p)(T ), S

]

,

for every S ∈ gs and T ∈ gl , with s, l = −3,−2,−1. This implies that A1
V (p) lies

in the space

g1 := {

u : g → g+ g0
∣

∣u(gj ) ⊂ gj+1,

u[S,T ] = [

u(S), T
] − [

u(T ), S
]

, ∀S ∈ gs , ∀T ∈ gl , s, l = −3,−2,−1
}

.

In general, we continue this procedure inductively and introduce the linear maps

Ai
V (p) : g → g+ g0 + g1 + · · · + gi−1,

that can vary in the space

gi := {

u : g → g+ g0 + g1 + · · · + gi−1
∣

∣u(gj ) ⊂ gj+i ,

u[S,T ] = [

u(S), T
] − [

u(T ), S
]

, ∀S ∈ gs , ∀T ∈ gl , s, l = −3,−2,−1
}

.

We say that gi is the ith prolongation space of g through g0. The fact that Ai
V (p) ∈

gi provides information on the i + 1 order derivatives of f1 and f2, the i + 2 order
derivatives of g, and i + 3 order derivatives of h. If the process is finite, then one
ends up with a graded Lie algebra g + g0 + ∑

k�1 gk , where [u,X] := u(X), for
every X ∈ g and u ∈ ∑

j�0 gk . We shall see that this algebra is isomorphic to the
space of vector fields.
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2.4 The Lie Algebra of Conformal Vector Fields and the Group
of Conformal Maps

We proceed by computing the prolongation spaces. First, we compute g0. Write
elements in Der0g as D = dij ∈ gl(4,R). Since D is a strata preserving derivation it
follows that

DY = D[X1,X2] =
[

2
∑

i=1

di1Xi,X2

]

+
[

X1,

2
∑

j=1

dj2Xj

]

= (d11 + d22)Y,

DZ = D[X1, Y ] =
[

2
∑

i=1

di1Xi,Y

]

+ [

X1, (d11 + d22)Y
] = (2d11 + d22)Z.

Since [X2, Y ] = 0,

0 = D[X2, Y ] =
[

2
∑

j=1

dj2Xj ,Y

]

= d12Z,

whence d12 =0. The condition D|g−1 ∈ co(2) implies d11 =d22 and d21 = −d12 =0.
In conclusion, g0 = RD, where D = diag{1,1,2,3}.

The calculation of g1 goes as follows. If u ∈ g1, then we set u(X1) = aD and
u(X2) = bD with a, b ∈ R. By the Jacobi identity we obtain u(Y ) = aX2 − bX1
and u(Z) = 3aY . Therefore

0 = u[X1,Z] = [aD,Z] − [3aY,X1] = 6aZ,

whence a = 0, and

0 = u[X2,Z] = [bD,Z] − 0 = 3bZ,

whence b = 0. Thus u = 0 and so g1 = {0}.
The contact equations (2), the formula (4) and the fact that A0

V (p) ∈ g0, lead to
the differential equations

˜X1f1 = ˜X2f2, ˜X2f1 = −˜X1f2 = 0,

˜Yg = 2˜X1f1, (6)

˜Zh = 3˜X1f1.

Since A1
V (p) ∈ g1 = {0}, (5) and (6) yield

˜X2
1f1 = 0, ˜X2

2f2 = 0.

The differential equations above and the contact equations lead to a system of dif-
ferential equations for all the coefficients of V . Moreover, (2) implies that the coef-
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ficients of V are determined by h. So we can restrict our attention to the equations
involving h:

˜X3
1h = 0, ˜X2h = 0, ˜Y 2h = 0, ˜Z2h = 0.

It is easy to verify that h then varies in a space of polynomials of dimension 5,
so that the space of conformal vector fields, say C (G), has dimension 5. In fact,
the Tanaka prolongation of g through g0, namely s = g + g0, is isomorphic as Lie
algebra to C (G). The isomorphism τ : s → C (G) is

τ(X)f (p) = d

dt
f (exp tX · p)|t=0,

where · denotes the action of exp s on g. More precisely, the symbol · represents
the product on G if X ∈ g and the action of the automorphism exp tX if X ∈ g0. By
abuse of notation, a basis of s is {X1,X2, Y,Z,D}. A direct calculation shows that

τ(D) =
(

3z − 2x1y + x2
1x2

2

)

˜Z + (2y − x1x2)˜Y + x1˜X1 + x2˜X2,

τ (X1) = (y − x1x2)˜Z + x2˜Y + ˜X1,

τ (X2) = x2
1

2
˜Z − x1˜Y + ˜X2,

τ (Y ) = −x1˜Z + ˜Y ,

τ(Z) = ˜Z.

We showed that the space of vector fields whose local flow is given by conformal
mappings is finite dimensional and it coincides with s. Now we prove that, if the
map φ : U → V is conformal, then φ is the restriction to U of the action of some
element in Aut(s), the automorphism group of s. The conclusion will be that the
space of conformal maps is contained in Aut(s) and contains exp s. By composing
with left translations, we may assume that e ∈ U ∩ V and it is enough to show that
any conformal map which preserves the identity is such a restriction.

We show that φ induces an automorphism of s. If V ∈ τ(s) and ψt is the cor-
responding flow, then φ∗V is the infinitesimal generator of the 1-parameter group
of conformal maps φψtφ

−1. Therefore φ∗V is conformal, whence φ∗V ∈ τ(s), and
τ−1φ∗τ ∈ Aut(s). Since the domain of φ is connected and contains e, it follows that
φ∗ determines the map φ uniquely. In fact, consider a conformal map ϕ such that
ϕ(e) = e and φ∗V = ϕ∗V . Then we have ψt ◦ ϕ−1 ◦ φ = ϕ−1 ◦ φ ◦ ψt . In particular,
if V is the infinitesimal generator of right translations, we conclude that ϕ−1 ◦ φ

commutes with the right translations and therefore it is a left translation, whence
ϕ−1 ◦ φ is the identity.

It is worth noticing that not all automorphisms of s define conformal maps. For
example, let α be the automorphism of s defined by α(X1) = X1 and α(X2) = 2X2.
This automorphism cannot arise as τ−1φ∗τ for some conformal map φ.
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Stochastic Properties of Riemannian Manifolds
and Applications to PDE’s

Gregorio Pacelli Bessa, Stefano Pigola, and Alberto G. Setti

Abstract The aim of this note is to describe geometric conditions under which a
Riemannian manifold enjoys the Feller property and to show how the validity of
the Feller property in combination with stochastic completeness provides a new
viewpoint to study qualitative properties of solutions of semilinear elliptic PDE’s
defined outside a compact set.

Keywords Feller property · Stochastic completeness · Comparison results
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Secondary 58J65

1 Introduction

The asymptotic behavior of the heat kernel of a Riemannian manifold gives rise to
the classical concepts of parabolicity, stochastic completeness (or conservative prop-
erty) and Feller property (or C0-diffusion property). Both parabolicity and stochas-
tic completeness have been subject to a systematic study which led to the discovery
not only of sharp geometric conditions for their validity but also of an incredibly
rich family of tools, techniques and equivalent concepts ranging from maximum
principles at infinity, function theoretic tests (Khas’minskii criterion), comparison
techniques and so on. The purpose of this note is twofold. First we describe geo-
metric conditions that ensure that a manifold enjoys the Feller property, for short,
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is Feller. We will see that, although there are similarities with the case of stochastic
completeness, their situation is indeed quite different.

Our second goal is to describe the consequences of the Feller property on the
behavior of solutions of PDE’s involving the Laplacian. It is well understood that
stochastic properties of a Riemannian manifold (M, 〈 , 〉), like parabolicity and
stochastic completeness have important counterparts on the behavior of solutions of
PDE’s defined on the manifold. Indeed, M is parabolic, respectively stochastically
complete, if every subharmonic function bounded from above is constant, respec-
tively if every non-negative bounded solution of the differential inequality Δu � λu

for λ > 0 is constant, and therefore vanishes identically. It is apparent by the very
definition of these stochastic properties that global solutions must be considered.
The introduction of the Feller property, that is the property that the heat semigroup
maps the space of continuous functions vanishing at infinity into itself, in combina-
tion with stochastic completeness, will enable us to get important information even
in the case of solutions at infinity.

In fact, using a suitable comparison theory, we are going to show that manifolds
which are both stochastically complete and Feller do represent a natural environ-
ment where solutions of PDE’s at infinity can be studied.

Sections 2–4 contain foundational material and the results recently obtained
in [20]. In Sect. 5 we present application of the Feller property to geometry and
PDE’s taken from [3].

2 Stochastic Completeness vs. the Feller Property

In what follows, (M, 〈 , 〉), often abbreviated by M , denotes a connected complete
Riemannian manifold of dimension m, and d vol, ∇ , Δ are the Riemannian measure,
the gradient and the Laplace operator of M . We denote by B(x, r) and ∂B(x, r) the
geodesic ball of radius r centered at x and its boundary. Let gij be the components
of the metric 〈 , 〉 in local coordinates xi , gij the components of the inverse matrix,
and g = detgij . Recall that

d vol = √
g dx, ∇f = gij ∂f

∂xi

∂

∂xj
, Δf = 1√

g

∂

∂xi

(√
ggij ∂f

∂xj

)
.

The heat kernel pt(x, y) of M is the minimal positive solution of the problem
{

Δpt = ∂pt

∂t
,

p0+(x, y) = δy(x),
(1)

and can be obtained as limit of the Dirichlet heat kernels p
Ωn
t (x, y) of any smooth,

relatively compact exhaustion Ωn ↗ M (see details in [10]). We recall the following
properties:

(i) pt (x, y) > 0 is a symmetric function of x and y.
(ii)

∫
M

pt(x, z)ps(z, y) d vol(z) = pt+s(x, y) for every t, s > 0 and x, y ∈ M .
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(iii)
∫
M

pt(x, y) d vol(y) � 1, for every t > 0 and x ∈ M .
(iv) For every bounded continuous function u on M , if we set

Ptu(x) =
∫

M

pt(x, y)u(y) d vol(y),

then Ptu(x) satisfies the heat equation on M × (0,+∞). Moreover, by (ii)
and (iii), Pt extends to a contraction semigroup on every Lp , called the heat
semigroup of M .

From the probabilistic viewpoint, the heat kernel pt (x, y) represents the transition
probability density of the Brownian motion t → Xt of M . In this respect, property
(iii) stated above means that t → Xt is, in general, sub-Markovian.

Definition 2.1 We say that M is stochastically complete if heat is conserved, i.e., if
for all t > 0 and some (and therefore all) x ∈ M

∫
M

pt(x, y) d vol(y) = 1.

Stochastic completeness has a number of equivalent formulations. For instance,

• solutions of the heat equation with bounded initial data are unique;
• for some (and therefore all) λ > 0, bounded nonnegative solutions on M of the

differential inequality Δu � λu, vanish identically. See [13].

For the purposes of this note the most useful equivalent formulation is in terms of
the weak maximum principle at infinity:

Definition 2.2 We say that the weak maximum principle at infinity holds on M if,
for every u ∈ C2(M) with supM u = u∗ < +∞, there exists a sequence {xk} along
which

(i) u(xk) > u� − 1

k
, (ii) Δu(xk) <

1

k
.

It was proved in [17] (see also [18]) that

• M is stochastically complete if and only if the weak maximum principle at infinity
holds on M .

The geometric conditions which imply stochastic completeness are subsumed either
by a lower bound on the Ricci curvature Ricc of the underlying manifold or by an
upper bound on the volume growth of geodesic balls.

Theorem 2.3 Let M be a complete Riemannian manifold and r(x) = dist(o, x)

denote the geodesic distance function from a reference point o. Then M is stochas-
tically complete provided one of the following conditions hold:
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(i) the Ricci curvature satisfies Ricc(x) � −G2(r(x)), where G is a positive, con-
tinuous increasing function satisfying

∫ +∞ 1
G(r)

dr = +∞ [14, 22];

(ii)
∫ +∞ r

log(volB(o,r))
dr = +∞ [11].

These two conditions are essentially sharp, and although Ricci curvature lower
bounds imply volume upper bounds, by the Bishop–Gromov volume comparison
theorem, the conditions are related but independent. Note that heuristically, the ob-
struction to stochastic completeness is the fact that the manifold grows too fast at
infinity.

We recall for comparison that M is parabolic if positive superharmonic func-
tions are necessarily constant. This is equivalent to the non-existence of a positive
minimal Green’s kernel, and to the recurrence of Brownian motion. We also recall
that a geodesically complete manifold is parabolic provided it has at most quadratic
volume growth. Indeed, a sufficient condition for parabolicity is that

∫ +∞ 1

vol ∂B(o, r)
dr = +∞.

Let us now turn to the Feller condition.

Definition 2.4 We say that M satisfies the Feller condition, (for short, that M is
Feller), if the heat semigroup Pt maps C0(M) into itself, that is, if

Ptu(x) =
∫

M

pt(x, y)u(y) d vol(y) → 0, as x → +∞ (2)

for every u ∈ C0(M) = {u : M → R continuous : u(x) → 0 as x → ∞}.

Since pt(x, ·) is uniformly integrable, using a cut-off argument, one can easily
prove the following

Lemma 2.5 Assume that M is geodesically complete. Then M is Feller if and only
if it satisfies one of the following equivalent conditions:

(i) the limit in (2) holds for every non-negative function u ∈ Cc(M);
(ii) for some (and therefore all) p ∈ M and for every R > 0,

∫
B(p,R)

pt (x, y) d vol(y) → 0 as x → +∞.

According to R. Azencott [1], the Feller property can be characterized in terms
of asymptotic properties of solutions of exterior boundary value problems. We
write

Ω � M if Ω is compact and contained in M.
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Given a smooth open set Ω � M and λ > 0, the problem
⎧⎨
⎩

Δh = λh on M �Ω,

h = 1 on ∂Ω,

h > 0 on M �Ω

(3)

has a (unique) minimal smooth solution h : M �Ω → R. By the maximum princi-
ple 0 < h � 1 and h is obtained as the limit h(x) = limn→+∞ hn(x), where Ωn is a
smooth exhaustion of M and hn solves Δhn = λhn on Ωn � Ω and has boundary
values hn = 1 on ∂Ω and h = 0 on ∂Ωn.

Theorem 2.6 [1] M is Feller if and only if for some (hence any) open set Ω �
M with smooth boundary and for some (hence any) constant λ > 0, the minimal
solution h : M �Ω →R of problem (3) satisfies

h(x) → 0 as x → ∞. (4)

After the pioneering work of Azencott, the investigation has focused on finding
optimal geometric conditions ensuring that a manifold is Feller [8, 10, 14–16, 23],
and with the only exception of [8], the geometric conditions are always expressed
in terms of Ricci curvature lower bounds. The methods range from estimates of
solutions of parabolic equations [10, 16, 23] to estimates of the probability that the
Brownian motion on M be found in certain regions before a fixed time [14]. The best
known result in this direction is due to E. Hsu [14]. It uses a probabilistic approach
and relies on a result by Azencott (see also [15]) according to which M is Feller
if and only if, for every compact set K and for every t0 > 0, the probability that
Brownian motion Xt issuing from x0 enters K before the time t0 tends to zero as
x0 → ∞.

Theorem 2.7 [14] Let M be a complete, non compact Riemannian manifold of
dimension dimM = m. Assume that

Ricc � −(m − 1)G2(r(x)
)
, (5)

where r(x) = dist(x, o) is the distance function from a fixed reference point o ∈ M

and G is a positive, increasing function on [0,+∞) satisfying

1

G
/∈ L1(+∞). (6)

Then M is Feller.

It is remarkable that, to the best to our knowledge, there is no analytic proof of
this result. Note also that (6) is precisely the condition on the Ricci curvature that
ensures the stochastic completeness of M . So one may be led to believe that as in
the case of stochastic completeness “big volumes” are an obstruction to the Feller
property. In fact this is not the case: in some sense, the obstruction is given by “small
volumes”. Indeed we have the following:
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Theorem 2.8 [1] If M is a Cartan–Hadamard manifold (complete, simply con-
nected with nonpositive sectional curvature), then M is Feller.

3 Model Manifolds and Comparison Results

Model manifolds also shed light on the relationship between the Feller property and
the geometry of the manifold. Recall that a model manifold Mm

f is Rm = [0,∞) ×
S

m−1 with the metric given in polar coordinates by 〈 , 〉 = dr2 +f (r)2dθ2, where f

is odd and f ′(0) = 1. For instance if f (r) = r then Mm = R
m, if f (r) = sin r then

Mm = S
m and if f (r) = sinh r then Mm = H

m.
The following result holds.

Theorem 3.1 [1, 20] An m-dimensional model manifold Mm
f with warping function

f is Feller if and only if either

1

f m−1(r)
∈ L1(+∞) (7)

or

(i)
1

f m−1(r)
/∈ L1(+∞) and (ii)

∫ +∞
r

f m−1(t) dt

f m−1(r)
/∈ L1(+∞). (8)

In (8), condition (ii) is considered automatically satisfied if f m−1 �∈ L1(+∞).

Proof The proof is of elliptic nature. One easily observes that, on a model manifold,
the minimal solution of the problem

⎧⎪⎨
⎪⎩

Δh = λh on Mm
f �B(0,1),

h = 1 on ∂B(0,1),

h > 0 on Mm
f �B(0,1)

is necessarily radial.
Next, one shows that the minimal solution h(r) of the radialized 1-dimensional

problem {(
f m−1h′)′ = λf m−1h on (1,+∞),

h(1) = 1

tends to zero as r → +∞ if and only either condition (7) or condition (8) holds. �

Since vol ∂B(0, r) = cmf m−1(r), conditions (7) and (8) can be restated in more
geometrical terms by saying that M is Feller if either

1

vol(∂Br)
∈ L1(+∞) (9)
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or

(i)
1

vol(∂Br)
/∈ L1(+∞) and (ii)

vol(Mg)

vol(∂Br)
− vol(Br)

vol(∂Br)
/∈ L1(+∞). (10)

In particular, a model manifold with infinite volume is always Feller.
Note also that 1/f m−1(r) ∈ L1(+∞) is the necessary and sufficient condition

for a model manifold Mf to be non-parabolic. Indeed,

G(x,0) :=
∫ +∞

r(x)

dt

f m−1(t)

is the Green kernel with pole at 0 of the Laplace–Beltrami operator of Mm
f . Since

parabolicity implies stochastic completeness, stochastically incomplete models are
always Feller.

For comparison, it may be interesting to notice that a model manifold Mm
f is

stochastically complete if

∫ +∞ ∫ r

0 f m−1(s) ds

f m−1(r)
dr = +∞ ,

that is if and only if

r → volB(0, r)

vol ∂B(0, r)
�∈ L1(+∞).

Indeed, the function

u(x) =
∫ r(x)

0

∫ r

0 f m−1(s) ds

f m−1(r)
dr

satisfies Δu = 1. Therefore, if it is bounded, it violates the weak maximum principle
at infinity and Mm

f is not stochastically complete. The other implication follows
from a comparison argument.

However, neither parabolicity nor, a fortiori, stochastic completeness imply the
Feller property. Indeed, fix β > 2 and α > 0, and let f (t) : R → R be any smooth,
positive, odd function satisfying f ′(0) = 1 and f (r) = exp(−αrβ) for r � 10. Then,

1

f (r)
= exp

(
αrβ

)
/∈ L1(+∞) and

∫ +∞
r

f (t) dt

f (r)

 r1−β ∈ L1(+∞)

and the 2-dimensional model M2
f is parabolic and therefore stochastically complete,

but it is not Feller. Actually we shall see in Sect. 4 below that, using a gluing tech-
nique, one can construct Feller manifolds which are neither parabolic nor stochasti-
cally complete.

Parabolicity and stochastic completeness of a general manifold can be deduced
from those of a model manifold via curvature comparisons (see, e.g., [13]). We are
going to describe how this technique may be extended to the Feller property.
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To this goal, recall that the minimal solution h of the exterior problem (3) is the
limit of solutions hn which vanish on the boundary ∂Ωn of an exhaustion of M .
Therefore standard comparison results show that, if u is a supersolution of (3), that
is {

Δu � λu on M �Ω,

u � 1 on ∂Ω,

then

h � u, on M �Ω.

In particular, if u(x) → 0 as x → ∞, then M is Feller.
In the case where the manifold M is stochastically complete we obtain a some-

what complementary result.

Theorem 3.2 Let M be stochastically complete, and let u be a bounded solution
u > 0 of

Δu � λu

outside a smooth domain Ω � M . If h > 0 is the minimal solution of
{

Δh = λh on M �Ω,

h = 1 on ∂Ω,

then there is a constant c > 0 such that

u(x) � ch(x) on M �Ω.

Proof Let c = sup∂Ω u. Then, for every ε > 0, Δ(u − ch − ε) � λ(u − ch) �
λ(u − ch − ε) on M \ Ω and u − ch − ε � −ε on ∂Ω . Therefore the function
vε = max{0, u − ch − ε} is bounded, non-negative and satisfies Δvε � λvε . Since
M is stochastically complete vε ≡ 0, that is, u � ch + ε. The conclusion follows
letting ε → 0. �

In particular, if h(x) → 0 as x → ∞, we can deduce that the same holds for the
original function u. This leads to the following

Corollary 3.3 [20] Let M be stochastically complete. If M is Feller, then every
bounded solution v > 0 of

Δv � λv on M �Ω

satisfies

v(x) → 0 as x → ∞.

To state the announced result of comparison with models, given a smooth even
function G : R → R, we let f : [0,+∞) → [0 + ∞) be the unique solution of the
Cauchy problem
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{
f ′′ + Gf = 0,

f (0) = 0, f ′(0) = 1.
(11)

Then we have:

Theorem 3.4 [20] Let M be a complete Riemannian m-manifold.

(i) Assume that M has a pole at o and that the radial sectional curvature with
respect to o satisfies

M Secrad � G
(
r(x)

)
on M (12)

for some smooth even function G : R → R. If the m-dimensional model Mm
f is

Feller then M is Feller.
(ii) Assume that the radial Ricci curvature of M satisfies

M Ricc(∇r,∇r) � (m − 1)G
(
r(x)

)
,

where r(x) = dist(x, o).

If the m-dimensional model Mm
f is not Feller (thus, it has finite volume) then also

M is not Feller.

Proof We give only an outline of the proof. In case (i), one shows that the minimal
radial solution α of the exterior problem on Mf �BMf (0,1) is decreasing and since
Mm

f is Feller it tends to zero at infinity.
Let u(x) = α(r(x)). Then the curvature condition and the Laplacian Comparison

Theorem imply that Δr � (m − 1)f ′/f , hence

Δu = α′′(r(x)
) + α′(r(x)

)
Δr � α′′(r(x)

) + (m − 1)
f ′

f
α′(r(x)

) = λu.

By the comparison result, the minimal solution of the exterior Dirichlet problem h

satisfies h � u. Since u(r(x)) → 0 as r(x) → ∞, M is Feller.
To prove (ii), let us note that since Mf is not Feller, by Theorem 3.1, f m−1 ∈

L1(+∞), 1/f m−1 �∈ L1(+∞) and
∫ +∞
r

f m−1(t) dt

f m−1(r)
∈ L1(+∞).

Define

α(r) =
∫ +∞

r

∫ +∞
s

f m−1(t) dt

f m−1(s)
ds.

A direct computation shows that

Mf Δα = 1.

Now consider

v(x) = α
(
r(x)

) + 1 on M �B1.
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Clearly, v is a positive bounded function, and since α′ � 0, by Laplacian comparison
we have

Δv � 1 � λv,

where λ = 1/ supv. Since v(x) → 1 as x → ∞, by Corollary 3.3 M is not Feller. �

Note that in (i) above the (sectional) curvature is bounded from above. This is
the opposite of the inequality assumed in Hsu’s result, and it shows that, in contrast
with what happens for stochastic completeness, Hsu’s result is a genuine estimation
result, and does not follow from a comparison argument.

4 Ends and Further Geometric Conditions for the Feller
Property

It is clear that the Feller property is affected only by the properties of M outside a
compact set Ω . The set M � Ω has a finite number of unbounded connected com-
ponents Ei , called the ends of M with respect to Ω . Thus, the minimal solution h

of ⎧⎨
⎩

Δh = λh on M �Ω,

h = 1 on ∂Ω,

h > 0 on M �Ω,

restricts to the minimal solution hj of the same Dirichlet problem on Ej with respect
to the compact boundary ∂Ej . Furthermore, h tends to zero at infinity in M if and
only if each function hj (x) tends to 0 as Ej � x → ∞.

This suggests that the property of being Feller may be localized at the ends of M .
We say that an end E is Feller if, for some λ > 0, the minimal solution g : E →

(0,1] of the Dirichlet problem
{

Δg = λg on int(E),

g = 1 on ∂E

satisfies g(x) → 0 as x → ∞. The usual exhausting procedure shows that g actually
exists. The following statement holds:

Proposition 4.1 Let (M, 〈 , 〉) be a complete Riemannian manifold and let E1, . . . ,Ek

be the ends of M with respect to the smooth compact domain Ω . Then, the following
are equivalent:

(i) M is Feller;
(ii) each end Ej has the Feller property;

(iii) the double D(Ej ) of each end has the Feller property.

Using this observation, one can easily construct new Feller or non-Feller mani-
folds from old ones by adding suitable ends. For instance, consider complete Rie-
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mannian manifolds M and N of the same dimension m and form their connected
sum M#N . This latter is Feller if and only if both M and N has the Feller prop-
erty.

Since the same property also holds for parabolicity and stochastic completeness
(for the latter see [2]), one may then construct examples of manifolds which show
that are no obvious implications between stochastic completeness and the Feller
property. By way of example, consider the warped product M = R ×f S

m−1 with
warping function f (t) such that

f (t) =
{

et4
if t � 1,

e−t4
if t � −1.

Then the “positive” end of M is Feller and stochastically incomplete, while the
“negative” end of M is parabolic and non-Feller, so that M is both non-Feller and
stochastically incomplete.

We conclude this summary of the geometric properties leading to the Feller prop-
erty with two last results.

Using heat kernel estimates in the presence of an isoperimetric inequality of
A. Grigor’yan [12] and a result of G. Carron [7] we obtain the following result.

Theorem 4.2 [20] Assume that M supports an L2-Sobolev inequality of the form

‖∇u‖L2 � S2,p‖u‖
L

2p
p−2

, for every u ∈ C1
c (M).

Then M is Feller.

Note that according to a result of Carron [6], if the L2-isoperimetric inequality
holds off a compact set then it holds everywhere and M is Feller.

Corollary 4.3 [20] Let M be isometrically immersed into a Cartan–Hadamard
manifold. If its mean curvature vector field H satisfies

‖H‖Lm(M) < +∞,

then M is Feller. In particular,

(i) every Cartan–Hadamard manifold is Feller;
(ii) every complete, minimal submanifold in a Cartan–Hadamard manifold is Feller.

The above result has been completed in the very recent paper [5], where it is
shown that bounded mean curvature hypersurfaces properly immersed in Cartan–
Hadamard manifold are Feller. The proof relies upon the comparison principle (The-
orem 3.2), by means of a suitable test function u(x).

Finally, we address the following
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Problem 4.4 Suppose we are given a Riemannian covering

π : (M̂, 〈̂ , 〉) → (
M, 〈 , 〉).

What are the relationships between the validity of the Feller property on the covering
space M̂ and on the base manifold M?

By comparison, recall that M is stochastically complete if and only if so is M̂

(see, e.g., [9]). As for parabolicity, the situation is quite different. Using subhar-
monic functions it is easy to see that if M̂ is parabolic then the base manifold M

is also parabolic. In general, the converse is not true, as shown e.g. by the twice
punctured complex plane, which is a parabolic manifold, as can be seen by us-
ing the well know Khas’minskii test [13], and which is universally covered by the
(non-parabolic) Poincaré disk.

Let us now consider the Feller property. To begin with, consider the easiest case
of coverings with a finite number of sheets.

Observe that in a finite covering one can pass from functions on M to functions
on M̂ , and vice-versa, and that a sequence of points in M̂ goes to infinity if and only
if their projections tend to infinity in M . So one has

Proposition 4.5 [20] Let π : (M̂, 〈̂ , 〉) → (M, 〈 , 〉) be a k-fold Riemannian cover-
ing, with k < +∞. Then M̂ is Feller if and only if M is Feller.

In general

M̂ Feller �=⇒ M Feller.

Consider the 2-dimensional warped product M = R×f S
1 where f (t) = et3

. Com-
bining the necessary and sufficient condition for a model to be Feller and the results
on the Feller property for manifolds with ends, we see that M is not Feller. But since
the Gaussian curvature of M is given by

K(t, θ) = −f ′′(t)
f (t)

� 0,

the universal covering M̂ is Cartan–Hadamard, and hence Feller by Azencott’s re-
sult.

However the reverse implication

M is Feller =⇒M̂ is Feller

always holds. Indeed, by means of results by M. Bordoni [4] on the relationship
between the heat kernel of M and that of its covering M̂ , we obtain

Theorem 4.6 [20] If M is Feller then so is M̂ .
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5 Applications to Geometry and PDE’s

The weak maximum principle at infinity is a powerful tool to deduce qualitative
information on the solutions of differential inequalities of the form

Δu � Λ(u). (13)

Indeed, it implies that every solution u of (13) on the whole manifold M such that
u∗ = supM u < +∞ satisfies

Λ
(
u∗) � 0.

This fact has many applications in geometric analysis. Our aim is to apply the Feller
property to investigate qualitative properties of solutions of (13) which are defined
only in a neighborhood of infinity. This section is based on [3].

Recall that, according to Corollary 3.3, if M is stochastically complete and Feller,
then every bounded solution v > 0 of Δv � λv on M � Ω satisfies v(x) → 0 as
x → ∞. On the basis of these remarks, we prove the following:

Theorem 5.1 Let M be a stochastically complete and Feller manifold. Consider
the differential inequality

Δu � Λ(u) on M �Ω, (14)

where Ω � M and Λ : [0,+∞) → [0,+∞) is either continuous or it is a non-
decreasing function which satisfies the following conditions:

(i) Λ(0) = 0; (ii) Λ(t) > 0 for every t > 0; (iii) lim inf
t→0+

Λ(t)

tξ
> 0

for some 0 � ξ � 1. Then every bounded solution u > 0 of (14) must satisfy

lim
x→∞u(x) = 0.

Proof Suppose Λ is non-decreasing. By assumption, there exists 0 < ε < 1/2 and
c > 0 such that

Λ(t) � ctξ on (0,2ε).

As tξ � t on (0,1], and Λ is non-decreasing, then

Λ
(
u(x)

)
� Λε

(
u(x)

) =
{

cu if u(x) < ε,

cε if u(x) � ε.

Since u > 0 is bounded, if we set u� = supM�Ω u, then

cε � cε

u�
u� � cε

u�
u.
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It follows that

Δu � Λε(u) � λu,

where

λ = c min

{
1,

ε

u�

}
> 0.

Using the Feller property we now conclude that u(x) → 0 as x → ∞. �

As shown in Theorem 5.1, using the Feller property on a stochastically complete
manifold enables one to extend the investigation of qualitative properties of solution
of PDEs to the case where these are defined only in a neighborhood of infinity.

We are going to exemplify the use of this viewpoint in various geometric and
analytic settings. We stress that the needed stochastic assumptions are enjoyed by
a very rich family of examples. For instance, as seen in Sect. 2, we have the class
of complete manifolds such that Ricc � −G2(r), where G(r) > 0 is an increas-
ing function satisfying 1/G �∈ L1(+∞). Another admissible category is given by
Cartan–Hadamard manifolds, or minimal submanifolds of Cartan–Hadamard mani-
folds (which are Feller by Corollary 4.3) with at most quadratic exponential volume
growth (to guarantee stochastic completeness).

5.1 Isometric Immersions

An application of the weak maximum principle shows that if a Riemannian mani-
fold (M, 〈 , 〉) is stochastically complete, then the mean curvature H of a bounded
isometric immersion f : M → B(O,R) ⊂ R

n must satisfy

sup
M

|H|R � 1.

In particular, a stochastically complete minimal submanifold in Euclidean space is
necessarily unbounded.

The next result extends this to the case where the complement of a compact
domain in M admits a bounded isometric immersion into R

n.

Theorem 5.2 Let the Riemannian manifold M be stochastically complete and
Feller. Assume that, outside a compact set Ω ⊂ M , there exists a bounded isometric
immersion f : M �Ω → B(O,R) ⊂ R

n. Then

sup
M�Ω

|H|R � 1.

Proof Assume by contradiction that

sup
M�Ω

|H|R < 1, (15)
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and let u(x) = |f (x) − O|2 � 0. Then

Δu � c on M �Ω,

where we have set c = 2m(1 − supM�Ω |H|R) > 0. By Theorem 5.1, u → 0 and
therefore f (x) → O as x → ∞.

Now, as strict inequality holds in (15), for R′ > R sufficiently close to R we
have supM�Ω |H|R′ < 1, and clearly f (M �Ω) ⊂ B(O ′,R′) provided |O ′ −O| <
R′ −R. Thus we can repeat the argument with u′(x) = |f (x)−O ′|2 for which again
we have

Δu′ � c

with the same value c, and then u′(x) → 0, i.e., f (x) → O ′ �= O , as x → ∞. This
yields the required contradiction and proves the theorem. �

We note that a modification of the above argument allows to consider just one of
the ends of M with respect to Ω is isometrically immersed in a ball.

5.2 Conformal Deformations

Given a Riemannian manifold (M, 〈 , 〉) of dimension m � 3 consider the confor-

mally related metric 〈 , 〉 = v
4

m−2 〈 , 〉 where v > 0 is a smooth function. Thus, the
conformality factor v obeys the Yamabe equation

c−1
m Δv − Sv = −Sv

m+2
m−2 ,

where S and S denote the scalar curvatures of 〈 , 〉 and 〈 , 〉, respectively. Assume
that M is stochastically complete and that

sup
M

S(x) � S�, inf
M

S(x) � S�,

for some constants S� � 0 and S� > 0. An application of the weak minimum prin-
ciple at infinity to the Yamabe equation shows that

(
S�

S�

)m−2
4

� v� = inf
M

v.

In particular, if S(x) � 0 on M , then v� = 0. Actually, since the infimum of v cannot
be attained, for every Ω � M

inf
M�Ω

v = 0.

Clearly, to reach these conclusions the scalar curvature bound must hold on M .
As a consequence of Theorem 5.1, we obtain the following non-existence result.



396 G. Pacelli Bessa et al.

Note that this applies e.g. to an expanding, gradient Ricci soliton M . Indeed, in this
case, the scalar curvature assumption is compatible with the restriction infM S � 0
imposed by the soliton structure.

Theorem 5.3 Let (M, 〈 , 〉) be a stochastically complete and Feller manifold of di-
mension m � 6 such that, for some relatively compact domain Ω

sup
M�Ω

S(x) � 0.

On M , one cannot perform a conformal change 〈 , 〉 = v
4

m−2 〈 , 〉 in such a way that

0 < v� � v(x) � v� < +∞
and

lim inf
x→∞ S(x) = S� > 0.

Proof Simply observe that the positive, bounded function u(x) = v(x)−1 satisfies

c−1
m Δu � −Su + Su

m−6
m−2 � Su

m−6
m−2 .

Since

0 � m − 6

m − 2
< 1,

Theorem 5.1 yields

u(x) → 0 as x → ∞. �

One may wonder if the assumption that S be nonnegative at infinity implies that
it can be made nonnegative everywhere on M with a conformal change of metric.
However this in general would require a somewhat implicit control on the positive
part of S in the set Ω (see, e.g., Proposition 1.2 in [21]).

5.3 Compact Support Property of Bounded Solutions of PDEs

We say that a certain PDE satisfies the compact support principle if all solutions
in the exterior of a compact set which are non-negative and decay at infinity must
have compact support. We are going to analyze some situations where the decay
assumption can be relaxed. This has applications to the Yamabe problem.

Theorem 5.4 Let M be a geodesically complete and stochastically complete,
Cartan–Hadamard manifold. Let u � 0 be a bounded solution of

Δu � Λ(u) on M �Ω (16)
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for some domain Ω � M and for some non-decreasing function Λ : [0,+∞) →
[0,+∞) satisfying the following conditions:

(i) Λ(0) = 0; (ii) Λ(t) > 0 for every t > 0; (iii) lim inf
t→0+

Λ(t)

tξ
> 0

(17)
for some 0 � ξ < 1. Then u has compact support.

Proof Recall that a Cartan–Hadamard manifold is Feller. By Theorem 5.1 we know
that u(x) → 0 as x → ∞. The conclusion now follows from the compact sup-
port principle, that is valid under the stated assumptions on M and Λ [19, Theo-
rem 1.1]. �

Of course for the conclusion of Theorem 5.4 to hold it suffices that M be stochas-
tically complete, Feller and that the compact support principle hold for solutions
of (16).

The above theorems can be applied to obtain nonexistence results. For instance,
combining Theorems 5.4 and 5.3 we obtain

Corollary 5.5 Let (M, 〈 , 〉) be a stochastically complete Cartan–Hadamard man-
ifold of dimension m � 6. Then the metric of M cannot be conformally de-
formed to a new metric 〈 , 〉 = v2〈 , 〉 with v∗ > 0 and scalar curvature S satisfying
lim infx→∞ S > 0.
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Characterization of Carleson Measures
for Besov Spaces on Homogeneous Trees

Maria Rosaria Tupputi

Abstract We give a characterization of Carleson measures for diagonal Besov
spaces of martingales on homogeneous trees by means of testing type conditions.
The corresponding problem for spaces harmonic functions in the unit ball was
solved by means of a capacitary condition in (Guliyev, Wu in Further Progress in
Analysis, pp. 132–141 (1999)). For a given measure, however, capacitary conditions
are more difficult to verify than testing conditions. The problem of characterizing
Carleson measures for Besov spaces of harmonic functions by means of testing con-
ditions is still open.

Keywords Weighted inequalities · Analysis on homogeneous trees
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1 Introduction

In this note we characterize the Carleson measures for some Besov spaces on the
homogeneous tree. Let T be a k-homogeneous tree with root o (see below for these
and other definitions). Given a martingale ϕ : T → R, consider the martingale dif-
ference function

Dϕ(α) =
{

ϕ(α) − ϕ(α−) if α ∈ T \ {o},
ϕ(o) if α = o.

Here α− is the predecessor of α in T with respect to o. On the level of metaphor,
we think of the tree as a model for the unit disc in the complex plane, of martingales
as harmonic functions and of martingale differences as gradients of harmonic func-
tions. This viewpoint is well known. It has its roots in the seminal work of Cartier
(with harmonic functions instead of martingales) [4] and in the influential article [7].
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Our characterization is based on testing conditions similar to those obtained by
Kerman and Saywer for weighted trace inequalities [6]. Carleson measures could
also be characterized in terms of suitable capacity conditions, by a successful idea
of Maz’ya [8].

We now state our main result more precisely.
We consider a k-homogeneous tree T , and observe that the nth generation of

vertices consists of kn vertices. Therefore we can uniquely parameterize T :=
{(n, j) ∈ N × N : 1 � j � kn}. Now we give an equivalent realization where the
vertices are represented by subintervals of [0,1]. Let us associate to each index pair
α = (n, j) ∈ T the interval I (α) := [k−n(j − 1), k−nj ], and denote by |I (α)| its
length; set o := [0,1] and consider it to be the root of the tree. We can define on
T a partial ordering by saying that α < β if I (β) ⊂ I (α). If α < β or α > β and
|I (α)| · |I (β)|−1 ∈ {k,1/k} we say that there is an edge between α and β . We write
dist(α,β) to indicate the minimum number of edges between α and β , in particular
we set dist(α) := dist(α, o), the distance in terms of edges from a generic element α

to the root.
We call predecessor of α the element α− such that α > α− and dist(α−) =

dist(α) − 1, and successor of α any element β such that α < β and dist(β) =
dist(α) + 1. We know that, if T is a k-homogeneous tree, then every element α

we has k successors α1, α2, . . . , αk . A function ϕ : T →R is a martingale if, for all
α ∈ T ,

ϕ(α) = 1

k

k∑
j=1

ϕ(αj ). (1)

To each function ϕ : T →R we can associate

• the discrete derivative Dϕ : T → R, defined by Dϕ(α) := ϕ(α)−ϕ(α−) if α �= o

and by Dϕ(o) := ϕ(o) at the root;
• the discrete primitive Iϕ : T → R defined by Iϕ(α) := ∑

o�β�α ϕ(β).

It is straightforward to verify that D ◦ I = I ◦ D = Id.
We introduce Besov spaces of martingales on T , denoted by Bp , with 1 < p <

+∞. A martingale ϕ : T → R belongs to Bp if

‖ϕ‖p

Bp
=

∑
α∈T

∣∣Dϕ(α)
∣∣p < +∞.

For p = 2 this is the Dirichlet space B2, which is an Hilbert space with inner prod-
uct

〈ϕ,ψ〉B2 :=
∑
α∈T

Dϕ(α)Dψ(α).

Definition 1.1 A positive measure μ on T is a Carleson measure for Bp , 1 < p <

+∞, if there exists a constant C(μ) > 0 such that for each ϕ ∈ Bp the following
inequality holds: ∑

α∈T

∣∣ϕ(α)
∣∣pμ(α) � C(μ)

∑
α∈T

∣∣Dϕ(α)
∣∣p. (2)
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Theorem 1.2 Given p > 1, let p′ the conjugate of p. A positive and bounded mea-
sure μ on T is a Carleson measure for Bp if and only if, for all α ∈ T ,

∑
x�α

μ
(
S(x)

)p′
� C(μ)μ

(
S(α)

)
, (3)

where, for each α ∈ T , we have set S(α) := {β |β � α}, the box of vertex α.

Carleson measures are characterized in Theorem 1.2 below by testing inequality
(2) on characteristic functions of special sets. The result is similar to those obtained
in a different context by Kerman and Sawyer. We now make some comments about
the proof. Inequality (2) means that the operator Id : Bp → Lp(μ) is bounded.
This is equivalent to the boundedness of the adjoint operator Θ : Lp′

(μ) → Bp′ .
Now, Θ is an integral operator with a kernel having many cancellations. It was
proved in [2] that the hypothesis of Theorem 1.2 is equivalent to the boundedness of
the operator |Θ| which is obtained from Θ by replacing the signed kernel with its
absolute value. Then we are left with the task of proving that boundedness of Θ , the
signed kernel, implies inequality (3). The same problem arises in the dyadic case,
which was considered in [1]. To get around the problem of cancellations we use a
stopping time argument. In the continuous case, a result analogous to Theorem 1.2
for the corresponding Besov spaces of harmonic functions on R

n+ has not yet been
proved. The cancellations in the kernel are rather similar to those of the discrete
case. The way they are related with the hyperbolic geometry of the upper-half space,
however, is more involved than in the discrete case. Moreover, the fact that Carleson
boxes have trivial boundary in the tree in but not the continuous case provides an
additional difficulty. We believe that the continuous version of Theorem 1.2 holds
true, but we are not yet able to give a proof. It is possible that a version of the
classical Calderòn and Zygmund decomposition argument might help here, although
that argument is usually employed to show that cancellations do matter, while our
goal is to prove that, for our kernels, they do not. At present, we have not yet been
able to use the Calderòn–Zygmund techniques efficiently.

2 Proofs of the Results

First, we find the reproducing kernel for B2.

Definition 2.1 K : T ×T → R is a reproducing kernel for B2 if for all martingales
ϕ ∈ B2 and for all α ∈ T :

ϕ(α) = 〈Kα,ϕ〉B2 =
∑
β∈T

DKα(β)Dϕ(β). (4)
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Proposition 2.2 The reproducing kernel for B2 is

Kα(β) =
{

k−1
k

dist(α) if α � β,

k−1
k

(dist(β) + 1) if α > β.

Combining property (4) with Proposition 2.2 we obtain the following identities
for ϕ ∈ Lp′

(μ):

Θϕ(x) = 〈Kx,Θϕ〉B2 = 〈Kx,ϕ〉L2(μ) =
∑
y∈T

Kx(y)ϕ(y)μ(y).

Hence

DxΘϕ(x) =
∑
y∈T

DxKx(y)ϕ(y)μ(y).

Therefore

‖Θϕ‖p′
Bp′ =

∑
x∈T

∣∣∣∣k − 1

k

∑
y∈S(x)

ϕ(y)μ(y) − 1

k

∑
y≈x

∑
z∈S(y)

ϕ(z)μ(z)

∣∣∣∣
p′

(5)

where we denote by y ≈ x the successors of the predecessor x− of x such that
y �= x (if one regards the tree as a genealogic tree, then y ≈ x means that y and x

are brothers).
The proof of Theorem 1.2 shows that the cancellations in (5) do not add up to

zero: in particular this shows that the Bp′ -norm of Θ applied to the characteristic
functions is equivalent to the term at the left side of (3).

Proof of Proposition 2.2 If {ϕr}r is an orthonormal basis of B2, then it is known
that, for all α,β ∈ T :

Kα(β) =
∑

r

ϕr (α)ϕr(β). (6)

We denote by Dα and Dβ the corresponding derivatives of K with respect to the
variables α and β . From (6),

DβKα(β) = Kα(β) − Kα

(
β−)

=
∑

r

ϕr (α)ϕr(β) −
∑

r

ϕr (α)ϕr

(
β−) =

∑
r

ϕr (α)Dϕr(β).

Therefore,

DαDβKα(β) = DβKα(β) − DβKα−(β)

=
∑

r

ϕr (α)Dϕr(β) −
∑

r

ϕr

(
α−)

Dϕr(β) =
∑

r

Dϕr(α)Dϕr(β).

(7)
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Let DB2 be the space of functions ψ for which there is a martingale ϕ ∈ B2 such
that ψ = Dϕ. Then (1) is equivalent to

k∑
j=1

ψ(αj ) = 0, (8)

where α1, α2, . . . , αk are the successors of an element α ∈ T . The �2-norm on DB2
satisfies the identity

‖ψ‖2
�2(T )

=
∑
α∈T

∣∣ψ(α)
∣∣2 =

∑
α∈T

∣∣D(Iψ)(α)
∣∣2 = ‖Iψ‖2

B2
= ‖ϕ‖2

B2
.

Therefore it is obvious that {ϕr} is an orthonormal basis in B2 if and only if {ψr}
is an orthonormal basis in DB2. We can choose as orthonormal basis of DB2 the
normalized kth roots of unity:

ψα,r (αl) := 1√
k
e2πirl/k, l ∈ {1,2, . . . , k}

where r ∈ {0,1, . . . , k − 1}, α is an element of T and α1, α2, . . . , αk are its suc-
cessors. Each function ψα,r is zero on all other elements of T different from the
successors of α. Condition (8) is verified for all α ∈ T and r ∈ {1,2, . . . , k − 1}.
Clearly {ψα,j |α ∈ T ,1 � j � k − 1} is an orthonormal basis of DB2. By (7),

DαDβKα(β) =
∑
δ∈T

k−1∑
r=1

ψδ,r (α)ψδ,r (β).

The last expression is non-zero only if there is δ ∈ T such that α,β ∈ {δ1, δ2, . . . , δk}.
If so, there are m,n ∈ {1,2, . . . , k} such that α = δm and β = δn, hence

DαDβKα(β) =
k−1∑
r=1

ψδ,r (δm)ψδ,r (δn)

= 1

k

k−1∑
r=1

e2πi
r(m−n)

k =
{

k−1
k

if m = n,

− 1
k

if m �= n.

Integrating over the variable β , we obtain

DαKα(β) = Iβ

(
DαDβKα(β)

)

=
β∑

δ=o

DαDβKα(δ) =
{

k−1
k

if α ∈ [o,β],
− 1

k
if α /∈ [o,β], dist(α,α ∧ β) = 1,

where α ∈ [o,β] means that o � α � β and we denote by α ∧ β the confluent of α

and β , i.e. the only intersection point of the two geodesics starting at o and contain-
ing α and β respectively. We recall that a geodesic of T is a sequence {zn}n�0 ⊆ T
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such that zn > zn−1 and dist(zn, zn−1) = 1 for each n � 1. Integrating now over the
variable α, we have:

Kα(β) = Iα

(
DαKα(β)

)

=
α∑

δ=0

DαKδ(β) =
{

k−1
k

dist(α) if α � β,
k−1
k

(dist(β) + 1) if α > β. �

Proof of Theorem 1.2 For x ∈ T we set Mx := μ(S(x)). If ϕ = χS(α), it follows
from (5) that

‖Θϕ‖p′
Bp′ =

∑
x>α

∣∣∣∣k − 1

k
Mx − 1

k

∑
y≈x

My

∣∣∣∣
p′

+
∑
x�α

∣∣∣∣k − 1

k
Mα

∣∣∣∣
p′

. (9)

To prove Theorem 1.2 it is enough to show that

∑
x>α

∣∣∣∣k − 1

k
Mx − 1

k

∑
y≈x

My

∣∣∣∣
p′

+
∣∣∣∣k − 1

k
Mα

∣∣∣∣
p′

≈
∑
x�α

M
p′
x . (10)

Indeed, denote by I ∗
μ : Lp′

(μ) → Lp′
the adjoint of I : Lp → Lp(μ). Then, for

ϕ := χS(α) and x ∈ T ,

I ∗
μ(ϕ)(x) =

∑
y∈S(x)

ϕ(y)μ(y) =
{

Mx if x > α,

Mα if x � α.

Thus ∥∥I ∗
μ(ϕ)

∥∥p′
Lp′ =

∑
x∈T

∣∣I ∗
μ(ϕ)(x)

∣∣p′ =
∑
x�α

M
p′
x +

∑
x<α

Mp′
α . (11)

If (10) is true, it follows from (9) and (11) that

‖Θϕ‖p′
Bp′ ≈ ∥∥I ∗

μ(ϕ)
∥∥p′

Lp′ . (12)

It has been proved in [2] that I ∗
μ is bounded if and only if it is bounded only on

characteristic functions χS(α). By (12) it is sufficient to test the boundedness of the
operator Θ only on this type of functions.

It is immediately seen that

∑
x>α

∣∣∣∣k − 1

k
Mx − 1

k

∑
y≈x

My

∣∣∣∣
p′

�
∑
x>α

∣∣∣∣k − 1

k
Mx + 1

k

∑
y≈x

My

∣∣∣∣
p′

�
∑
x>α

∣∣∣∣k − 1

k
Mx− + k − 1

k
Mx−

∣∣∣∣
p′

� C
∑
x�α

M
p′
x .
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The opposite inequality

∑
x�α

M
p′
x � C

∣∣∣∣k − 1

k
Mα

∣∣∣∣
p′

+ C
∑
x>α

∣∣∣∣k − 1

k
Mx − 1

k

∑
y≈x

My

∣∣∣∣
p′

(13)

is not trivial.
To prove (13) we need some preliminary definitions. Let ε > 0 to be specified

later. Let α ∈ T and ξ := {zn}n�0 a geodesic such that z0 = α. We define m-stopping
times recursively as follows:

tm := tm(ξ) := inf

{
t > tm−1 : Mzt >

(
1 + ε

k

)
Mz−

t

}
,

where m > 0 and t0 := 0. A point b ∈ T such that b = ztm on some geodesic starting
at α is called an m-stopping point. Let A(b) be the set of the (m+1)-stopping points
u such that u > b. If SP(α) denotes the set of the stopping points, we prove that

∑
x�α

M
p′
x � C

∑
x�α,x∈SP(α)

M
p′
x .

To prove this last inequality is enough to show that, for all m � 0 and for each
m-stopping point b, ∑

b�c<A(b)

M
p′
c � CM

p′
b , (14)

where c < A(b) means that no u ∈ A(b) verifies the inequality u � c. Let n be a
positive integer and b � c < A(b) such that dist(b, c) = n. Let c1, c2, . . . , ck be the
successors of c−. Then there is j ∈ {1,2, . . . , k} such that c = cj . If there exists
l ∈ {1,2, . . . , k − 1} such that for all 1 � s � l we have b < cs < A(b), then

M
p′
c +

l∑
s=1

M
p′
cs

� (l + 1)

(
1 + ε

k

)p′

M
p′
c− � k1−p′

(1 + ε)p
′
M

p′
c− . (15)

If c1, . . . , cj−1, cj+1, . . . , ck are not between b and A(b), we consider:

M
p′
c �

(
1 + ε

k

)p′

M
p′
c− � k1−p′

(1 + ε)p
′
M

p′
c− . (16)

We choose ε such that k1−p′
(1 + ε)p

′ = 1 − δ < 1, where 0 < δ < 1. If either (15)
or (16) holds, we have, by iteration dist(b, c):

∑
b<c<A(b),dist(b,c)=n

M
p′
c � (1 − δ)

∑
b<c<A(b),dist(b,c)=n−1

M
p′
c

� (1 − δ)2
∑

b<c<A(b),dist(b,c)=n−2

M
p′
c

� · · · � (1 − δ)nM
p′
b . (17)
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Inequality (14) now follows from summing over n > 0 in (17). Indeed

∑
b�c<A(b)

M
p′
c � M

p′
b

+∞∑
n=0

(1 − δ)n � CM
p′
b .

Now let b > α be a stopping point. For y ≈ b the boxes S(y) ⊂ S(b−) are all mutu-
ally disjoint. Therefore ∑

y≈b

My � Mb− − Mb.

Then

1

k

∑
y≈b

My � 1

k
(Mb− − Mb) � 1

k

(
k

1 + ε
− 1

)
Mb

�
(

1

1 + ε
− 1

)
Mb + k − 1

k
Mb.

Hence

k − 1

k
Mb − 1

k

∑
y≈b

My � (ε/1 + ε)Mb.

Putting C := (1 + ε/ε)−p′
, we obtain:

M
p′
b � C

∣∣∣∣k − 1

k
Mb − 1

k

∑
y≈b

My

∣∣∣∣
p′

.

Finally, summing over b, we have

∑
b>α,b∈SP(α)

M
p′
b � C

∑
b>α,b∈SP(α)

∣∣∣∣k − 1

k
Mb − 1

k

∑
y≈b

My

∣∣∣∣
p′

� C

∣∣∣∣k − 1

k
Mα

∣∣∣∣
p′

+ C
∑
b>α

∣∣∣∣k − 1

k
Mb − 1

k

∑
y≈b

My

∣∣∣∣
p′

.

By the definition of stopping point,

∑
b�α

M
p′
b �

∑
b>α,b∈SP(α)

M
p′
b .

Hence (13) is fully proved. �
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Atomic and Maximal Hardy Spaces on a Lie
Group of Exponential Growth

Maria Vallarino

Abstract The main part of this paper is a shorter version of a joint work with P. Sjö-
gren. Let G be the Lie group R

2
� R

+ endowed with the Riemannian symmetric
space structure. Let X0, X1, X2 be a distinguished basis of left-invariant vector fields
of the Lie algebra of G and define the Laplacian Δ = −(X2

0 + X2
1 + X2

2). We recall
the definition and the main properties of the atomic Hardy space H 1

at introduced on
the group G in a previous paper of the author. Then we introduce a maximal Hardy
space H 1

max,h on G defined in terms of the maximal function associated with the heat
kernel of the Laplacian Δ. We show that the atomic Hardy space is strictly included
in the heat maximal Hardy space. In the last part of the paper, which is new, we
consider the maximal Hardy space H 1

max,p defined in terms of the Poisson kernel of

the Laplacian Δ and show that it strictly contains the atomic Hardy space H 1
at.

Keywords Heat kernel · Maximal function · Hardy space · Lie groups ·
Exponential growth

Mathematics Subject Classification (2010) Primary 22E30 · 42B30 ·
Secondary 35K08 · 42B25

1 Introduction

The theory of Hardy spaces on the Euclidean space R
n plays an important role

in harmonic analysis and has been systematically developed (see, for instance, [15,
16]). Different equivalent definitions of the classical Hardy space are available in the
literature. In particular, we shall recall here the atomic and the maximal definitions.
The atomic Hardy space H 1

at(R
n) is defined as the set of integrable functions f

which admit an atomic decomposition of the form f = ∑
j cj aj , where

∑
j |cj | <

∞ and each aj is an atom, i.e., a function supported in a ball, with vanishing integral
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and satisfying a suitable size condition. The maximal Hardy space H 1
max(R

n) is the
set of functions f ∈ L1(Rn) such that Mφf ∈ L1(Rn), where

Mφf (x) = sup
t>0

∣
∣f ∗ φt (x)

∣
∣ for every x ∈ R

n,

φ is any Schwartz function with
∫

φ(x)dx �= 0 and φt (x) = t−nφ(t−1x). It is well
known that the maximal Hardy space does not depend on the test function φ cho-
sen to define the maximal function and that the atomic and maximal Hardy spaces
coincide.

In the last forty years many efforts have been made to develop a theory of Hardy
spaces in settings which are different from the Euclidean one.

On a space X of homogeneous type R.R. Coifman and G. Weiss [2, 3] introduced
an atomic Hardy space H 1

at(X). Under some additional assumption, different max-
imal characterizations of the Hardy space H 1

at(X) were obtained by R.A. Macías
and C. Segovia [12], W.M. Li [10], L. Grafakos, L. Liu and D. Yang [7, 8].

On the Euclidean space R
n endowed with a nondoubling Radon measure μ of

polynomial growth, X. Tolsa [17] defined an atomic Hardy space H 1
at(μ) and proved

that it can be characterized by a grand maximal operator as in the classical setting.
In this paper we shall work on a Lie group of exponential growth: in this setting

we define a suitable atomic Hardy space and then discuss a maximal characterization
of such a space.

Let G be the Lie group R
2
�R

+ with the following product rule:

(x1, x2, a) · (x′
1, x

′
2, a

′) = (
x1 + ax′

1, x2 + ax′
2, aa′)

for (x1, x2, a), (x′
1, x

′
2, a

′) ∈ G. We shall denote by x the point (x1, x2, a). The
group G is not unimodular; its right and left Haar measures are given by

dρ(x) = a−1 dx1 dx2 da and dλ(x) = a−3 dx1 dx2 da,

respectively. The modular function is thus δ(x) = a−2. Throughout this paper, un-
less explicitly stated, we use the right measure ρ on G and denote by Lp , ‖ · ‖p

and 〈·, ·〉 the Lp-space, the Lp-norm and the L2-scalar product with respect to the
measure ρ.

The group G has a Riemannian symmetric space structure, and the corresponding
metric, which we denote by d , is that of the three-dimensional hyperbolic half-space.
The metric d is invariant under left translation and given by

cosh r(x) = a + a−1 + a−1|x|2
2

, (1)

where r(x) = dist(x, e) denotes the distance of the point x from the identity
e = (0,0,1) of G and |x| denotes the Euclidean norm of the two-dimensional vec-

tor (x1, x2): |x| =
√

x2
1 + x2

2 . The measure of a hyperbolic ball Br , centered at the
identity and of radius r , behaves like



Atomic and Maximal Hardy Spaces on a Lie Group of Exponential Growth 411

λ(Br) = ρ(Br) ∼
{

r3 if r < 1,

e2r if r � 1.

Thus G is a group of exponential growth. In this context, the classical Calderón–
Zygmund theory and the classical definitions of the atomic Hardy space [2, 3, 15] do
not apply. But W. Hebisch and T. Steger [9] have constructed a Calderón–Zygmund
theory which applies to some spaces of exponential growth, in particular to the space
(G,d,ρ) defined above. The main idea is to replace the family of balls which is used
in the classical Calderón–Zygmund theory by a suitable family of parallelepipeds
which we call Calderón–Zygmund sets. The definition appears in [9] and implicitly
in [6], and reads as follows.

Definition 1.1 A Calderón–Zygmund set is a parallelepiped R = [x1 − L/2, x1 +
L/2]× [x2 −L/2, x2 +L/2]× [ae−r , aer ], where L > 0, r > 0 and (x1, x2, a) ∈ G

are related by

e2ar � L < e8ar if r < 1,

ae2r � L < ae8r if r � 1.

The point (x1, x2, a) is called the center of R.

We let R denote the family of all Calderón–Zygmund sets, and observe that R is
invariant under left translation. Given R ∈ R, we define its dilated set as R∗ = {x ∈
G : dist(x,R) < r}. There exists an absolute constant C0 > 0 such that ρ(R∗) �
C0ρ(R) and

R ⊂ B
(
(x1, x2, a),C0r

)
. (2)

By using the Calderón–Zygmund sets, it is natural to introduce an atomic Hardy
space H 1

at on the group G, as follows (see [18] for details). We define an atom as a
function A in L1 such that

(i) A is supported in a Calderón–Zygmund set R;
(ii) ‖A‖∞ � ρ(R)−1;

(iii)
∫

Adρ = 0.

The atomic Hardy space is now defined in the standard way:

Definition 1.2 The atomic Hardy space H 1
at is the space of all functions f in L1

which can be written as f = ∑
j cjAj , where Aj are atoms and cj are complex

numbers such that
∑

j |cj | < ∞. We denote by ‖f ‖H 1
at

the infimum of
∑

j |cj | over
such decompositions.

The dual of the atomic Hardy space has been identified in [18] and is defined as
follows.
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Definition 1.3 The space BMO is the space of all functions in L1
loc such that

sup
R∈R

1

ρ(R)

∫

R

|g − gR|dρ < ∞,

where gR denotes the mean value of g in the set R. The space BMO is BMO
modulo the subspace of constant functions. It is a Banach space endowed with the
norm

‖g‖BMO = sup

{
1

ρ(R)

∫

R

|g − gR|dρ : R ∈ R

}

.

For any g in BMO the functional � defined on any atom A by

�(A) =
∫

gAdρ,

extends to a bounded functional on H 1
at. Furthermore, any functional in the dual of

H 1
at is of this type, and ‖�‖(H 1

at)
∗ ∼ ‖g‖BMO. Given functions g in BMO and f in

H 1
at we shall denote by 〈g,f 〉 the action of g on f in this duality.
The atomic Hardy space has the following interesting interpolation property [11]:

(
H 1

at,L
2)

[θ] = Lp for every θ ∈ (0,1),
1

p
= 1 − θ

2
,

where (A,B)[θ] denotes the interpolation space between two Banach spaces A and
B of index θ via the complex interpolation method. It is thus useful to study the H 1

at–
L1 boundedness of linear operators which are bounded on L2, because it will imply
their boundedness on Lp, for everyp ∈ (1,2). In particular, the atomic Hardy space
has turned out useful for studying the boundedness of singular integral operators
related to a distinguished Laplacian on G, which we now define.

Let X0,X1,X2 denote the left-invariant vector fields

X0 = a∂a, X1 = a∂x1 , X2 = a∂x2 ,

which span the Lie algebra of G. The Laplacian Δ = −(X2
0 + X2

1 + X2
2) is a left-

invariant operator which is essentially selfadjoint on L2(ρ). A suitable class of
Mihlin–Hörmander multipliers of Δ are bounded from the atomic Hardy space to L1

[18]. It is proved in [13] that the first order Riesz transforms XiΔ
−1/2, i = 0,1,2,

are bounded from H 1
at to L1, while the Riesz transforms Δ−1/2Xi , i = 0,1,2, are

unbounded from H 1
at to L1.

In this paper we aim to investigate further properties of the atomic Hardy space.
In particular, we shall study a maximal characterization of this space via the heat
kernel of the Laplacian Δ. It is well known that the heat semigroup (e−tΔ)t>0 is
given by a kernel ht , in the sense that e−tΔf = f ∗ ht for suitable functions f . Let
Mh denote the corresponding maximal operator, defined by

Mhf (x) = sup
t>0

∣
∣f ∗ ht (x)

∣
∣ for every x ∈ G. (3)
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M. Cowling, G. Gaudry, S. Giulini and G. Mauceri [4] proved that Mh is of weak
type (1,1) and bounded on Lp for all p > 1. We shall now define a maximal Hardy
space on G by means of the heat maximal function.

Definition 1.4 The maximal Hardy space H 1
max,h is the space of all functions f in

L1 such that Mhf is in L1. The norm on this space is defined by

‖f ‖H 1
max,h

= ‖Mhf ‖1 for every f ∈ H 1
max,h.

We are interested in the relationship between the atomic and the maximal Hardy
spaces. In Sect. 2 we shall prove that the heat maximal function is bounded from the
atomic Hardy space to L1. This implies that H 1

at ⊆ H 1
max,h. In Sect. 3 we shall prove

that the previous inclusion is strict. Thus in our setting there is no characterization of
the atomic Hardy space by means of the heat maximal operator. This is in contrast
with the classical theory and other settings, as we mentioned at the beginning of the
Introduction.

It is natural to ask whether we are able to find a maximal characterization of the
atomic Hardy space, in terms of a different maximal function. In the last section of
the paper we consider the Poisson kernel pt associated with the Laplacian Δ, i.e.,
the convolution kernel of the semigroup (e−t

√
Δ)t>0, and the corresponding Poisson

maximal function Mp defined as

Mpf (x) = sup
t>0

∣
∣f ∗ pt(x)

∣
∣ for every x ∈ G.

We then define a maximal Hardy space on G by means of the Poisson maximal
function.

Definition 1.5 The Poisson maximal Hardy space H 1
max,p is the space of all func-

tions f in L1 such that Mpf is in L1. The norm on this space is defined by

‖f ‖H 1
max,p

= ‖Mpf ‖1 for every f ∈ H 1
max,p.

We shall show in Sect. 4 that also the Poisson maximal Hardy space strictly
contains H 1

at. Thus there is no characterization of the atomic Hardy space by means
of the Poisson maximal operator.

The content of this paper was the subject of a talk given by the author at the
XXXI Conference in Harmonic Analysis dedicated to Alessandro Figà-Talamanca
(Roma, May 30–June 4 2011). We should mention that all the details of the proofs
of the results announced in Sects. 2 and 3 are contained in the paper [14], while the
content of Sect. 4 is new.

2 The Inclusion H 1
at ⊆ H 1

max,h

Let us first introduce some notation and give some technical preliminary results.
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We shall use the following integration formula [5, Lemma 1.3]: for any radial
function f such that δ1/2f is integrable,

∫

G

δ1/2f dρ =
∫ ∞

0
f (r)r sinh r dr. (4)

The convolution in G is defined by

f ∗ g(x) =
∫

f
(
xy−1)g(y)dρ(y). (5)

Let ht denote the heat kernel associated with Δ. It is well known [4, Theorem 5.3,
Proposition 5.4], [1, formula (5.7)] that

ht (x) = 1

8π3/2
δ1/2(x)

r(x)

sinh r(x)
t−3/2e−r2(x)/4t for every x ∈ G. (6)

Note that ht = δ1/2qt , where qt is the heat kernel associated with the operator L −I

and L is the Laplace–Beltrami operator on the three-dimensional hyperbolic space.
The kernel qt and its gradient were studied in [1, 5]. Since r(x−1) = r(x) we have
that

ht (x) = δ(x)ht

(
x−1) for every x ∈ G. (7)

Via a change of variables in (5), this implies

f ∗ ht (x) =
∫

f
(
z−1)ht (zx) dρ(z) = δ(x)

∫

f (y)ht

(
x−1y

)
dρ(y). (8)

We shall need the observation that for any r > 0

sup
t>0

t−3/2e− r2
4t ∼ r−3. (9)

We now give some properties of the heat kernel which follow easily by formulae (6)
and (9) and direct computations.

Lemma 2.1 For any point x ∈ G the derivatives of the heat kernel ht along the
vector fields Xi , i = 0,1,2, are the following, where r denotes r(x):

(i) Xiht (x) = ht (x)
xi

sinh r

(
1

r
− cosh r

sinh r
− r

2t

)

for i = 1,2;

(ii) X0ht (x) = ht (x)

(
a

r sinh r
− cosh r

r sinh r
− a cosh r

sinh2 r
+ 1

sinh2 r
+ r

2t

cosh r − a

sinh r

)

;
(iii) sup

t>0
|Xiht (x)| � r−4 for i = 0,1,2 and for all x ∈ B1;

(iv) sup
t>0

|Xiht (x)| � |x|
ar2 cosh2 r

for i = 1,2 and for all x ∈ Bc
1;

(v) sup
t>0

|X0ht (x)| � 1

ar3 cosh r
+ 1

r2 cosh2 r
for all x ∈ Bc

1 .
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For suitable functions F , we denote by ‖∇F‖ the Euclidean norm of the vector
∇F = (X0F,X1F,X2F).

By applying the previous lemma, it is easy to estimate the integral over the com-
plement of a small ball Br1 of the function

Gr1(x) = sup
B(x,r1/2)

sup
t>0

‖∇ht‖.

Lemma 2.2 For any r1 ∈ (0,2C0)

∫

Bc
r1

Gr1 dρ � C

r1
,

where C0 is the constant which appears in (2).

The result of the previous lemma is not surprising, since it is similar to the anal-
ogous result in the Euclidean setting. We do not give the details of the proof, which
is based on Lemma 2.1 and formula (1).

We now prove the main result of this section.

Theorem 2.3 The heat maximal function Mh is bounded from H 1
at to L1.

Proof To prove the theorem it suffices to show that there exists a positive constant κ

such that, for any atom A supported in a Calderón–Zygmund set centered at the
identity,

‖MhA‖1 � κ. (10)

Let us thus suppose that A is an atom supported in the Calderón–Zygmund set
R = Q×[e−r0 , er0] = [−L/2,L/2]×[−L/2,L/2]×[e−r0 , er0]. We study the cases
when r0 < 1 and r0 � 1.

Case r0 < 1. By (2) R ⊂ BC0r0 . Since r0 < 1, the set R̃ = B2C0r0 has measure com-
parable with ρ(R), and we get

‖MhA‖L1(R̃) � ρ(R̃)1/2‖Mh‖L2→L2‖A‖2 � ρ(R)1/2ρ(R)−1/2 � 1. (11)

It remains to consider MhA on the complement of R̃. For any point x in R̃c, we
obtain from (8) and the cancellation condition of the atom

A ∗ ht (x) = δ(x)

∫

R

A(y)
[
ht

(
x−1y

) − ht

(
x−1)]dρ(y). (12)

From the Mean Value Theorem in R
3, the left invariance of ∇ and the estimate

‖A‖1 ≤ 1, we obtain that

∣
∣A ∗ ht (x)

∣
∣ � δ(x)r0 sup

B(x−1,C0r0)

‖∇ht‖
∫

R

A(y)dρ(y) � r0δ(x) sup
B(x−1,C0r0)

‖∇ht‖,
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and so
∣
∣MhA(x)

∣
∣ � r0δ(x) sup

B(x−1,C0r0)

sup
t>0

‖∇ht‖.

We now integrate over x ∈ R̃c, inverting the variable x. Then Lemma 2.2 with r1 =
2C0r0 leads to

∫

R̃c

∣
∣MhA(x)

∣
∣dρ(x) � 1.

This ends the case r0 < 1.

Case r0 � 1. In this case define R∗∗ = {x : |x| < γL, 1
L

< a < γL}, where γ > 1 is
a suitable constant. Then ρ(R∗∗) ∼ ρ(R) and there exists a constant C such that

‖MhA‖L1(R∗∗) � ρ
(
R∗∗)1/2‖Mh‖L2→L2‖A‖2 � Cρ(R)1/2ρ(R)−1/2 � C. (13)

It remains to consider MhA on the complementary set of R∗∗. We write (R∗∗)c =
Ω1 ∪ Ω2 ∪ Ω3, where

Ω1 =
{

x ∈ G : a <
1

L
, |x| < γL

}

,

Ω2 = {
x ∈ G : a > γL, |x| < a

}
,

Ω3 = {
x ∈ G : |x| > max(a, γL)

}
.

In (12) we write y = (y1, y2, b) ∈ R and x = (x1, x2, a) so that x−1y = (a−1(y1 −
x1), a

−1(y2 − x2), a
−1b). We now study MhA on Ω1,Ω2,Ω3 separately.

For x ∈ Ω1 and y ∈ R, (1) implies

cosh r
(
x−1y

)
� a−1b + a−1b−1|x − y|2

2
� a−1b

2
� a−1/2

2
� e

2
.

Therefore, by (9)

sup
t>0

ht

(
x−1y

)
� δ1/2(x−1y

)
r
(
x−1y

)−3 r(x−1y)

sinh r(x−1y)

�
(
a−1b

)−1 (loga−1)−2

a−1b−1(b2 + |x − y|2)

= a2

(loga−1)2(b2 + |x − y|2) .

The previous estimate and an integration over the set R implies that for all x in Ω1,

sup
t>0

∣
∣A ∗ ht (x)

∣
∣ = δ(x) sup

t>0

∣
∣
∣
∣

∫

R

A(y)ht

(
x−1y

)
dρ(y)

∣
∣
∣
∣
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� δ(x)‖A‖∞
∫

R

sup
t>0

ht

(
x−1y

)
dρ(y)

� r0

L2(loga−1)2
.

By taking the integral over the region Ω1, we obtain that
∫

Ω1

MhA(x)dρ(x) � r0

L2

∫ 1/L

0

da

a(loga−1)2

∫

|x|<γL

dx1 dx2

� r0

logL
∼ 1. (14)

In order to study the integral of MhA on the remaining regions, we use the can-
cellation condition of the atom and write

A ∗ ht (x) = δ(x)

∫

R

A(y)
[
ht

(
x−1y

) − ht

(
x−1ỹ

) + ht

(
x−1ỹ

) − ht

(
x−1)]dρ(y),

where for y=(y1, y2, b)∈R we write ỹ=(y1, y2,1) and thus y=ỹ exp(logbX0). Set-
ting q1(x)=supt>0,y∈R |ht (x

−1y)−ht (x
−1ỹ)| and q2(x)=supt>0,y∈R |ht (x

−1ỹ) −
ht (x

−1)|, we conclude that

MhA(x) � δ(x)
(
q1(x) + q2(x)

)
∫

R

∣
∣A(y)

∣
∣dρ(y) � δ(x)

(
q1(x) + q2(x)

)
.

To estimate q2 observe that

ht

(
x−1ỹ

) − ht

(
x−1) =

∫ 1

0
(y1X1 + y2X2)ht

(
x−1exp(sy1X1 + sy2X2)

)
ds. (15)

By applying (1) and part (iv) of Lemma 2.1 to (15) we see that
∫

Ω2

δ(x)q2(x) dρ(x) � 1

(logL)2
and

∫

Ω3

δ(x)q2(x) dρ(x) � 1

logL
. (16)

To estimate q1, we proceed in a similar way, using the derivative of the heat kernel
along the vector field X0 instead of Xi , i = 1,2, and getting

∫

Ω2

δ(x)q1(x) dρ(x) � 1

r0
and

∫

Ω3

δ(x)q1(x) dρ(x) � 1. (17)

Combining (14), (16), (17), we obtain the estimate
∫

MhAdρ � 1 in the case r0 � 1,
which completes the proof. �

As a consequence of the previous theorem we have that there exists a positive
constant C such that, for all f in H 1

at,

‖f ‖H 1
max,h

= ‖Mhf ‖1 � C‖f ‖H 1
at
.

Thus H 1
at ⊆ H 1

max,h.
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3 The Converse Inclusion

In this section we shall construct a family of functions {fL}L>2 in H 1
at such that

lim
L→+∞

‖fL‖H 1
at

‖MhfL‖1
= +∞.

Fix L > 2 and consider the rectangles R0 = [−1,1] × [−1,1] × [ 1
e
, e] and RL =

(L,0,1) · R0 = [L − 1,L + 1] × [−1,1] × [ 1
e
, e]. We then define fL = χRL

− χR0 .
Obviously fL is a multiple of an atom, so it lies in the Hardy space H 1

at. We shall
estimate the H 1

at-norm of the function fL from below and the H 1
max,h-norm of fL

from above.

Lemma 3.1 There exists a positive constant C such that

(i) ‖fL‖H 1
at

� C logL for every L > 2;
(ii) ‖fL‖H 1

max,h
� C log logL for every L > 2.

Proof We first prove (i). Let us consider the function h in BMO(R) given by h(s) =
log |s| for all s in R and define g(x1, x2, a) = h(x1) = log |x1|. It is easy to see that
g is in BMO and ‖g‖BMO = ‖h‖BMO(R).

Since fL is a multiple of an atom, 〈g,fL〉 = ∫
gfL dρ, and it is easy to verify that

| ∫ gfL dρ| � C logL. On the other hand, |〈g,fL〉| � ‖g‖BMO‖fL‖H 1
at

. Estimate (i)
follows.

The proof of (ii) is very technical, and we sketch it here, skipping many details.
Denote by 2R0 the rectangle [−2,2] × [−2,2] × [ 1

e2 , e2] and by 2RL the rectan-

gle (L,0,1) · (2R0). We shall estimate the L1-norm of MhfL by integrating it over
different regions of the space.

Step 1. The operator Mh is a contraction on L∞, so that MhfL � 1, and since
ρ(2R0) = ρ(2RL) ∼ 1,

∫

2R0∪2RL

MhfL dρ � 1. (18)

Step 2. Choose a ball B = B(e, rB) with rB = (logL)α , where α > 2 is a con-
stant. Then (1) implies that B ⊃ 2R0 ∪ 2RL if L is large enough. We shall estimate
the maximal function on B \ (2RL ∪ 2R0). From (8) we see that, for any x in G,

MhχR0(x) = sup
t

∫

χR0(y)ht

(
y−1x

)
dλ(y) � sup

y∈R0

sup
t

ht

(
y−1x

)
. (19)

If x ∈ (2R0)
c and y ∈ R0, then δ1/2(y−1x) ∼ δ1/2(x) and |r(y−1x) − r(x)| � C.

Applying (6) and (9), we have that, for any x ∈ (2R0)
c ,

MhχR0(x) � sup
y∈R0

sup
t

ht

(
y−1x

)
� δ1/2(x)

1

r(x)2 sinh r(x)
. (20)
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By applying (4) and (20), we have

∫

B\2R0

MhχR0 dρ �
∫ rB

1
r−2 1

sinh r
r sinh r dr � log logL. (21)

By an easy translation argument, we also obtain

∫

B\2RL

MhχRL
(x) dρ(x) � log logL. (22)

We now split the complement of B into the following three regions:

Γ1 = {
x = (x1, x2, a) ∈ Bc : a < a∗, |x| < f (a)

}
,

Γ2 = {
x = (x1, x2, a) ∈ Bc : a � a∗},

Γ3 = {
x = (x1, x2, a) ∈ Bc : a < a∗, |x| � f (a)

}
,

(23)

where a∗ = e−rB/8 and f (a) = e
√

loga−1
.

Step 3. To estimate the integral of MhfL over the region Γ1 we use the simple
fact that MhfL � MhχRL

+MhχR0 . For any point x in Γ1 we have loga−1 � r(x).
From (20) we obtain

∫

Γ1

MhχR0 dρ �
∫ a∗

0

da

a

∫

|x|<f (a)

a−1[loga−1]−2 dx

a−1(1 + |x|2) � 1. (24)

By a translation argument, we see also that

∫

Γ1

MhχRL
dρ � 1. (25)

Step 4. In order to estimate the integrals over Γ2 and Γ3, we first write the con-
volution fL ∗ ht (x) at a point x ∈ Bc as follows:

fL ∗ ht (x) =
∫

RL

ht

(
y−1x

)
dλ(y) −

∫

R0

ht

(
y−1x

)
dλ(y)

=
∫

R0

[
ht

(
y−1(−L,0,1)x

) − ht

(
y−1x

)]
dλ(y).

Let now y−1 = (y1, y2, b) be any point in (R0)
−1 and x = (x1, x2, a) any point in

Bc. Then y−1(−L,0,1)x = (−bL,0,1)y−1x, and the Mean Value Theorem im-
plies

ht

(
y−1(−L,0,1)x

) − ht

(
y−1x

) = −bL∂1ht

(
(s,0,1)y−1x

)
,
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for some s ∈ (−bL,0). By the fact that X1 = a∂1 and the explicit expression for the
derivative X1ht given by part (i) of Lemma 2.1, and by some computations,

sup
t

∣
∣ht

(
y−1(−L,0,1)x

) − ht

(
y−1x

)∣
∣ � L3

a2
r(x)−2 1

sinh2 r(x)

(
L + |x|),

which allows to conclude that

sup
t

∣
∣fL ∗ ht (x)

∣
∣ � L3

a2
r(x)−2 1

sinh2 r(x)

(
L + |x|). (26)

Integrating (26) on Γ2 ∪ Γ3 we obtain that
∫

Γ2∪Γ3

MhfL dρ � 1. (27)

Part (ii) of the lemma is proved by summing up the estimates obtained in
Steps 1–4. �

By Lemma 3.1 it follows that

lim
L→+∞

‖fL‖H 1
at

‖fL‖H 1
max,h

= +∞.

This implies that there does not exist a positive constant C such that ‖fL‖H 1
at

�
C‖fL‖H 1

max,h
. Thus the atomic Hardy space is strictly contained in the heat maximal

Hardy space.

4 The Poisson Maximal Hardy Space

Let pt denote the Poisson kernel associated with the Laplacian Δ, i.e., the con-
volution kernel of the semigroup (e−t

√
Δ)t>0, which is given by the subordination

formula

pt(x) =
∫ ∞

0

t

2
√

π
s−3/2e−t2/4shs(x) ds =

∫ ∞

0
wt(s)hs(x) ds for every x ∈ G,

(28)
where the weight function wt is positive and has integral 1. The explicit formula for
the Poisson kernel is then

pt (x) = 1

π2
δ1/2(x)

r(x)

sinh r(x)

t

(t2 + r2(x))2
for every x ∈ G. (29)

From Theorem 2.3 we deduce the boundedness of the Poisson maximal function
from the atomic Hardy space to L1.

Theorem 4.1 The Poisson maximal function Mp is bounded from H 1
at to L1.
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Proof Suppose that A is an atom supported in the Calderón–Zygmund set R. We
then have

MpA(x) = sup
t>0

∣
∣A ∗ pt(x)

∣
∣

� sup
t>0

∣
∣
∣
∣

∫ ∞

0
wt(s)A ∗ hs(x) ds

∣
∣
∣
∣

� sup
t>0

∫ ∞

0
wt(s) sup

s>0

∣
∣A ∗ hs(x)

∣
∣ds

� sup
t>0

∫ ∞

0
wt(s)MhA(x)ds

� MhA(x).

This implies that

‖MpA‖1 � ‖MhA‖1 � κ,

where κ is the constant which appears in (10). This completes the proof. �

As a consequence of the previous theorem we have that there exists a positive
constant C such that for all f in H 1

at

‖f ‖H 1
max,p

= ‖Mpf ‖1 � C‖f ‖H 1
at
.

Thus H 1
at ⊆ H 1

max,p. In order to discuss the other inclusion, we shall need the obser-
vation that for any r > 0

sup
t>0

t

(t2 + r2)2
∼ r−3, (30)

and the following analog of Lemma 2.1.

Lemma 4.2 For any point x ∈ G the derivatives of the Poisson kernel pt along the
vector fields Xi , i = 0,1,2, are the following, where r denotes r(x):

(i) Xipt (x) = pt(x)
xi

sinh r

(
1

r
− cosh r

sinh r
− 4r

t2 + r2

)

for i = 1,2;
(ii) X0pt(x)

= pt(x)

(
a

r sinh r
− cosh r

r sinh r
− a cosh r

sinh2 r
+ 1

sinh2 r
+ 4r

t2 + r2

cosh r − a

sinh r

)

;

(iii) sup
t>0

∣
∣Xipt (x)

∣
∣ � |x|

ar2 cosh2 r
for i = 1,2 and for all x ∈ Bc

1;

(iv) sup
t>0

∣
∣X0pt (x)

∣
∣ � 1

ar3 cosh r
+ 1

r2 cosh2 r
for all x ∈ Bc

1 .
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Let now fL = χRL
− χR0 be the functions defined at the beginning of Sect. 3.

Lemma 4.3 There exists a positive constant C such that

‖fL‖H 1
max,p

� C log logL for every L > 2.

Proof The proof follows the same outline of the proof of part (ii) of Lemma 3.1.
More precisely, the local estimates of MpfL on the sets 2R0 ∪ 2RL and B =
B(e, rB), with rB = (logL)α , follow exactly as for the heat maximal function. In-
deed, it is enough to apply (29) and (30) to repeat the arguments used for ht and
deduce that

∫

B

MpfL dρ � log logL.

We then split the complement of B into the three regions Γj , j = 1,2,3 defined in
(23). The estimate

∫

Γ1

MpfL dρ � 1

follows as in Step 3 of the proof of Lemma 3.1. In order to estimate the integrals over
Γ2 and Γ3, we first write the convolution fL ∗ pt(x) at a point x ∈ Bc as follows:

fL ∗ pt(x) =
∫

RL

pt

(
y−1x

)
dλ(y) −

∫

R0

pt

(
y−1x

)
dλ(y)

=
∫

R0

[
pt

(
y−1(−L,0,1)x

) − pt

(
y−1x

)]
dλ(y).

Let now y−1 = (y1, y2, b) be any point in (R0)
−1 and x = (x1, x2, a) any point in

Bc. Then y−1(−L,0,1)x = (−bL,0,1)y−1x, and the Mean Value Theorem im-
plies

pt

(
y−1(−L,0,1)x

) − pt

(
y−1x

) = −bL∂1pt

(
(s,0,1)y−1x

)
,

for some s ∈ (−bL,0). By the fact that X1 = a∂1 and the explicit expression for
the derivative X1pt given in part (ii) of Lemma 4.2, and by some computations, one
obtains

sup
t

∣
∣pt

(
y−1(−L,0,1)x

) − pt

(
y−1x

)∣
∣

� L

a2b

1

r((s,0,1)y−1x)2 sinh2 r((s,0,1)y−1x)

(
L + |x|).

Using the fact that y ∈ (R0)
−1, x ∈ Bc and s ∈ (−bL,0) we deduce that

sup
t

∣
∣pt

(
y−1(−L,0,1)x

) − pt

(
y−1x

)∣
∣ � L3

a2
r(x)−2 1

sinh2 r(x)

(
L + |x|),
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which allows to conclude that

sup
t

∣
∣fL ∗ pt (x)

∣
∣ � L3

a2
r(x)−2 1

sinh2 r(x)

(
L + |x|). (31)

By integrating (31) on Γ2 ∪ Γ3 we obtain that
∫

Γ2∪Γ3

MpfL dρ � 1.

This completes the proof of the lemma. �

By Lemma 4.3 it follows that

lim
L→+∞

‖fL‖H 1
at

‖fL‖H 1
max,p

= +∞.

This implies that there does not exist a positive constant C such that ‖fL‖H 1
at

�
C‖fL‖H 1

max,p
. Thus the atomic Hardy space is strictly contained in the Poisson maxi-

mal Hardy space.

Remark 4.4 There are some final remarks and open questions that we would like to
address:

• We showed that H 1
at � H 1

max,h � L1 and H 1
at � H 1

max,p � L1. This implies that
both the heat and the Poisson maximal Hardy spaces inherit all nice interpolation
properties satisfied by H 1

at and L1.
• How do the Poisson and the heat maximal Hardy spaces relate? Do they coincide?
• In the Euclidean setting a characterization of the Hardy space in terms of Riesz

transforms is available. Is there any characterization of the space H 1
at in terms of

the first order Riesz transforms in our setting?

Acknowledgements Work partially supported by Progetto GNAMPA 2011 “Analisi armonica
su gruppi di Lie e varietà”.
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The Maximal Singular Integral: Estimates
in Terms of the Singular Integral

Joan Verdera

Abstract This paper considers estimates of the maximal singular integral T �f in
terms of the singular integral Tf only. The most basic instance of the estimates
we look for is the L2(Rn) inequality ‖T �f ‖2 � C‖Tf ‖2. We present the com-
plete characterization, recently obtained by Mateu, Orobitg, Pérez and the author,
of the smooth homogeneous convolution Calderón–Zygmund operators for which
such inequality holds. We focus attention on special cases of the general statement
to convey the main ideas of the proofs in a transparent way, as free as possible of the
technical complications inherent to the general case. Particular attention is devoted
to higher Riesz transforms.

Keywords Maximal singular integrals · Calderón–Zygmund operators · Fourier
multipliers

Mathematics Subject Classification (2010) Primary 42B20 · Secondary 42B25

1 Introduction

In this expository paper we consider the problem of estimating the Maximal Sin-
gular Integral T �f only in terms of the Singular Integral Tf . In other words, the
function f should appear in the estimates only through Tf . The context is that of
classical Calderón–Zygmund theory: we deal with smooth homogeneous convolu-
tion singular integral operators of the type

Tf (x) = p.v.

∫
f (x − y)K(y)dy ≡ lim

ε→0
T εf (x), (1)

where

T εf (x) =
∫

|y−x|>ε

f (x − y)K(y)dy
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is the truncated integral at level ε. The kernel K is

K(x) = Ω(x)

|x|n , x ∈R
n \ {0}, (2)

where Ω is a (real valued) homogeneous function of degree 0 whose restriction to
the unit sphere Sn−1 is of class C∞(Sn−1) and satisfies the cancellation property

∫
|x|=1

Ω(x)dσ(x) = 0, (3)

σ being the normalized surface measure on Sn−1. The maximal singular integral is

T �f (x) = sup
ε>0

∣∣T εf (x)
∣∣, x ∈ R

n.

As we said before, the problem we are envisaging consists in estimating T �f in
terms of Tf only. Write the maximal Hardy–Littlewood operator as M and consider
the well known Cotlar’s inequality

T �f (x) � C
(
M(Tf )(x) + Mf (x)

)
, x ∈R

n. (4)

Here this inequality is of no use because it contains the term f besides Tf . The
most basic form of the estimate we are looking for is the L2 inequality

∥∥T �f
∥∥

2 � C‖Tf ‖2, f ∈ L2(
R

n
)
. (5)

This problem arose when the author was working at the David–Semmes problem
([2, p. 139, first paragraph]). It was soon discovered [7] that the parity of the kernel
plays an essential role. Some years after, a complete characterization of the even
operators for which (5) holds was presented in [5] and afterwards the case of odd
kernels was solved in [6]. Unfortunately there does not seem to be a way of adapting
the techniques of those papers to the Ahlfors regular context in which the David–
Semmes problem was formulated.

The proof of the main result in [5] and [6] is long and technically involved. The
purpose of this paper is to describe the main steps of the argument in the most
transparent possible way. We give complete proofs of particular instances of the
main results of the above mentioned papers, so that the reader may grasp, in a simple
situation, the idea behind the proof of the general cases. Thus, in a sense, the present
paper could serve as an introduction to [5] and [6].

Notice that (5) is true whenever T is a continuous isomorphism of L2(Rn) onto
itself. Indeed a classical estimate, which follows from Cotlar’s inequality, states that

∥∥T �f
∥∥

2 � C‖f ‖2, f ∈ L2(
R

n
)
, (6)

which, combined with the assumption that T is an isomorphism, gives (5). Thus
(5) is true for the Hilbert Transform and for the Beurling Transform. The first non-
trivial case is a scalar Riesz transform in dimension 2 or higher. Denote by |x| the
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Euclidean norm of x ∈ R
n. Recall that the j th Riesz transform is the Calderón–

Zygmund operator with kernel

xj

|x|n+1
, x ∈R

n \ {0}, 1 � j � n.

The first non-trivial case for even operators is any second order Riesz transform.
For example, the second order Riesz transform with kernel

x1x2

|x|n+2
, x ∈R

n \ {0}.

We prove the L2 estimate (5) for the second order Riesz transform above in
Sect. 2 and for the j th Riesz transform in Sect. 4. Indeed, in both cases we prove
a stronger pointwise estimate which works for all higher Riesz transforms. Recall
that a higher Riesz transform is a smooth homogeneous convolution singular integral
operator with kernel of the type

P(x)

|x|n+d
, x ∈ R

n \ {0},

where P is a harmonic homogeneous polynomial of degree d � 1. The mean value
property of harmonic functions combined with homogeneity yields the cancellation
property (3). The following theorem holds [5]:

Theorem 1.1 If T is an even higher Riesz transform, then

T �f (x) � CM(Tf )(x), x ∈R
n, f ∈ L2(

R
n
)
, (7)

where M is the maximal Hardy–Littlewood operator.

Indeed, for a second order Riesz transform S one has that the truncation at level
ε is a mean of S(f ) on a ball. More precisely one has

Sε(f )(x) = 1

|B(x, ε)|
∫

B(x,ε)

S(f )(y) dy. (8)

A weighted variant of the preceding identity works for a general even higher Riesz
transform. Of course, (5) for even higher Riesz transforms follows immediately
from (7). As we explain in Sect. 3, it turns out that inequality (7) does not hold
for odd Riesz transforms, not even for the Hilbert transform. But we can prove the
following substitute result [6], which obviously takes care of inequality (5) for odd
higher Riesz transforms.

Theorem 1.2 If T is an odd higher Riesz transform, then

T �f (x) � CM2(Tf )(x), x ∈R
n, f ∈ L2(

R
n
)
, (9)

where M2 = M ◦ M is the iteration of the maximal Hardy–Littlewood operator.
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Without any harmonicity assumption the L2 estimate (5) does not hold. The sim-
plest example involves the Beurling transform B , which is the singular integral op-
erator in the plane with complex valued kernel

− 1

π

1

z2
= − 1

π

z̄2

|z|4 = − 1

π

x2 − y2

|z|4 + i
1

π

2xy

|z|4 .

The Fourier transform of the tempered distribution p.v. (− 1
π

1
z2 ) is the function ξ̄ /ξ ,

hence B is an isometry of L2(R2) onto itself. It turns out that the singular integral

T = B + B2 = B(I + B)

does not satisfy the L2 control (5). The reason for that, as we shall see later on in
this section, is that the operator I + B is not invertible in L2(R2).

One way to explain the difference between the even and odd cases is as follows.
Theorem 1.1 concerns an even higher Riesz transform determined by a harmonic
homogeneous polynomial of degree, say, d . In its proof one is lead to consider the
operator (−�)d/2, which is a differential operator. Instead, in Theorem 1.2, d is odd
and thus (−�)d/2 is only a pseudo-differential operator. The effect of this is that
in the odd case certain functions are not compactly supported and are not bounded.
Nevertheless, they still satisfy a BMO condition, which is the key fact in obtaining
the second iteration of the maximal operator.

The search for a description of those singular integrals T of a given parity for
which (5) holds begun just after [7] was published. The final answer was given in [5]
and [6]. To state the result denote by A the Calderón–Zygmund algebra consisting
of the operators of the form λI +T , where T is a smooth homogeneous convolution
singular integral operator and λ a real number.

Theorem 1.3 Let T be an even smooth homogeneous convolution singular integral
operator with kernel Ω(x)/|x|n. Then the following are equivalent.

(i)

T �f (x) � CM(Tf )(x), x ∈ R
n, f ∈ L2(

R
n
)
,

where M is the Hardy–Littlewood maximal operator.
(ii) ∫ ∣∣T �f

∣∣2 � C

∫
|Tf |2, f ∈ L2(

R
n
)
.

(iii) If the spherical harmonics expansion of Ω is

Ω(x) = P2(x) + P4(x) + · · · , |x| = 1,

then there exist an even harmonic homogeneous polynomial P of degree d ,
such that P divides P2j (in the ring of all polynomials in n variables with real
coefficients) for all j , T = RP ◦U , where RP is the higher Riesz transform with
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kernel P(x)/|x|n+d , and U is an invertible operator in the Calderón–Zygmund
algebra A.

Several remarks are in order. First, it is surprising that the L2 control we are look-
ing for, that is, condition (ii) above, is equivalent to the apparently much stronger
pointwise inequality (i). We do not know any proof of this fact which does not go
through the structural condition (iii). Second, condition (iii) on the spherical har-
monics expansion of Ω is purely algebraic and easy to check in practice on the
Fourier transform side. Observe that if condition (iii) is satisfied, then the polyno-
mial P must be a scalar multiple of the first non-zero spherical harmonic P2j in the
expansion of Ω . We illustrate this with an example.

Example 1.4 Let P(x, y) = − 1
π
xy and denote by RP the second order Riesz trans-

form in the plane associated with the harmonic homogeneous polynomial P . Its
kernel is

− 1

π

xy

|z|4 , z = x + iy ∈ C \ {0}. (10)

According to a well known formula [9, p. 73] the Fourier transform of the prin-
cipal value distribution associated with this kernel is

uv

|ξ |2 , ξ = u + iv ∈C \ {0}.

This is also the symbol (or Fourier multiplier) of RP , in the sense that

R̂P (f )(ξ) = uv

|ξ |2 f̂ (ξ), ξ 	= 0, f ∈ L2(
R

n
)
.

Similarly, the Fourier multiplier of the fourth order Riesz transform with kernel

2

π

x3y − xy3

|z|6 , z 	= 0,

is

u3v − uv3

|ξ |4 , ξ 	= 0.

Given a real number λ let T be the singular integral with kernel

− 1

π

2xy

|z|4 + λ
2

π

x3y − xy3

|z|6 .

Its symbol is

uv

|ξ |2
(

1 + λ
u2 − v2

|ξ |2
)

.
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We clearly have

T = RP ◦ U,

U being the bounded operator on L2(Rn) with symbol 1 + λu2−v2

|ξ |2 . Notice that

the multiplier 1 + λu2−v2

|ξ |2 vanishes at some point of the unit sphere if and only if
|λ| � 1. Therefore condition (iii) of Theorem 1.3 is satisfied if and only if |λ| < 1.
For instance, taking λ = 1 one gets an operator for which neither the L2 estimate
(ii) nor the pointwise inequality (i) hold.

To grasp the subtlety of the division condition in (iii) it is instructive to consider
the special case of the plane. The function Ω , which is real, has a Fourier series
expansion

Ω
(
eiθ

) =
∞∑

n=−∞
cn einθ =

∞∑
n=1

cn einθ + cn e−inθ

=
∞∑

n=1

2 Re
(
cn einθ

)
.

The expression 2 Re(cn einθ ) is the general form of the restriction to the unit circle
of a harmonic homogeneous polynomial of degree n on the plane. There are exactly
2n zeroes of 2 Re(cn einθ ) on the circle, which are uniformly distributed. They are
the 2nth roots of unity if and only if cn is purely imaginary.

Since Ω is even, only the Fourier coefficients with even index may be non-zero
and so

Ω
(
eiθ

) =
∞∑

n=1

2 Re
(
c2n ei2nθ

)
.

Replacing θ by θ + α we obtain

Ω
(
ei(θ+α)

) =
∞∑

n=N

2 Re
(
c2n ei2nα ei2nθ

)
,

where c2N 	= 0. Take α so that c2N ei2Nα is purely imaginary. Set γ2n = c2n ei2nα .
Then

Ω
(
ei(θ+α)

) =
∞∑

n=N

2 Re
(
γ2n ei2nθ

)
.

If Re(γ2N ei2Nθ ) divides Re(γ2n ei2nθ ), then, for some positive integer k,

k
π

4n
= π

4N
,
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or n = kN . This means that only the Fourier coefficients whose index is a multiple
of 2N may be non-zero:

Ω
(
ei(θ+α)

) =
∞∑

p=1

2 Re
(
γ2Np ei2Npθ

)
.

Moreover γ2Np must be purely imaginary, that is, γ2Np = r2Npi, with r2Np real.
Replacing θ + α by θ we get

Ω
(
eiθ

) =
∞∑

p=1

2 Re
(
r2Npi e−i2Npα ei2Npθ

)
,

=
∞∑

p=1

r2Npi e−i2Npα ei2Npθ − r2Npi ei2Npα e−i2Npθ .

As well known, the sequence of the r2Np (p = 1,2, . . . ) is rapidly decreasing, be-
cause Ω(eiθ ) is infinitely differentiable. Therefore the division property in condi-
tion (iii) of Theorem 1.1 can be reformulated as a statement about the arguments
and the support of the Fourier coefficients of Ω(eiθ ).

For odd operators the statement of Theorem 1.3 must be slightly modified [6].

Theorem 1.5 Let T be an odd smooth homogeneous convolution singular integral
operator with kernel Ω(x)/|x|n. Then the following are equivalent.

(i)

T �f (x) � CM2(Tf )(x), x ∈ R
n, f ∈ L2(

R
n
)
,

M2 = M ◦ M being the iterated Hardy–Littlewood maximal operator.
(ii) ∫ ∣∣T �f

∣∣2 � C

∫
|Tf |2, f ∈ L2(

R
n
)
.

(iii) If the spherical harmonics expansion of Ω is

Ω(x) = P1(x) + P3(x) + · · · , |x| = 1,

then there exist an odd harmonic homogeneous polynomial P of degree d , such
that P divides P2j+1 (in the ring of all polynomials in n variables with real
coefficients) for all j , T = RP ◦ U , where RP is the higher Riesz transform
with kernel P(x)/|x|n+d , and U is an invertible operator in the Calderón–
Zygmund algebra A.

Sections 2 and 4 contain, respectively, the proofs of Theorems 1.1 and 1.2 for the
most simple kernels. In Sect. 3 we show that the Hilbert transform does not satisfy
the pointwise inequality (7). In Sect. 5 we prove that condition (iii) in Theorem 1.3
is necessary and in Sect. 6 that it is sufficient, in both cases in particularly simple
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situations. Section 7 contains brief comments on the proof of the general case and
some open problems.

2 Proof of Theorem 1.1 for Second Order Riesz Transforms

For the sake of clarity we work only with the second order Riesz transform T with
kernel

x1x2

|x|n+2
.

The inequality to be proven, namely (7), is invariant by translations and by dila-
tions, so that we only need to show that

∣∣T 1f (0)
∣∣ � CM(Tf )(0), (11)

where

T 1f (0) =
∫
Rn\B

x1x2

|x|n+2
f (x)dx

is the truncation at level 1 at the origin. Here B is the unit (closed) ball centered at
the origin. A natural way to prove (11) is to find a function b such that

χRn\B(x)
x1x2

|x|n+2
= T (b).

One should keep in mind that T is injective but not onto. Then there is no reason
whatsoever for such a b to exist. If such a b exists then

T 1f (0) =
∫

T b(x)f (x) dx =
∫

b(x)T (f )(x) dx. (12)

Moreover, if b is in L∞(Rn) and is supported on B , it follows that

∣∣T1f (0)
∣∣ � ‖b‖∞|B| 1

|B|
∫

B

∣∣T (f )(x)
∣∣dx � CM

(
T (f )

)
(0).

Thus everything has been reduced to the following lemma.

Lemma 2.1 There exists a bounded measurable function b supported on B such
that

χRn\B(x)
x1x2

|x|n+2
= T (b)(x), for almost all x ∈R

n.

Proof Let E be the standard fundamental solution of the Laplacian in R
n. Then,

for some dimensional constant cn (that is, depending only on n), in the distribution
sense we have

∂1∂2E = cn p.v.
x1x2

|x|n+2
. (13)
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Let us define a function ϕ by

ϕ(x) =
{

E(x) on R
n \ B,

A0 + A1|x|2 on B
(14)

where the constants A0 and A1 are chosen so that ϕ and ∇ϕ are continuous on R
n.

This is possible because, for each i,

∂iϕ(x) =
{

cnxi/|x|n, x ∈ R
n \ B,

2A1xi, x ∈ B

and so, for an appropriate choice of A1, the above two expressions coincide on ∂B

for all i, or, equivalently, ∇ϕ is continuous. The continuity of ϕ is now just a matter
of choosing A0 so that E(x) = A0 + A1|x|2 on ∂B , which is possible because E is
radial.

The continuity of ϕ and ∇ϕ guarantees that we can compute a second order
derivative of ϕ in the distribution sense by just computing it pointwise on B and on
R

n \B . The reason is that no boundary terms will appear when applying the Green–
Stokes theorem to compute the action of the second order derivative of ϕ on a test
function. Therefore

�ϕ = 2nA1χB ≡ b,

where the last identity is the definition of b. Since ϕ = E ∗ Δϕ we obtain, for some
dimensional constant cn,

∂1∂2ϕ = ∂1∂2E ∗ Δϕ = cn p.v.
x1x2

|x|n+2
∗ Δϕ = cnT (b).

On the other hand, by (14) and noticing that ∂1∂2|x|2 = 0, we have

∂1∂2ϕ = χRn\B(x)cn

x1x2

|x|n+2
,

and the proof of Lemma 2.1 is complete. �

Notice that (12) together with the special form of the function b found in the
proof of Lemma 2.1 yields formula (8), namely, that a truncation at level ε at a point
x of S(f ), S being a second order Riesz transform, is the mean of S(f ) on the ball
B(x, ε).

3 The Pointwise Control of T � by M ◦ T Fails for the Hilbert
Transform

We now show that, if H is the Hilbert transform, the following inequality fails:

H�f (x) � CM(Hf )(x), x ∈R, f ∈ L2(R). (15)
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Replacing f by H(f ) in (15) and recalling that H(Hf ) = −f , f ∈ L2(R), we see
that (15) is equivalent to

H�
(
H(f )

)
(x) � CM(f )(x), x ∈ R, f ∈ L2(R).

It turns out that the operator H� ◦ H is not of weak type (1,1).
Let us prove that, if f = χ(0,1), then there are positive constants m and C such

that, whenever x > m,

H�(Hf )(x) � C
logx

x
. (16)

This shows that H� ◦ H is not of weak type (1,1). Indeed, choosing m > e if nec-
essary, we have

sup
λ>0

λ
∣∣{x ∈R : H�(Hf )(x) > λ

}∣∣ � sup
λ>0

λ

∣∣∣∣
{
x > m : logx

x
> C−1λ

}∣∣∣∣

= C sup
λ>0

λ

∣∣∣∣
{
x > m : logx

x
> λ

}∣∣∣∣
� C sup

λ>0
λ
(
ϕ−1(λ) − e

)
,

where the decreasing function ϕ : (e,∞) → (0, e−1) is given by ϕ(x) = logx
x

. To
conclude, observe that the right hand side of the estimate is unbounded as λ → 0:

lim
λ→0

λϕ−1(λ) = lim
λ→∞ϕ(λ)λ = ∞.

To prove (16) we recall that, for f = χ(0,1),

Hf (y) = log
|y|

|y − 1| .

Let m > 1 big enough to be chosen later on. Take x > m. By definition of H�

H�(Hf )(x) �
∣∣∣∣
∫

|y−x|>m+x

1

y − x
log

|y|
|y − 1| dy

∣∣∣∣
and the integral splits in the obvious way

∫ −m

−∞
1

y − x
log

−y

−y + 1
dy +

∫ ∞

2x+m

1

y − x
log

y

y − 1
dy

=
∫ ∞

m

1

x + y
log

y + 1

y
dy +

∫ ∞

2x+m

1

y − x
log

y

y − 1
dy = A(x) + B(x),

where both A(x) and B(x) are positive. Hence

H�(Hf )(x) � A(x).
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Since

log

(
1 + 1

y

)
≈ 1

y
as y → ∞,

there is a constant m > 1 such that, whenever y > m,

1

2
<

log(1 + 1
y
)

1
y

<
3

2
.

Hence, for this constant m we have

A(x) =
∫ ∞

m

1

x + y
log

(
1 + 1

y

)
dy ≈

∫ ∞

m

1

x + y

dy

y
= 1

x
log

y

x + y

∣∣∣∣
∞

m

≈ logx

x
,

which proves (16).
Notice that the term B(x) is better behaved:

B(x) �
∫ ∞

2x+m

1

y − x
log

y

y − 1
dy �

∫ ∞

2x+m

2

y

dy

y
� 1

x
.

4 Proof of Theorem 1.2 for First Order Riesz Transforms

In this section we prove that

R�
j (f )(x) � CM2(Rj (f )

)
, x ∈R

n, (17)

where Rj is the j th Riesz transform, namely, the Calderón–Zygmund operator with
kernel

xj

|x|n+1
, x ∈ R

n \ {0},1 � j � n.

Recall that M2 = M ◦ M and notice that for n = 1 we are dealing with the Hilbert
transform. Inequality (17) for the Hilbert transform is, as far as we know, new. To
have a glimpse at the difficulties we will encounter in proving (17) we start by
discussing the case of the Hilbert transform.

As in the even case we want to find a function b such that

1

x
χR\(−1,1)(x) = H(b).
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Since H(−H) = I ,

b(x) = −H

(
1

y
χR\(−1,1)(y)

)
(x)

= 1

π

∫
|y|>1

1

y − x

1

y
dy

= 1

πx
log

|1 + x|
|1 − x| .

We conclude that, unlike the even case, the function b is unbounded and is not
supported in the unit interval (−1,1). On the positive side, we see that b is a function
in BMO = BMO(R), the space of function of bounded mean oscillation on the line.
Since b decays at infinity as 1/x2, b is integrable on the whole line. However, the
minimal decreasing majorant of the absolute value of b is not integrable, due to the
poles at ±1. This prevents a pointwise estimate of H�f by a constant times M(Hf ).
We can now proceed with the proof of (17) keeping in mind the kind of difficulties
we shall have to overcome.

We start with the analog of Lemma 2.1. We denote by BMO the space of func-
tions of bounded mean oscillation on R

n.

Lemma 4.1 There exists a function b ∈ BMO such that

χRn\B(x)
xj

|x|n+1
= Rj(b)(x), for almost all x ∈ R

n,1 � j � n. (18)

Proof For an appropriate constant cn the function

E(x) = cn

1

|x|n−1
, 0 	= x ∈R

n

satisfies

Ê(ξ) = 1

|ξ | , 0 	= ξ ∈R
n.

Since the pseudo-differential operator (−Δ)1/2 is defined on the Fourier transform
side as

̂(−Δ)1/2ψ(ξ) = |ξ |ψ̂(ξ),

E may be understood as a fundamental solution of (−Δ)1/2. This will allow to
structure our proof in complete analogy to that of Lemma 2.1 until new facts emerge.
Consider the function ϕ that takes the value cn on B and E(x) on R

n \ B . We have
that ϕ = E ∗ (−Δ)1/2ϕ and we define b as (−Δ)1/2ϕ.

As it is well known,

∂jE = −(n − 1)cn p.v.
xj

|x|n+1
,
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in the distribution sense and, since ϕ is continuous on the boundary of B ,

∂jϕ = −(n − 1)cnχRn\B(x)
xj

|x|n+1
(19)

also in the distribution sense. Then

−(n − 1)cnχRn\B(x)
xj

|x|n+1
= ∂jϕ

= ∂jE ∗ b

= −(n − 1)cn p.v.
xj

|x|n+1
∗ b,

which is (18). It remains to show that b ∈ BMO.
Checking on the Fourier transform side we easily see that

b = (−Δ)1/2ϕ = γn

n∑
k=1

Rk(∂kϕ), (20)

for some dimensional constant γn. Since ∂kϕ is a bounded function by (19) and Rk

maps L∞ into BMO, b is in BMO and the proof is complete. �

Unfortunately b is not bounded and is not supported on R
n \B . Moreover one can

easily check that b blows up at the boundary of B as the function log(1/|1 − |x||).
This entails that the minimal decreasing majorant of the absolute value of b is not
integrable, as in the one dimensional case.

We now take up the proof of (17). By translation and dilation invariance we only
have to estimate the truncation of Rjf at the point x = 0 and at level ε = 1. By
Lemma 4.1

R1
j f (0) = −

∫
χRn\B(x)

xj

|x|n+1
f (x)dx = −

∫
Rjb(x)f (x) dx

=
∫

b(x)Rjf (x) dx.

Let b2B denote the mean of b on the ball 2B . We split the last integral above into
three pieces

R1
j f (0) =

∫
2B

(
b(x) − b2B

)
Rjf (x)dx + b2B

∫
2B

Rjf (x) dx

+
∫
Rn\2B

b(x)Rjf (x) dx

= I1 + I2 + I3.
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Since b2B is a dimensional constant the term I2 can be immediately estimated by
CM(Rjf )(0). The term I3 can easily be estimated if we first prove that

∣∣b(x)
∣∣ � C

1

|x|n+1
, |x| � 2. (21)

Indeed, this decay estimate yields

|I3| � C

∫
Rn\2B

|Rjf (x)| 1

|x|n+1
dx � CM(Rjf )(0).

To prove (21), let us express b by means of (20):

b

γn

=
n∑

k=1

Rk ∗ χRn\B(x)
xk

|x|n+1
=

n∑
k=1

Rk ∗ Rk −
n∑

k=1

Rk ∗ χB(x)
xk

|x|n+1

= γ ′
nδ0 −

n∑
k=1

Rk

(
χB(x)

xk

|x|n+1

)
,

where γ ′
n is a dimensional constant and δ0 the Dirac delta at the origin. The pre-

ceding formula for b looks magical and one may even think that some terms make
no sense. For instance, the term Rk ∗ Rk should not be thought as the action of the
kth Riesz transform of the distribution p.v. xk/|x|n+1. It is more convenient to look
at it on the Fourier transform side, where you see immediately that it is γ ′

nδ0. The
term Rk ∗ (χB(x)xk/|x|n+1) should be thought as a distribution, which acts on a test
function as one would expect via principal values (see below).

If |x| > 1 we have

Rk

(
χB(x)

xk

|x|n+1

)
(x) = lim

ε→0

∫
ε<|y|<1

xk − yk

|x − y|n+1

yk

|y|n+1
dy

= lim
ε→0

∫
ε<|y|<1

(
xk − yk

|x − y|n+1
− xk

|x|n+1

)
yk

|y|n+1
dy.

Since
∣∣∣∣ xk − yk

|x − y|n+1
− xk

|x|n+1

∣∣∣∣ � C
|y|

|x|n+1
for every |x| � 2, |y| � 1,

we obtain, for |x| � 2,
∣∣∣∣Rk

(
χB(x)

xk

|x|n+1

)
(x)

∣∣∣∣ � C

∫
|y|<1

1

|x|n+1

1

|y|n−1
dy = C

|x|n+1
,

which gives (21).
We are left with the term I1. Since b is in BMO, it is exponentially integrable by

John–Nirenberg’s theorem. We estimate I1 by Hölder’s inequality associated with
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the “dual” Young functions et − 1 and t + t log+ t [4, p. 165]. We obtain

|I1| � C‖b‖BMO‖Rjf ‖L logL(2B),

where, for an integrable function g on 2B ,

‖g‖L logL(2B) = inf

{
λ > 0 : 1

|2B|
∫

2B

( |g(x)|
λ

+ |g(x)|
λ

log+
( |g(x)|

λ

))
dx � 1

}
.

Consider the maximal operator associated with L logL, that is,

ML(logL)g(x) = sup
Q�x

‖f ‖L(logL),Q,

the supremum being taking over all balls Q. It is a nice fact (see [8] or [4, p. 159])
that M satisfies

ML(logL)f (x) ≈ M2f (x), x ∈ R
n. (22)

Thus

|I1| � CM2(Rjf )(0)

and the proof of (17) is complete.

5 Necessary Conditions for the L2 Estimate of T �f by Tf

In this section we find necessary conditions for the L2 estimate

∥∥T �f
∥∥

2 � C‖Tf ‖2, f ∈ L2(
R

n
)

(23)

which are stated in part (iii) of Theorem 1.3 for the case of even kernels. In partic-
ular, this will supply many even kernels for which this estimate fails (and thus the
pointwise estimate in part (i) of Theorem 1.3 also fails).

We shall look at the simplest possible case. The kernel of our operator T in the
plane is of the form

K(z) = − 1

π

xy

|z|4 + 2

π

P4(z)

|z|6 , (24)

where z = x + iy is the complex variable in the plane C and P4 is a harmonic
homogeneous polynomial of degree 4. The constants in front of the two terms are
set so that the expression of the Fourier multiplier is the simplest. Indeed, by [9,
p. 73], the Fourier transform of the principal value tempered distribution associated
with K is

p̂.v. K(ξ) = uv

|ξ |2 + P4(ξ)

|ξ |4 , 0 	= ξ = u + iv ∈ C.
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Our purpose is to find necessary conditions on P4 so that the L2 estimate (23) holds.
Notice that the kernel K is not harmonic, except in the case P4 = 0 which we ignore.
The spherical harmonics expansion of K is reduced to the sum of the two terms
in (24).

Let E be the standard fundamental solution of the bi-Laplacian Δ2 in the plane.
Thus

E(z) = 1

8π
|z|2 log |z|, 0 	= z ∈ C,

and Ê(ξ) = |ξ |−4, 0 	= ξ ∈ C. We have

(
∂1∂2� + P4(∂1, ∂2)

)
(E) = p.v. K

as one easily checks on the Fourier transform side. Here we adopt the usual con-
vention of denoting by P4(∂1, ∂2) the differential operator obtained by replacing the
variables x and y of P4 by ∂1 and ∂2 respectively.

Define a function ϕ by

ϕ(z) =
{

E(z) on C \ B

A0 + A1|z|2 + A2|z|4 + A3|z|6 on B

where B is the ball centered at the origin of radius 1. The constants Aj , 0 � j � 3,
are chosen so that all derivatives of ϕ of order not greater than 3 are continuous. This
can be done because E is radial. With this choice, in order to compute a fourth order
derivative of ϕ in the distribution sense we only need to compute the corresponding
pointwise derivative of ϕ in B and on its complement. Set b = Δ2ϕ, so that

ϕ = E ∗ Δ2ϕ = E ∗ b.

A straightforward computation yields

b = Δ2ϕ = χB(z)
(
α + β|z|2),

for some constants α and β . Then, as in the proof of the L2 estimate (23) for even
second order Riesz transforms presented in Sect. 2, b is supported on the ball B and
is bounded. Set

L = ∂1∂2� + P4(∂1, ∂2),

so that

L(ϕ) = L(E) ∗ b = p.v. K ∗ b = T (b).

On the other hand, by the definition of ϕ,

L(ϕ) = χC\B(z)K(z) + L
(
A0 + A1|z|2 + A2|z|4 + A3|z|6

)
χB(z).
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The term L(A0 + A1|z|2 + A2|z|4 + A3|z|6) does not vanish. Indeed, one can see
that for some constant c

L
(
A0 + A1|z|2 + A2|z|4 + A3|z|6

) = cxy.

The result follows from the following three facts:

(∂1∂2�)
(|z|4) = 0,

(∂1∂2�)
(|z|6) = cxy

and

P4
(|z|4) = P4

(|z|6) = 0.

The last identity is due to the fact that P4 is a homogeneous harmonic polynomial of
degree 4. Notice that a priori P4(|z|4) is a constant and P4(|z|6) is a homogeneous
polynomial of degree 2. The reader can verify that they are both zero just by taking
the Fourier transform and then checking their action on a test function.

The conclusion is that

T (b) = χC\B(z)K(z) + cxyχB(z). (25)

The novelty with respect to the argument of Sect. 2 involving second order Riesz
transforms is the second term in the right hand side of the preceding formula. Con-
volving (25) with a function f in L2(C) one gets

cxyχB(z) ∗ f = T (f ) ∗ b − T 1(f ),

where T 1f is the truncation at level 1. Now, if (23) holds then, since b ∈ L1(C),

∥∥cxyχB(z) ∗ f
∥∥

2 � C
∥∥T (f )

∥∥
2, f ∈ L2(C),

hence, passing to the multipliers,

∣∣ ̂cxyχB(z)(ξ)
∣∣ � C

|uv|ξ |2 + P4(ξ)|
|ξ |4 , ξ 	= 0. (26)

Our next task is to understand the left hand side of the above inequality to obtain
useful relations between the zero sets of the various polynomials at hand. We should
recall that the Fourier transform of the characteristic function of the unit ball in
R

2 is J1(ξ)/|ξ |, where J1(ξ) is the Bessel function of order 1. Write Gm(ξ) =
Jm(ξ)/|ξ |m. The functions Gm are radial and so we can view them as depending on
a non-negative real variable r . We have [3, p. 425] the useful identity

1

r

dGm

dr
(r) = −Gm+1(r), 0 � r.
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From this it is easy to obtain the formula

̂xyχB(z)(ξ) = −∂1∂2
(
G1

(|ξ |))
= −uvG3

(|ξ |),
which transforms (26) into

∣∣uvG3
(|ξ |)∣∣ � C

|uv|ξ |2 + P4(ξ)|
|ξ |4 , ξ 	= 0. (27)

Set

Q(ξ) = uv|ξ |2 + P4(ξ), ξ ∈ C.

Then on the unit circle (27) becomes

|uv| � C
∣∣Q(ξ)

∣∣ for every |ξ | = 1. (28)

The above inequality encodes valuable information on the zero set of P4. Recall that
our goal is to show that uv divides P4.

Observe that Q is a real polynomial with zero integral on the unit circle, as sum
of two non- constant homogeneous harmonic polynomials. Thus Q vanishes at some
point ξ = u + iv on the unit circle. Then uv = 0 by (28) and so P4(ξ) = 0, due to
the definition of Q. We need now a precise expression for P4. The general harmonic
homogeneous polynomial of degree 4 is

Re
(
λξ4) = α

(
u3v − v3u

) + β
(
u4 + v4 − 6u2v2), (29)

where λ is a complex number and α and β are real. Assume that P4 is as above. We
know that u2 + v2 = 1, P4(u, v) = 0 and that uv = 0. If u = 0, then βv4 = 0, which
yields β = 0. If v = 0, then βu4 = 0 and we conclude again that β = 0. Therefore

P4(u, v) = α
(
u3v − v3u

)
(30)

and uv divides P4(u, v). We immediately conclude that the operator T with kernel

K(z) = xy

|z|4 + x4 + y4 − 6x2y2

|z|6 , 0 	= z ∈C,

is an example in which the L2 inequality (23) fails. Before going on we remark that
a key step in proving the division property has been that Q has at least one zero on
the circle. This is also a central fact in the proof of the general case.

We can easily deduce now another necessary condition for (23). Substituting (30)
in (28) and simplifying the common factor uv we get

0 <
∣∣G3(1)

∣∣ � C
(
1 + α

(
u2 − v2)), |ξ | = 1,



The Maximal Singular Integral: Estimates in Terms of the Singular Integral 443

which means that the right hand side cannot vanish on the unit circle, namely,
|α|<1. Therefore we get the structural condition

T = RP ◦ U,

where RP is the Riesz transform associated with the polynomial P(x, y) =
−(1/π)xy and U is an invertible operator in the Calderón–Zygmund algebra A.

Taking α = 1 we get an operator T for which (23) fails but whose kernel

K(z) = − 1

π

xy

|z|4 + 2

π

x3y − x, y3

|z|6 , 0 	= z ∈C,

satisfies the division property of part (iii) of Theorem 1.3.

6 Sufficient Conditions for the L2 Estimate of T �f by Tf

In this section we show how condition (iii) in Theorem 1.3 yields the pointwise
inequality

T �f (z) � CM(Tf )(z), z ∈C. (31)

As in the previous section, we work in the particularly simple case in which the
spherical harmonics expansion of the kernel is reduced to two terms. The first is a
harmonic homogeneous polynomial of degree 2, which for definiteness is taken to
be

P(z) = − 1

π
xy.

The second term is a fourth degree harmonic homogeneous polynomial. The divi-
sion assumption in part (iii) of Theorem 1.3 is that P divides this second term. In
view of the general form of a fourth degree harmonic homogeneous polynomial (29)
we conclude that our kernel must be of the form

K(z) = − 1

π

xy

|z|4 + 2

π
α

x3y − xy3

|z|6 , 0 	= z ∈ C, α ∈R.

The second assumption in part (iii) of Theorem 1.3 is that T is of the form T =
RP ◦ U , where RP is the second order Riesz transform determined by P and U

is an invertible operator in the Calderón–Zygmund algebra A. This is equivalent to
|α| < 1, as one can easily check looking at multipliers in the Fourier transform side.

In the simple context we have just set the two assumptions of condition (iii)
of Theorem 1.3 are not independent. The reader can easily check that the structural
condition T = RP ◦U implies the division property, that is, that P divides the fourth
degree term. We will point out later on where this simplifies the argument.
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We start now the proof of (31). Recall that, as we showed in the preceding section,
there exists a bounded measurable function b supported on the unit ball B and a
constant c such that

T (b) = χC\B(z)K(z) + cxyχB(z). (32)

Our goal is to express the second term in the right hand side above as

cxyχB(z) = T (β)(z) for almost all z ∈C, (33)

where β is a bounded measurable function such that

∣∣β(z)
∣∣ � C

|z|3 , |z| � 2. (34)

We first show that this is enough for (31). The only difficulty is that β is not sup-
ported in B , but the decay inequality (34) is an excellent substitute. Set γ = b − β .
Then (dA being planar Lebesgue measure)

T 1f (0) =
∫

χC\B(z)K(z)f (z) dA(z)

=
∫

T (γ )(z)f (z) dA(z)

=
∫

γ (z)Tf (z) dA(z)

=
∫

2B

γ (z)Tf (z) dz +
∫
C\2B

γ (z)Tf (z) dA(z).

The first term is clearly less that a constant times M(T F)(0), because γ is bounded,
and the second too, because of (34) with β replaced by γ .

The proof of (33) is divided into two steps. The first step consists in showing that
there exists a function β0 such that

cxyχB(z) = R(β0)(z) for almost all z ∈C,

where R = RP . To find β0 let us look for a function ψ such that

P(∂)ψ = cxyχB(z). (35)

Assume that we have found ψ and that it is regular enough that

ψ = E ∗ Δψ,

where E is the standard fundamental solution of the Laplacian. Then

cxyχB(z) = P(∂)ψ = P(∂)E ∗ Δψ

= c p.v.
P (x)

|z|4 ∗ Δψ = R(β0),

where β0 = cΔψ .
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Taking the Fourier transform in (35) gives

P(ξ)ψ̂(ξ) = c∂1∂2χ̂B(ξ) = cuvG3
(|ξ |).

For the definition of G3 see the paragraph below (26). Hence

ψ̂(ξ) = cG3(ξ),

where c is some constant. It is a well known fact in the elementary theory of Bessel
functions [3, p. 429] that

cG3(ξ) = ((
1 − |z|2)2

χB(z)
)̂

(ξ).

In other words,

ψ(z) = c
(
1 − |z|2)2

χB(z).

Clearly ψ and its first order derivatives are continuous functions supported on the
closed unit ball B . The second order derivatives of ψ are supported on B and on B

they are polynomials. In particular, we get that β0 = cΔψ is a function supported on
B , which satisfies a Lipschitz condition on B and satisfies the cancellation property∫

β0 = c
∫

Δψ = 0.
It is worth remarking that in the general case, where the spherical harmonic ex-

pansion of the kernel contains many terms, one has to resort to the division assump-
tion of part (iii) of Theorem 1.3 to complete the proof of the first step.

We proceed now with the second step. Since T = R ◦ U we have

cxyχB(z) = R(β0)(z) = T
(
U−1(β0)

)
(z).

Set β = U−1(β0), so that (33) is satisfied. We are left with the task of showing that
β is bounded and satisfies the decay estimate (34).

The inverse of U is an operator in the Calderón–Zygmund algebra A. Thus

β = U−1(β0) = (λI + V )(β0) = λβ0 + V (β0),

where λ is a real number and V an even convolution smooth homogeneous
Calderón–Zygmund operator. The desired decay estimate for β now follows readily,
because β0 is supported in the closed ball B and has zero integral. It remains to show
that V (β0) is bounded. At first glance this is quite unlikely because V is a general
even convolution smooth homogeneous Calderón–Zygmund operator and β0 has no
global smoothness properties in the plane. Indeed, although β0 is Lipschitz on B ,
it has a jump at the boundary of B . Assume for a moment that β0 = χB . It is then
known that V (χB) is a bounded function because V is an even Calderón–Zygmund
operator and the boundary of B is smooth. Here the fact that the operator is even
is crucial as one can see by considering the action of the Hilbert transform on the
interval (−1,1). We are not going to present the nice argument for the proof that
V (β0) is bounded [5]. Let us only mention that this result for the Beurling transform
and smoothly bounded domains was known to experts in Fluid Dynamics. It plays
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a basic role in the regularity theory of certain solutions of the Euler equation in the
plane [1].

7 The Proof in the General Case and Final Comments

The proof of Theorems 1.3 and 1.5 in the general case proceeds in two stages. First
one proves the Theorems in the case in which the spherical harmonics expansion
of the kernel contains finitely many non-zero terms. Then one has to truncate the
expansion of the kernel and see that some of the estimates obtained in the first step
do not depend on the number of terms. This is a delicate issue at some moments,
but necessary to perform a final compactness argument. In both steps there are dif-
ficulties of various types to be overcome and a major computational issue, lengthly
and involved, which might very likely be significantly simplified by a more clever
argument.

A final word on the proof for the necessity of the division condition. To show
that a polynomial with complex coefficients divides another, one often resorts to
Hilbert’s Nullstellensatz, the zero set theorem of Hilbert, which states that if P is
a prime polynomial with complex coefficients and finitely many variables, then P

divides another such polynomial Q if Q vanishes on the zeros of P . This fails for
real polynomials, as simple examples show. Now, since we are working with real
polynomials, we cannot straightforwardly apply Hilbert’s theorem. What saves us
is that our real polynomials have a fairly substantial amount of zeros, just because
they have zero integral on the unit sphere. We can then jump to the complex case
and come back to the real by checking that the Hausdorff dimension of the zero set
of certain polynomials is big enough.

There are several questions about Theorems 1.3 and 1.5 that deserve further
study. The first is a potential application to the David–Semmes problem mentioned
in the introduction, which was the source of the question. Another is the smoothness
of the kernels. It is not known how to prove the analogs of Theorems 1.3 and 1.5
for kernels of moderate smoothness, say of class Cm for some positive integer m.
Finally it is has recently been shown by Bosch, Mateu and Orobitg that

∥∥T �f
∥∥

p
� C‖Tf ‖p, f ∈ Lp

(
R

n
)
,1 < p < ∞,

implies any of the three equivalent conditions in Theorems 1.3 and 1.5.
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